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Resumo expandido

Ritto, Thiago Gamboa; Sampaio, Rubens; Soize, Christian.
Anilise numérica da dindmica nao-linear de uma coluna
de perfuracao de petr6leo com modelagem de incertezas.
Rio de Janeiro, 2010. 155p. Tese de Doutorado — Departamento
de Engenharia Mecanica, Pontificia Universidade Catolica do Rio
de Janeiro.

Este trabalho analisa a dinamica nao-linear de uma coluna de
perfuracao de petroléo incluindo a modelagem de incertezas. A analise
realizada é uma anlalise numérica, onde um co6digo computational é
desenvolvido para tal propodsito. As duas motivacoes para este trabalho
foram (1) a aplicagdo pratica visando a indastria de oOleo e gas e
(2) a modelagem de incertezas em dindmica estrutural nao-linear. A
modelagem de incertezas em dinadmica estrutural é um assunto relativamente
novo no Brasil, e, quando se analisam sistemas mecanicos complexos,
o papel das incertezas no resultado final pode ser significativo. Uma
coluna de perfuracao é uma estrutura flexivel esbelta que trabalha em
rotacao e penetra na rocha em busca de petroleo. Esse sistema mecanico
é complexo e seu comportamento dinamico é nao-linear. Um modelo
matematico-mecanico ¢ desenvolvido para esta estrutura. Primeiramente,
as leis da fisica sao usadas para escrever as equacoes do sistema. Nesta
etapa algumas simplificacoes sao feitas para que o modelo numérico seja
tratavel. Depois, o sistema de equagoes é discretizado tanto no espaco
quanto no tempo. Finalmente, um codigo computacional é desenvolvido
para que simulagoes numeéricas possam ser realizadas para analisar o
sistema. O modelo construido inclui interacao fluido-estrutura, impacto,
nao-linearidade geométrica e interacao broca-rocha. A coluna de perfuracao
é modelada como uma viga de Timoshenko. Apés a deducao das equacoes
de movimento, o sistema ¢é discretizado usando o método dos elementos
finitos. Um cédigo computacional é desenvolvido com a ajuda do programa
MATLAB®. A coluna esti tracionada na parte superior e comprimida
na parte inferior. A dindmica e vibracao da estrutura sao observadas em
torno desta configuracao pré-tensionada. Os modos normais do sistema
dindmico (na configuracao pré-tensionada) sdo usados para construir um
modelo reduzido do sistema. Depois da construcao do modelo computacional
deterministico, faz-se a modelagem de incertezas. Dois tipos de incertezas
sao considerados: (1) incertezas dos parametros e (2) incertezas do modelo.

A abordagem probabilistica nao-paramétrica introduzida por Soize (2000)



¢ usada nas analises. Esta abordagem é capaz de levar em consideragao
tanto incertezas nos paramametros do sistema quanto incertezas no
modelo empregado. As distribui¢coes de probabilidades relacionadas com
as variaveis aleatorias do problema sao construidas usando o Principio da
Entropia Maxima, e a resposta estocastica do sistema é calculada usando
o método de Monte Carlo. Uma nova forma de considerar incertezas (no
modelo) de uma equagdo constitutiva nao-linear (interagdo broca-rocha) é
desenvolvida usando a abordagem probabilistica nao-paramétrica. O modelo
de interacao broca-rocha usado na analise numérica é simplificado, portanto,
¢ legitimo imaginar que exista incerteza neste modelo. A abordagem
probabilistica nao-paramétrica permite que essas incertezas sejam captadas.
Para identificar os parametros do modelo probabilistico do modelo de
interacao broca-rocha, o Principio da Verossimilhanca Méxima ¢ empregado
junto com uma redugao estatistica no dominio da freqiiéncia (usando a
Analise das Componentes Principais). Esta reducao estatistica é necessaria
para que o problema possa ser resolvido com um tempo de simulagao
razoavel. O objetivo do desenvolvimento de um modelo computacional
de um sistema mecéanico é usa-lo para melhorar desempenho do sistema,
logo, a ultima etapa deste trabalho é resolver um problema de otimizagao
robusta. Robusta porque as incertezas estao sendo levadas em consideracao.
Como a probabilidade ¢ usada na modelagem das incertezas, pode-se
chamar também de problema de otimizagao estocéstica. Neste problema,
propoe-se encontrar os parametros operacionais do sistema que maximizam
o seu desempenho, respeitando limites de integridade, tais como fadiga e
instabilidade torcional. Esta tese, além de investigar a dindmica de uma
coluna de perfuracao, também traz uma metodologia de trabalho. De
forma simples as etapas sao: obter o modelo deterministico do sistema,
modelar as incertezas usando a teoria da probabilidade para obter o modelo
estocastico, calcular as estatisticas da resposta, identificar os parametros do
modelo probabilistico, e, finalmente, resolver um problema de otimizacao
considerando a presenca de incertezas. Por fim, vale mencionar que este
trabalho originou trés artigos publicados em revistas internacionais, e mais
um artigo esta submetido. Outros trabalhos foram desenvolvidos durante o
periodo da tese, o que resultou em mais cinco artigos publicados em revistas

Internacionais.

Palavras—chave
dindmica nao-linear; modelagem de incertezas; andlise estocastica;

dinamica de uma coluna de perfuragcao de petroleo.



Abstract

Ritto, Thiago Gamboa; Sampaio, Rubens; Soize, Christian.
Numerical analysis of the nonlinear dynamics of a
drill-string with uncertainty modeling. Rio de Janeiro, 2010.
155p. DSc. Thesis — Departamento de Engenharia Mecanica,
Pontificia Universidade Catélica do Rio de Janeiro.

This thesis analyzes the nonlinear dynamics of a drill-string including
uncertainty modeling. A drill-string is a slender flexible structure that
rotates and digs into the rock in search of oil. A mathematical-mechanical
model is developed for this structure including fluid-structure interaction,
impact, geometrical nonlinearities and bit-rock interaction. After the
derivation of the equations of motion, the system is discretized by means
of the Finite Element Method and a computer code is developed for
the numerical computations using the software MATLAB®. The normal
modes of the dynamical system in the prestressed configuration are used
to construct a reduced-order model of the system. To take into account
uncertainties, the nonparametric probabilistic approach, which is able to
take into account both system-parameter and model uncertainties, is used.
The probability density functions related to the random variables are
constructed using the Maximum Entropy Principle and the stochastic
response of the system is calculated using the Monte Carlo Method. A
novel approach to take into account model uncertainties in a nonlinear
constitutive equation (bit-rock interaction model) is developed using the
nonparametric probabilistic approach. To identify the probabilistic model of
the bit-rock interaction model, the Maximum Likelihood Method together
with a statistical reduction in the frequency domain (using the Principal
Component Analysis) is applied. Finally, a robust optimization problem is
performed to find the operational parameters of the system that maximize
its performance, respecting the integrity limits of the system, such as fatigue

and torsional instability.

Keywords
nonlinear dynamics; uncertainty modeling; stochastic analysis;

drill-string dynamics.



Table of Contents

(I Introduction| 21
(I.L1 _Context ot the thesis| 21
(1.2 Uncertainty modeling] 22
(1.3 Objectives ot the thesis| 24
(1.4  Organization of the thesis| 25
[2 Drill-string problem| 27
[3__Deterministic modell 32
3.1 Base Model 34
(3.2 Fluid-structure interaction| 48
(3.3 Initial prestressed configuration| 52
[3.4 Boundary and initial conditions| 53
[3.5 Discretized system of equations| 54
3.6 Reduced model | 54
3.7 _Numerical results| 56
[3.8° Summary of the Chapter| 71
{4__Probabilistic modell 73
[4.1 Model uncertainties for the structure coupled with the tluid| 75
4.2__Model uncertainties for the bit-rock interactionl 7
4.3  Stochastic system of equations| 80
4.4  Numerical results of the stochastic analysis (uncertain bit-rock |

interaction model)| 80
45 Identification procedure] 84
[4.6  Numerical results of the identitication procedure] 93
[4.7  Robust optimization| 94
(4.8  Numerical results of the robust optimization| 104
[4.9  Summary of the Chapter| 113
[5  Summary, future works and publications| 115
[A  Shape functions| 118
[B_Strain| 120
[C  Nonlinear forces due to the strain energy| 123
D Time integration| 126
[E Convergence] 129
[F__Data used in the simulationl 131
(G Fluid dynamics| 132




[H Maximum Likelihood example]

[l Stress calculation

[J Damage calculation|

[K Program structure]

135

138

140

141

143



List of Figures

(1.1 From deterministic to stochastic analysis.| 24
[1.2 ldentification ot the stochastic parameters.| 25
(1.3 Robust optimization | 25
(1.4 Model updating.| 25
[2.1 Typical dnlling equipment.| 28
2.2 Drilling fluid (mud).| 29
2.3 Axial, lateral and torsional vibrations are coupled] 29
2.4 Typical failures: A) ductile, B) fragile, C) and D) fatigue.| 31
2.5 Different directions of drilling) 31
[3.1 Sketch of a drill-string | 33
[3.2  Two node finite element with six degrees of freedom per node.| 35
3.3 _Rotation about the x-axis| 37
[3.4 Rotation about the y;-axis| 38
[3.5 Rotation about the z,-axis| 38
[3.6 Scheme of the radial displacement.| 44
[3.7 Bits. Left: roller cone. Right: polycrystalline diamond compact.| 45
3.8 (a) regularization function. (b) torque in function of wyit.| 47
3.9 Torque at the bit in function of wyy | 47
3.10 Force balance in a structure-tluid infinitesimal part.| 48
3.11 Scheme showing the diameters (inside, outside, borehole) and |
[ the inlet and outlet flow] 49
13.12 Internal flow forces| 49
13.13 External tlow forces | 49
[3.14 Pressure along the z-axis.| 51
[3.15 Initial prestressed configuration of the system.| 53
[3.16 Comparison of the lateral modes for the model with and without |
[ fluid] 58

13.17 Radial response at # = 700 m (a) and x = 1520 m (b).

[ Note that the distance between the column and the borehole |

| is different depending on the region of the column considered.| 62
[3.18 Response at x = 700 m. Axial speed (a) and frequency spectrum |
— 3
13.19 Response at z = 700 m. Rotational speed about the z-axis (a) |
| and frequency spectrum (b) | 64
13.20 Response at z = 700 m. Rotation about the z-axis (a) and |
| frequency spectrum (b).| 65
[3.21 Response at x = 700 m. Lateral displacement v (a) and |
| frequency spectrum (b).| 66
[3.22 Comparison of the dynamical response for model with and |
| without fluid. Radial response at z = 1560 m.| 67
[3.23 Comparison of the dynamical response for model with and |
| without fluid. Radial response at © = 700 m | 67




B.24

Comparison of the dynamical response for model with and

without fluid. Rate-of-penetration (ROP) (a) and frequency

spectrum (b). 68
3.25 Results for different column lengths (a) dimensionless ROP and
(b) frequency response of the dimensionless rotational speed of
the bit] 69
13.26 Results for ditferent column materials (a) dimensionless ROP
and (b) frequency response of the dimensionless rotational speed
of the bitl 70
13.27 Results for different torques at the bit (a) dimensionless ROP
and (b) frequency response of the dimensionless rotational speed
of the bit] 71
13.28 Results for different channel diameters (a) dimensionless ROP
and (b) frequency response of the dimensionless rotational speed
of the bitl 72
[4.1 General scheme of the drill-string system | 74
[4.2  Typical mean square convergence curve. | 81
4.3 Stochastic response for 6 = 0.001. ROP (a) and its frequency |
spectrum (b).| 82
4.4 Stochastic response for & = 0.001. (a) weight-on-bit, (b) |
torque-on-bit | 83
[4.5 Stochastic response for 0 = 0.001. Rotational speed ot the bit |
(a) and its frequency spectrum (b)| 84
[4.6 Stochastic response for & = 0.001. Radial displacement at |
x =700 m (a) and its frequency spectrum (b)| 85
4.7 Stochastic response for 0 = 0.01. ROP (a) and its frequency |
spectrum (b).| 86
[4.8  Stochastic response for 6 = 0.01. Rotational speed of the bit |
wpi (@) and its frequency spectrum (b) | 87
[4.9 Stochastic response for 0 = 0.01. Radial displacement at © = |
700 m and its frequency spectrum (b).| 88
[4.10 Stochastic response for & = 0.1. Rotational speed of the bit wy;; |
(a) and its frequency spectrum (b)| 89
= 89
14.12 (a) rotation of the bit versus rotational speed of the bit and (b) |
frequency spectrum of the rotational speed of the bit | 93
4.13 (a) convergence function and (b) log-likelihood function.| 95
4.14 (a) random realizations of the rotational speed of the bit for
5 = 0.06 and (b) coefficient of variation of W at each instant
for 0 = 0.06.] 96
|4.15 90% statistical envelope of Wy for 6 = 0.06 together with the |
deterministic response and the mean of the stochastic response.| 97
[4.16 Displacement ftield.| 98
[4.17 (a) axial displacement of the bit and (b) rate of penetration, for |
WrpmM=100 RPM and £,.—100 kN] 106
[4.18 Rotational speed of the bit tor f.=100 kN, comparing wrpm=80 |
RPM and wgpy=120 RPM | 107




[4.19 Force at the bit for wrpy=100 RPM, comparing f.=100 kN and |
7.—105 kN 107
4.20 Von Misses stress for wgrpy=100 RPM and f.=100 kN.| 108
4.21 Rotational speed at the top versus J9* for different f. (90, 95, |
100, 105 and 110 kN)] 108
[4.22 Rotational speed at the top versus ss for different f. (90,
95, 100, 105 and 110 kN). The dashed line shows the limit
55max — 1.20.] 109
14.23 Rotational speed at the top versus d for different f. (90, 95, |
100, 105 and 110 kN). The dashed line shows the limit dp. = 1.[109
14.24 Graphic showing the best point (wrpwm, f.) (circle); the crossed |
points do not respect the integrity limits.| 110
[4.25 Convergence function | 110
[4.26 Random rotation speed of the bit for wrpy=100 RPM and |
7.—100 kN| 111
14.27 Rotational speed at the top versus .J for different f. (90, 95, |
100, 105 and 110 kN)] 111
14.28 Rotational speed at the top versus Sgqo, for different f. (90,

95, 100, 105 and 110 kN). The dashed line shows the limit

5Smax = 1.20. 112

14.29 Rotational speed at the top versus Dggs, for ditferent f. (90, 95, |

100, 105 and 110 kN). The dashed line shows the limit dy,., = 1.[112
14.30 Graphic showing the best point (wrpwm, f.) (circle).| 113
[B.1 The position X maps to x| 120
|G.1 Eccentricity ot the column inside the borenole.| 134
[H.1  Simple illustration of the maximum likelihood method.| 135
[K.1 Scheme of the program structure.| 141

[K.2_Stochastic simulations | 142



List of Tables

(3.1 Lateral natural frequencies with and without the prestressed |

| configuration (no fluid).| 57
[3.2 Axial natural frequencies with and without the prestressed |
| configuration (no fluid).| 57
[3.3  Torsional natural frequencies with and without the prestressed |
| configuration (no tluid).| 57
[3.4 Lateral natural frequencies for the model with and without the |
[ fludl 58
2 of = ded Tlud ool he | |
[ frequencies.| 59
B Lo 1 ded flod <l Rl | |
| frequencies.| 60
[3.7 Intluence of the tlow on the lateral tfrequencies.| 60
[3.8 Eigentrequencies of the linearized system | 61
B9 ] 70

[4.1 Data used in this application| 104




List of symbols

The symbols are defined on the text, as long as they appear.

Matrices

[M] mass matrix, [kg, kg.m?]

M] random mass matrix, [kg, kg.m?]

C] damping matrix, [N.s/m, N.s.m]

[C] random damping matrix, [N.s/m, N.s.m]

(K] stiffness matrix, [N/m, N.m]

K] random stiffness matrix, [N/m, N.m]

G] random germ, []

[IMAC] matrix of the Modal Assurance Criterion, [-]

[,Tb]  transformation matrix from referential b to a, [-]

1] diagonal cross sectional inertia matrix, [m?]

7] identity matrix, [-]

[E] strain tensor, [-]

[S] second Piola-Kirchhoff tensor, [Pa]

[F] deformation gradient tensor, []

(D] elastic matrix, [Pa]

(D] normal modes matrix, [m, rad]

[L] upper diagonal matrix obtained through
decomposition, [y/m, v/rad]

[C] covariance matrix, [m?, rad?]

Vectors

displacement vector, [m, rad]

random displacement vector, [m, rad]

displacement vector about the prestressed configuration, [m, rad]
random displacement vector about the prestress configuration, [m, rad]
generalized displacement vector, []

random generalized displacement vector, [

force vector, [N, N.m]

random force vector, [N, N.m]

shape function of the finite element, [m]

strain tensor written in Voigt notation, []

normal mode, [m, rad]

velocity vector, [m/s]

cross section angular velocity vector, [rad/s]

second Piola-Kirchhoff tensor written in Voigt notation, [Pa]
Position in the deformed configuration, [m]

Position in the non-deformed configuration, [m]

displacement field in the non-deformed configuration, [m]
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Scalars

t time, [s]
T kinetic energy, [N.m]
U potential energy of deformation; or fluid velocity, [N.m, m/s]
w work done by the external forces and
work not considered in U or T, [N.m]
u displacement in z-direction, [m]
v displacement in y-direction, [m]
w displacement in z-direction, [m]
r radial displacement v/v? + w?, [m]
R radius, [m]
D diameter; or random damage, [m, -]
A cross sectional area of the column, [m?]
L length of the column, [m]
I cross sectional moment of inertia. [m?]
E elasticity modulus, [Pa]
G shear modulus, [Pa]
ks shear factor
le length of the element, [m]
% volume (integration domain), [m?]
F force, [N]
T torque, [N.m]
ai,..,as constants of the bit-rock interaction model,
[m/s, m/(N.s), m/rd, N.rd, N.m]
Z regularization function (bit-rock interaction model), []
e regularization parameter, [rad/s]
1, Qo positive constants of the bit-rock interaction model
M mass per unit length of the fluid, [kg/m]
s fluid density, [kg/m?]
P fluid pressure, [Pa]
Cs fluid damping coefficient, [-]
k fluid damping coefficient, [-]
g gravity acceleration, [m/s?]
h head loss, [m]
conv convergence function of the stochastic solution, [m?2.t]
L log-likelihood function, [-]
J objective function of the optimization problem, [m/s]
R mathematical expectation of the rate of penetration, [m/s]
Pk risk allowed, []
55 stick slip stability factor, [-]

S random stick slip stability factor, [-]



Greek symbols

symbol of variation; or dispersion parameter, [-]
total potential of the system, [N.m.t]

rotation about z-axis [rad]

rotation about y-axis [rad]

rotation about z-axis [rad]

element coordinate, [-]

mass density of the material of the column, [kg/m?]
Poisson coefficient; or frictional coefficient, [-]

1st Lame constant, [Pa]

2nd Lame constant, [Pa]

Von Mises stress, [Pa]

random Von Mises stress, [Pa]

shear stress, [Pa]

strain, []

frequency; or rotational speed, [rad/s]

factor relating the diameter of the borehole with the outer diameter, []
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Subscripts

br bit-rock

bit  bit

ch  channel (or borehole)
ke kinetic energy

se strain energy

NL  nonlinear

stab stabilizer

reduced system

element

fluid

geometric (for [K]) and gravity (for f)
polar

static response
x-direction

y-direction

z-direction

inner diameter; or inside
outer diameter; or outside
mass matrix

damping matrix
stiffness matrix

random germ matrix
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Other definitions

(z,y,2)
f=of/ot
f'=0f/0x

sign(a)

Abbreviations

Cartesian coordinate system

time derivative of function f

spatial derivative of function f

gradient of f

Euclidian inner product

norm associated with the Euclidian inner product
transpose of matrix [A]

trace of matrix [A]

Frobenius norm of matrix [A]

mathematical expectation of random variable X
probability density function of random variable X
indicator that is equal to one if € B

and is equal to zero otherwise

indicator that is equal to one if a > 0

and is equal to zero if a < 0

BHA  Bottom hole assembly
TOB Torque on bit

WOB Weight on bit

ROP  Rate of penetration
DOC Depth of cut

FEM  Finite Element Method



If a man will begin with certainties, he shall end in doubts;
but if he will be content to begin with doubts, he shall end n
certainties.

Sir Francis Bacon, 1605.



1
Introduction

1.1
Context of the thesis

We are interested in the dynamics and control of flexible structures
used in engineering applications, such as turbines, airplanes, vehicles,
bridges etc. In especial, this work analyzes the nonlinear dynamics of
a drill-string system, which is described in Chapter 2] The modeling of
complex structures is difficult and the numerical predictions usually differ
from real data. One of the reasons for such fact is that uncertainties play
an important role in many complex dynamical systems. To improve the
predictions of the computational model, uncertainties must be taken into
account.

The Brazilian research community in the field of structural
dynamics in mechanical engineering is making efforts to create
a group to understand, to apply, and to teach mathematical
tools that can help on wuncertainty quantification and stochastic
modeling. In 2008, a committee called Comité de Quantificacao de
Incertezas e Modelagem FEstocdstica (http://www.abcm.org.br/comites/
comitesQualificacaolncertezas.shtml) was created in the Associagdo
Brasileira de Engenharia e Ciéncias Mecanicas (ABCM), which is the
Brazilian Society of Engineering and Mechanical Science.

On the other hand, the French research community has some tradition
in stochastic modeling in the field of structural dynamics in mechanical
engineering. For example, Prof. Soize published a book in 1983 (|60]) about
random mechanics.

The field of stochastic modeling and uncertainty quantification
is challenging and several mathematical tools are necessary for the
applications. The present thesis is not intended to be a basic material for this
subject; those people are encouraged to read, for instance, [103] 114], 117].

In 2008 and 2009 two seminars in uncertainty quantification and
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stochastic modeling were organized by Professor Rubens Sampaio at
PUC-Rio. Besides presentations given by the Professors that compose the
ABCM committee and their students, short courses were provided by
Professor Christian Soize (Université Paris-Est, France), Professor Eduardo
Souza de Cursi (INSA de Rouen, France) and Professor Nicholas Zabaras
(Cornell University, USA). In 2009 and 2010, Brazilian researchers organized
mini-symposiums of uncertainty quantification and stochastic modeling
in traditional conferences, such as Congresso Ibero-Latino de Métodos
Computationais em Engenharia (CILAMCE), International Congress of
Mechanical Engineering (COBEM) and Pan-American Congress of Applied
Mechanics (PACAM).

1.2
Uncertainty modeling

Imagine a real system for which we intend to construct a
computational model. What is called computational model is the
mathematical-mechanical model that is implemented as a computer code.
In many cases, experimental tests are too expensive or even not feasible.
In these cases, virtual (computational) experiments are advantageous. The
idea is to use the computational model to improve the performance of a
mechanical system and/or to reduce the number of experiments. Moreover,
uncertainties must be taken into account. We will consider two types of

uncertainties [115]:

1. Parameter uncertainties are uncertainties related to the parameters of

a computational model. For example, the diameter of the shaft, the

density of the material, the damping coefficient, etc.

2. Model uncertainties are uncertainties related to the model itself.

The computational model used might be wrong due to incomplete
information and unmodeled phenomena. For example, simplifications

introduced in order to decrease the complexity of the model.

We differ uncertainties from numerical errors, which are related to
the construction of the approximations of the computational model. For
example, error due to the Finite Element Method approximation, error due
to the numerical integration scheme and round-off errors. These errors can
and should be controlled [29].

There are several ways of taking into account uncertainties in a

dynamical system. In a general way, two approaches can be considered: the
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probabilistic approach and the non-probabilistic approach. In the present

work, the probabilistic approach is used to model the uncertainties, since
we consider it the most powerful one. As examples of non-probabilistic
approaches see, for instance, the Fuzzy method and the Interval method
[75].

In the middle of the XVII century, Blaise Pascal together with Pierre
de Fermat established the basis of the probability theory and combinatory
analysis. Pierre Simon Laplace [62, [63] has made a huge contribution to
this field, setting out a mathematical system of inductive reasoning based
on probability. He has given a broader interpretation for the Bayes theorem
[7]. It was only in 1933 that the Russian Andrey Kolmogorov [57] established
formally the probability axioms.

In structural dynamics, we are concerned about (random) vibration
analysis. Random vibration analysis has its origin in the work of Einstein
about the Brownian motion [34], and the history of random vibration, from
1905 until Crandall seminar of 1958, can be found in [79]. Crandall made the
random vibration analysis accessible for non-researcher engineers through
his seminar of 1958. There are some books about random vibration analysis
with random excitation of linear and nonlinear dynamical systems; see, for
instance, [20, 66, [61], 69] and, more recently [I33]. The classical study of
random vibration considers random excitation forces.

To model uncertainties within the parameters of the computational

model, we should use the parametric probabilistic approach. See its first

applications in dynamical systems in [132], [108], some general developments
can be found in [56] B9, 35] and some general methods for computational
stochastic mechanics are in [I05]. This approach is very efficient to take into
account parameter uncertainties. Nevertheless, model uncertainties can not
be modeled with the parametric probabilistic approach.

A recent approach called nonparametric probabilistic approach can be

used to take into account model uncertainties for dynamical systems. It was
introduced by Soize [112, 113, 116, 115, 120] and it is very well suited when
simplifications are introduced in order to decrease the complexity of the
deterministic model (for example, a cylindrical elastic body modeled using
the beam theory). The nonparametric approach uses the random matrix
theory [71], 43}, [17].

A crucial step when using the probabilistic approach is the choice of
the probability distribution for the random variables. Data should guide the
construction of the probabilistic model, which is given by the probability

distribution or the probability density function of the random variables. One
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way to choose the probability distribution is through a hypothesis test, such
as the chi-square and the Kolmogorov-Smirnov [I8, [08]. Another way, is to
construct the probabilistic model using the Maximum Entropy Principle
[107, 49, [50]. Applying this principle, only the available information is used
to calculate the probability density function that maximizes the entropy (see
Chapter [4), i.e., we are opting for the least prejudice probabilistic model
that is coherent with the physics of the problem. If data are available, the
probabilistic model constructed using the Maximum Entropy Principle can
be updated using Bayesian statistics (see, for instance, [I11] 9, 211, [16]).
Figures to show a scheme that summarizes the steps of the
computational analysis. First, a nominal (deterministic) computational
model is constructed, then, uncertainties are modeled (see Fig. . The
system considered in the analysis is a flexible dynamical system that is
discretized by means of the Finite Element Method, and the probabilistic
model is constructed using the Maximum Entropy Principle. After the
uncertainty modeling, we have a stochastic computational model that enable
us to do stochastic simulations, which generate the random responses that
are analyzed using statistics (see Fig. [L.I). The Monte Carlo method [9§]
is used to analyze the propagation of the uncertainty throughout the
dynamical system. The next step is to identify the parameters of the
stochastic model using data from experimental results (see Fig. [1.2). The
Maximum Likelihood method [3] is used for the identification procedure.
The main goal of the computational stochastic model is to help improving
the system performance (see Fig. . In this step a robust optimization
problem has to be solved. The a priori probabilistic model might be updated
if data are available using the Bayesian approach (see Fig. . However,

this step is not performed in the present work.

DETERMINISTIC| modeling STOCHASTIC | Monte Carlo |STATISTICS OF
MODEL uncertainties MODEL simulations |THE RESPONSE

Figure 1.1: From deterministic to stochastic analysis.

1.3
Objectives of the thesis

The first objective of this thesis is to develop a deterministic model

for the drill-string dynamics that takes into account the main forces acting
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Figure 1.2: Identification of the stochastic parameters.
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Figure 1.3: Robust optimization.
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Figure 1.4: Model updating.

on the system. This includes, for instance, bit-rock interaction, geometric
nonlinearities, impacts and fluid-structure interaction. The second objective
is to develop a probabilistic model for the drill-string dynamics and to
obtain the stochastic response (there are few works that analyze the random
response of a drill-string [58], [127]). The third objective is to propose a
procedure to identify the probabilistic model of the bit-rock interaction
model. Finally, the forth objective is to perform a robust optimization
problem to find the best operational parameters of the system, respecting

the integrity limits, such as fatigue and torsional instability.

1.4
Organization of the thesis

The thesis is organized as following. First, in Chapter [2 the problem
of the drill-string is presented. The deterministic model of the drill-string
is described in Chapter [3| and the probabilistic model of the drill-string is
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described in Chapter [} Finally, in Chapter [ the results are summarized

and future works are discussed.



2
Drill-string problem

The oil exploitation has begun around 1850 in the United States
of America with oil wells of approximately twenty meters of depth. The
depth achieved in a perforation has been growing over the years due to
the increasing demand and the technological innovations of the sector. For
example, the maximum depth achieved by a drill-string in 1977 was of 277
meters in Brazil, nowadays it is common to see drill-strings 2000 meters
long. The exploitation of oil and gas is a complex activity. This thesis
analyzes one step of the oil exploitation, which is the drilling process, with
special attention to the dynamic behavior of the structure. Figure shows
the main components of a drilling equipment. A quick explanation of each
component can be found in the glossary http://www.glossary.oilfield.
slb.com/.

The exploitation of oil and gas involves the following steps (http:

//www.lrc.usace.army.mil):

1) Identification of the local where the exploitation will be done,

2) Economic viability analysis,

3) Identification of the best places for the drilling process,

4) Drilling process,

5) Analysis of the geological formation found,

6) Construction of an unit of exploitation and beginning of the

exploitation.

There are many units of exploitation that use rotating columns
(drill-strings) for the drilling process. This process consists on cutting the
rock using a bit, in rotation, conducted by a column that transmits the
torque generated by the rotary table located at the surface. The column
gives the necessary weight (weigh on bit, WOB) to drill the rock. A
drill-string is composed by drill pipes, drill collars and a bit. The lower
part of the column is called Bottom Hole Assembly (BHA) and it has a
length of approximately two hundred meters, even though the total length
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Figure 2.1: Typical drilling equipment.

of the column might have some kilometers. This part is under compression
and is composed by the drill-collars, tubes with larger diameters and thicker
walls. The drill-string is a slender structure that might be twisted several
times because of the torque on bit (TOB).

Another important element on the drilling process is the drilling fluid
(or mud) (see Fig. http://www.lrc.usace.army.mil). The mud is
used for: refrigeration, displacement of the drilled solids and stability of the
well wall. It plays also a role in the drill-string dynamics.

The dynamics of a drill-string is complicated, consisting on coupled
axial, lateral and torsional vibrations. Figure 2.3]illustrates these vibrations.

The relation between excessive vibration and instability in the drilling
process was observed in [104], where in two case studies the instability was
due to vibration problems, such as stick-slip, bit-bounce and whirl. They
are described as following:

e Stick-slip happens when the friction between the bit and the rock
is big. The bit might eventually get stuck and then, after accumulating
energy in terms of torsion, be suddenly released. This phenomenon generates

torsional vibrations and can be identified by periodic oscillations on the
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Figure 2.2: Drilling fluid (mud).
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Figure 2.3: Axial, lateral and torsional vibrations are coupled.

torque.

e Bit-bounce happens when the bit looses contact with the rock,
hitting it in the sequence with great strength. This phenomenon generates
axial vibrations and can be identified by periodic vibrations on the weight
of the column.

e Whirl is a lateral instability that is intensified by impacts between
the column and the borehole. This phenomenon generates lateral vibrations
and can be identified by the increasing of these vibrations and harmonics

in the frequency spectrum.
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The drill-string vibrations are induced by the characteristics of the
bit-rock interaction and by the impacts that might occur between the
column and the borehole [31]]. If not controlled, vibrations are harmful to

the drilling process causing:

1. Premature wear and consequent damage of the drilling equipment,

resulting many times in failures, especially due to fatigue.

2. Decrease of the rate of penetration (ROP), increasing the well cost
128].

3. Interferences on the measurements performed during the drilling

process and damage of the measurement equipment [64].
4. Significant waste of energy.

5. BHA instability, reducing the directional control [31].

Some typical drill-string failures are discussed in the following article
[70]. The cost of repairing a failure is approximately two times the cost
of the prevention. The most common types of failures are: ductile failure,
fragile failure, and crack due to fatigue and corrosion under tension (see
Fig. taken from [70]). Although the mechanisms of failure are well
understood, the harmful environment and the type of excitation make
the failure difficult to be avoided. The equipment performance is getting
better with the improvement of the control and inspection techniques. At
this point, the understanding of the structure dynamics is essential. A
computational model of the drill-string can and should be used to develop a
strategy of vibration control, allowing the optimization of its performance.
Nevertheless, the controlling strategy is not considered in this work.

It should be noted that it is very limiting to analyze each vibration
(axial, lateral and torsional) separately, since usually they are all coupled.
Some computational models have been developed to analyze the coupling
between two or three vibration directions (see, for instance, Yigit and
Christoforou works [134], 135l 24], or Khulief et al. [55], and also Sampaio
et al. [128] 10T]). The mentioned works and the present work consider only
a vertical well, however, there are other possibilities for the drilling process,
as illustrated in Fig. (http://www.lrc.usace.army.mil).
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Figure 2.4: Typical failures: A) ductile, B) fragile, C) and D) fatigue.
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3
Deterministic model

There are still many challenges involving the modeling of the
complex dynamics of a drill-string, which includes bit-rock interaction,
fluid-structure interaction, coupling vibrations and also impact. A general
vibration perspective overview of the process of oil well rotary drilling can be
found in the works of Spanos et al. [125], [127]. In the work of Jogi et al. [51],
some drill-string models are used and compared with field data (to compute
natural frequencies). These models ([82], [44], [33]) were developed in the
1990s and use the beam theory combined with the finite element method.
Paslay et al. [82] performs separate computations for lateral displacements,
and axial and torsional vibrations. This model includes the effect of the fluid
added mass, but neglects impacts between the column and the borehole.
Heisig [44] considers spatially curved boreholes and takes into account
impacts between the column and the borehole, but the dynamical response
is calculated only for two situations: a given bit displacement or a given mass
imbalance. In the Jansen’s PhD thesis [47], the nonlinear dynamics of an oil
well drill-string is analyzed. A detailed discussion of the drill-string problem
is presented and simple computational models are simulated. Jansen [47]
also presents the nonlinear formulation of an Euler-Bernoulli beam, but
some elements are not considered, such as stabilizers, bit-rock interaction
and fluid-structure interaction (the fluid is considered in a simplistic way).

Figure|3.1|sketches a drill-string system. The upper region is composed
by thin tubes called drill-pipes and the bottom region (bottom hole
assembly, BHA) is composed by thicker tubes called drill-collars.

There are some ways to model the nonlinear dynamics of a drill-string,
e.g., see the papers of Christoforou and Yigit [134, 23, 24], the papers
of Tucker and Wang [129, 130], the papers of Khulief et al. [54, 55|, the
paper of Richard et al. [84], the thesis of Alamo [2], and also the papers
of Sampaio et al. [128, T0I]. Each author uses a different approach to the
problem: Christoforou and Yigit use a one-mode approximation to analyze

the problem, Khulief et al. and Sampaio et al. use the Euler-Bernoulli beam
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Figure 3.1: Sketch of a drill-string.

model with the Finite Element Method, Richard et al. use a discrete system
with two degrees of freedom, while Tucker and Wang, and Alamo, use the
Cosserat theory. None of these works consider a fluid-structure interaction
that takes into account the drilling fluid that flows inside and outside of
the column. In references [129, 24] the influence of the fluid is considered
in a simplistic way. In [13], the fluid-structure interaction model developed
in [5] is used. This model considers the column rotating immersed in a
fluid, but the axial flow of the fluid is neglected. In the present work,
the fluid-structure interaction model proposed in [81] is employed in the
analysis, as explained in the sequence.

We want to construct a nominal model that takes into account the
main forces acting on the column, therefore, the fluid-structure interaction
must be considered. The drilling fluid (mud) is responsible for transporting
the cuttings (drilled solids) from the bottom to the top to avoid borehole
clogging. The fluid flows downward inside the column and then upward in
the annulus. It also plays an important role in cooling the bit and stabilizing
the system [I]. The mud has complex rheological properties, see for instance
|25]. There are some papers that analyze only the drilling-fluid flow, as, for
example, [36, 37, 83].

A simple fluid-structure interaction model that neglects the rotation
of the fluid is used. (Note that the fluid should rotate, since the column

rotates.) This model considers the fluid that flows downward inside the
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column and then upward in the annulus. It is an extension of the one
developed in [81] and it permits the influence of the fluid to be computed by
adding an axial force and three matrices, which are constant in time (mass,
damping and stiffness).

Comparing to what is found in the literature, the proposed model is
the most complete one, since it uses the Timoshenko beam theory combined
with finite strain (using all the terms of the Green-Lagrange strain) and all
the important forces of the system are taken into account. The equations of
motion are derived using the extended Hamilton Principle and discretized
by means of the Finite Element Method.

3.1
Base Model

In this Section the base model without the fluid-structure interaction
is described. The fluid-structure interaction model is discussed in Section
The basic references for the finite element formulation developed in this
Section are [109], 110, [46] 65] 27, [6, 137, 138].

Previous papers (see, for instance [55, [128 [24]) have used the
Euler-Bernoulli beam theory (which neglects shear deformation) to model
the drill-string. In this work the Timoshenko beam theory (which considers
shear deformation) is used because (1) it includes the Euler-Bernoulli theory
and (2) it allows more flexibility in applications. A 3D beam model is used
with six degrees of freedom for each interpolation point (see Fig3.2)): three
translational displacements of the neutral line (axial u, lateral in y-axis v
and lateral in z-axis w) and three rotations of the cross sections (about the
x-axis 0, about the y-axis 6, and about the z-axis 6,). It is assumed small
angles for 0, and 0, which is justified because the vibration of the column
is constrained inside the borehole, however, 6, is finite.

The equations of motion are derived using the extended Hamilton

Principle in which the first variation of the potential II must vanish:

[2)
ST1 = / (6U — 6T — §W)dt =0, (3-1)

t1

where U is the potential strain energy, 1" is the kinetic energy and W is the
work done by the nonconservative forces and by any force not accounted in

the potential energy.
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The system is discretized using the Finite Element Method, with the

element displacements and rotations written as

ue(§, 1) = Nu(§)ue(t),  ve(€, 1) = No(§ue(t),
we(§,t) = Nu(§ue(t),  Ore(€, 1) = N, (§)ue(t), (3-2)
0ye(&,1) = Ny, (E)ue(t),  0:c(€,1) = Ny (§)ue(t)

where t is time, £ is the element coordinate (£ = x/l.), l. is the length
of the element, N are the shape functions written as line vectors (see
appendix and the element displacement vector is written as u, =
(ul v 0.1 wy Oy Op1 uz v 0.0 wy 0, «9x2)T; where (-)7 denotes
transpose. Figure shows the two node finite element used in the

computational model.
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Figure 3.2: Two node finite element with six degrees of freedom per node.
Note that:

dx = 1.d¢,
ov  Ovd§  ovl

or  0€0r gl
*v 0 [ov v 1
92% ~ Ox (@) S0
where these operations are also valid for u, w, 0., 0,, and 6,. Denoting the
time derivative by a superposed dot and the spatial derivative by (') we

have:
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2.]e = Nvuea

% _ O(N,u.) u 8NU% - Nju.
or  Ox S0 0x 1.
ov, = N,ou,,

dwve = (SulNT)(v,) = dul (NIN,)u,,
U 0w, = (Jul' NT)(u.v.) = (6ul' NT)(N,u.)(N,u,.),

where these operations are also valid for u, 0, 6,, and 0..

3.1.1
Gravity

The work done by gravity is written as:

L
W:/ pgAudz (3-3)
0

where p is the mass density, A is the cross-sectional area, L is the length
of the column and g is the gravity acceleration. The variation of Eq. (3-3))

gives

L
5W:/ pgAdudx, (3-4)
0

and the discretization by means of the finite element method yields the force

element vector

1
(6) = [ Nipgatac. (3-5)
0

3.1.2
Kinetic energy

The kinetic energy is written as

=2 /O p(AVTY + W (L]w) dz, (3-6)
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where v is the velocity vector, [[;] is the cross-sectional inertia matrix and

w is the section angular velocity vector:

i I, 00 0, + 0,0,
v=| v =10 1T 0|, w=] cos(6,)0,—sin(0,)0. |,
w 0 0 I sin(@x)éy + cos(Gx)éz

(3-7)

where [ is the cross-sectional moment of inertia and I, is the polar moment

of inertia.

JZ/ZZdA:/deAziwé—D?),

I, = /(22 +y?)dA =21 ,
A

where D, and D, are the inner and the outer diameter of the column.

(3-8)

To calculate w, the rotations have been parameterized in the following

way. The matrix that transforms a vector written in (x1, yy, 21) to the inertial
reference (x,y, z) is (see Fig. |3.3)):

1 0 0
I =] 0 cos(f,) —sin(6,)
0 sin(f,) cos(f,)

y
Z-, \) ex
Y1

z D g

4 ij"

Figure 3.3: Rotation about the x-axis

The matrix that transforms a vector written in (zq, ¥, 22) to (z1,y1, 21)

is (see Fig. [3.4):
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cos(6,) 0 sin(f,)
WTy] = 0 1 0
—sin(6,) 0 cos(6,)

Figure 3.4: Rotation about the y;-axis

For small 6,:

1 06
=] 0o 1 0
0 1

<

38

The matrix that transforms a vector written in (z3, ys3, 23) to (22, Y2, 22)

is (see Fig. [3.5):

cos(f,) —sin(0,) 0
[2T5] = | sin(6.) cos(f.) O
0 0 1

Figure 3.5: Rotation about the z,-axis

For small 6.:



Stochastic drill-string dynamics 39

1 -0,
[QTB] = 92 1
0 0 1

The angular velocity vector written in the inertial frame (z,y, z) can

be calculated as following:

0, 0 0
W = 0 + [oT1] éy + LT | 0 =
O (x,y,z) 0 (xlvyhzl) 02 (932,y2,22)
0. + 06,0,
= | cos(0,)0, — sin(6,)6. | . (3-9)
sin(0,)0, + cos(0,)6.

Note that the rotational speed about the z-axis 0, is not constant,
therefore the discretization of kinetic energy yields a constant mass matrix
[M] and a nonlinear force vector fi, that couples axial, torsional and lateral

vibrations. The mass element matrix is written as:

1
M1 = [ pANNIN, + NIN, + NIN )+
0 (3-10)

+pI (NJ Ny, + NI Ny ) + pI,(NJ Ny, )] lde.

Using the rotational speeds éxe = Ny, u, éye = Ny, u,, éze = Ny, 1, and the
angular accelerations éme = Ny, u,, éye = Ny, U, éze = Nj_1,, the nonlinear

force element vector due to the kinetic energy is written as:

1
(9 — o1, /0 [NT (Byefec + ) + NG Oyl + Oyebie) = NG (Gr)] e
(3-11)

3.1.3
Strain energy

The strain energy is written as:

1
U= —/ e’'SdV (3-12)
2 )y
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where V is the integration domain, € is the Green-Lagrange strain tensor

and S is the second Piola-Kirchhoff stress tensor (written in Voigt notation):

Exx O-II
€yy Oyy
e — 622 7 S — O-ZZ
26953,/ Txy
2€y. Tyz

Traditionally, the engineering strain is used in the Voigt notation; that is
why the last three terms of the strain are multiplied by two. Let’s consider

the constitutive relation of a isotropic material with linear elasticity as:

[S] = 2u[E] + Atr([E])[1], (3-13)

where [S] is the second Piola-Kirchhoff stress tensor, [E] is the Green strain
tensor and tr(-) is the trace of a matrix. The Lame’s constants are defined
by:

E Ev

T SR s g (3-14)

where E' is the elasticity modulus and v is the Poisson coefficient. [S] and

[E] may be written as:

Ozz Tay Tz €xz  €xy Cxz
[S] = Tey Oyy Tyz > [E] = €ry Cyy Cyz ’ (3_ 1 5)
Tzz Tyz Ozz €zz Cyz €2z

In indicial notation, the stress and strain relation, Eq. (3-13), may be written

as:

[Slij = Dijral Ela (3-16)
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where D ;i is the forth order tensor that establishes the linear elastic model
between the Green strain and the second Piola-Kirchhoff stress tensors.

The deformation gradient tensor relative to the reference position is
given by [F] = dx/dX, with x for the deformed configuration and X for the
reference configuration. The Green-Lagrangian strain tensor may be written
as [E] = 1/2([F]*[F] + [I]), where [I] is the identity matrix (see appendix
[B). Equation (3-16) is written in Voigt notation as:

S = [Dle, (3-17)

and for isotropic materials we have

1 &% 5% 0 0 0
a1 i 0 0
[D] = E(—v) T Twn | 0 0 0
(14+v)(1—2v) 0 0 21(1__25) 0 0
0 0 0 0 s O
1—2v
0 0 0 0 0 5y |

Using the beam hypothesis, which means that the dimension in z is much
bigger than dimensions in y and z, we assume that o, ~ 0., ~ 7, ~ 0 and

E€yy ~ €22 ~ €, ~ 0. Thus:

€xn Ozx
€= | 2e, , S=| Ty ,
2€,, Tz
E 0 0
D=1 0 kG 0 )
0 0 kG

where G = u = E/2(1+v) is the shear modulus and k; is the shearing factor

that depends on the cross section area. The strain tensor can be obtained

through
o3[ () (@) @) e

where X = (z y z)* is the position on the non-deformed configuration
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and p = (u, u, u,)" is the displacement field written in the non-deformed

configuration, such that

Uy = u—y0, + 20,

ty =0+ yleos(0s) — 1) = sin0). (319

u, = w+ z(cos(f;) — 1) + ysin(6,) .

The displacement field can be deduced by translating the center point of a
cross sectional area by (u v w)T, then rotating the plane of this section 6,,

6, and 6, (with the hypothesis of small rotations 6, and 6,).

(Po=| uy = v + (x)o — (X)o (3-20)

where the subscript 0 refers to the non-deformed configuration and:

0 0
Xo=1wy |, ®o=0T5| y (3-21)
z z
0 3
where [oT3] = [oT1][1T2][2T3]. Back to the strain energy, we have:

1 1 1
U= -/ €T'SdV = —/ €' [D]edV = —/ |E(e2,) + 4k G(e3, + €3,)] AV,
2 v 2 1% 2 1% Y

(3-22)
where
. Oou,, n 1 ou, Ou,, n Ou,, Ou, n ou, Ou,
9 2\ Ox Ox Oor O0xr  Ox Ox )’
S 1 Ou,, N Oy, N Ou, Ouy n Ou,, Ou,, n ou, Ou,
W2\ or Oy  Ox Oy Oxr Oy  Ox Oy )’ (3-23)
B l ou, N ou,, N Ou,, Ou, N Ou,, Ouy, N ou, Ou,
Coz = 2\ Ox 0z ox 0z oxr 0z or 0z )
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The discretization of the linear terms yields the stiffness matrix [K]
and the discretization of the higher-order terms yields the nonlinear force
vector fy, that couples axial, torsional and lateral vibrations. In fact, the
dynamics takes place around a prestressed configuration (see Section [3.3))
and the constant geometric stiffness matrix [K;(ug)] is used, where ug is
the prestressed state. There is no simplification, all the terms obtained from
the strain energy are used in the formulation. The stiffness element matrix

1s written as:

ET

(N;{JN’% +

l@ € €

10 = [ [54 vrney + B2 (v ) +
e
le

NI NG) + kGA (NN, + NEN, + NNy, + NJ N )| de,
(3-24)

+NING ) + (NTN/, + NTN',) + k,G AL (Ng?y Ny, +

1 1 1 1
Z_N/ Ue, (Ue)/ = Z_N;uw (we)l - Z_N;}u& (ewe)/ = Z_N/Ql.ue;
(0ye) = r N/ JUe, (020) = 3 —Nj_ u.. The geometric stiffness element matrix,

when the only nonzero dlsplacement is the axial one (ug), may be written

where (ue)’ =

as

AFE
(le)?
N/'Ny, + N//N,, + Nj N/ + NT N/, +2[.Nj Ny, +

(K y(us)) = (u.) / [ (N'N! 4 NN/, + 3NN, +
0

k.GA

= (

EI
(le)?

1
() / {kSGA (NG N, + NI N, ) +
0

+21.N7 N9y> + <2Ng N;, +3NJNj, + SNC}QN},Z)} lode+

EI
(le)?

3 EA (3 1 1
+ 2N’TN’9 ) +W (§N;TN; + 5N;TN; - §N;ZN;U)] l.dE .

3
T /

(NgNgm +3

(3-25)

The nonlinear force element vector due to the strain energy is written
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as:

1
(0 = [ [N+ NIfo + N fo+ NE S+ NG for
0 (3-26)
N fo + N fr + NI fy + NI fy | e,

where f1, .., fg are found in appendix [C]

314
Impact, rubbing and stabilizers

The drill-string may impact the borehole. If the radial displacement
r = Vv 4 w? is high enough to exceed the diameter of the borehole,
there is a reaction force. This means that there is impact and rubbing if
r > (Ren — R,), where Re, is the radius of the borehole and R, is the outer
radius of the column, see Fig. [3.6]

Column scheme Beam model

[

.R»:i: [

r

Ko - s [
L
[
=

Borehole (Ro - Ro)

Figure 3.6: Scheme of the radial displacement.

There are several ways to model contact dynamics [40]; in this work, the
impact is modeled as an elastic force

Fyip = —1ip(r) kip(r — (Ren — Ro))

Y

(3-27)

s|g3l<

Foip = _]lip(r) kip(r — (Ren — R,))

Y
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where ki, is the stiffness parameter of the impact and 1;,(r) is an indicator
that is equal to one if r > (R, — R,) and is equal to zero otherwise. Rubbing

between the column and the borehole is modeled as a frictional torque

Txip = _]lip(r) :uipFnRO Slgn(ga:) ) (3—28)

where F, = \/(Fyip)? + (Fuip)?, pip is the friction coefficient and sign(a)
returns the sign of a (sign(a) = 1if @ > 0 and sign(a) = —1if a < 0).

In drilling operations there are stabilizers in the BHA region that help
to decrease the amplitude of lateral vibrations. Stabilizers are considered as

elastic elements:

Fy’x:xstab = kStab le:xstab and Fz‘m:mstab - kStab w’I:mstab ’ (3_29)

where 4.1 18 the stabilizer location and kg, 1S the stabilizer stiffness.

3.1.5
Bit-rock interaction

Figure (http://www.glossary.oilfield.slb.com) shows two
types of bit: the roller cone bit and the polycrystalline diamond compact
bit.

Figure 3.7: Bits. Left: roller cone. Right: polycrystalline diamond compact.

For the bit-rock interaction, the model used is the one developed by
[130] (polycrystalline diamond bit) because it describes well how the bit
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penetrates the rock. It can be written as

Uit (1) = —a1 — az foir(t) + aswrit(t) ,

tvit(t) = —DOC(t) ay — a3, (3-30)
Ui ()
DOC(t) B Wbit(t) 7

where fi;; is the axial force (also called weight-on-bit), t;; is the torque
about the z-axis and aq,...,as are positive constants that depend on the
bit and rock characteristics as well as on the average weight-on-bit. Note
that dpi; (which is the rate-of-penetration) depends linearly on fi;; and on
Whit (zébit), and tp;; depends linearly on the depth-of-cut (DOC). Note also

that these forces couple the axial and torsional vibrations. For convenience,

Eq. (3-30) is rewritten as

foie(t) = — i) s (1) - ﬂ»
ar Z (woit(£))? a2 Z(woin(t))  as (331)
toit (1) = o (t)cfbiZtE:;bit(t))Q — asZ(writ(t)) ,
where Z is the regularization function:
Z(wn(t)) = ——22elV) (3-32)

(wbit (t))2 + 62 7

and e is the regularization parameter. The regularization function and the
torque in function of wy;; are plotted in Fig.

The models usually applied for the bit-rock interaction are based on
[122], see |24} 10T} B5], for instance. In [I0T] 55] the bit can not move and
the torque at the bit is essentially given by:

QWi (t)

tit: i i tanhwit T
bit (t) = ibit it (@it (£)) 1+ agwpig(t)?

, (3-33)

where up; is a factor that depends on the bit cutting characteristics and
a1, ap are constants that depend on the rock properties. Figure [3.9|shows a
comparison of the torque at the bit for the models given by Eqs. and
(3-33). It shows that they are close to each other for fi;; = —100 kN (value
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Regularization function
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. [RPM] (a)
Bit-rock interaction model
] . T T T T T T T
: § Ay _ £ =-B0kN
L G _ L
G //:/"\III E_._..fbn—-kaN
ns - D il i |
—_ 2
E
< g
...-g -2

A | i i i
-500  -400  -300  -200  -100 0

Oy

[RPM]

1 1
100 200 300

Figure 3.8: (a) regularization function. (b) torque in function of wy;.

used in the simulations), a; = ay =1

Bit-rock interaction

and i = 0.04 (data used in [101]).

model, f_=-100kN

' hit

t . [kN.m]
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— —-other model ||

col:nt

[RPM]

Figure 3.9: Torque at the bit in function of wy.
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In the next Section the fluid-structure interaction model is developed.

3.2
Fluid-structure interaction

A linear fluid-structure coupling model similar to [80, 81] is used. The
proposed simplified model assumes that the pressure varies linearly along x
and that the inside flow is inviscid, while the outside flow is viscous. The flow
induced by the rotation about the x-axis is not considered in the analysis.
Figure [3.10] shows the force balance in a structure-fluid infinitesimal part
and Figs. and show the internal and external flow forces.

Figure 3.10: Force balance in a structure-fluid infinitesimal part.

Following the strategy presented in [8I] and extending the analysis for
a 3D problem, we first write the fluid force in x direction, highlighting the

forces due to the internal and external flow:

Op; 9] Ipo
Fxf - Mfg - Az a]; _FL + %(Aopo) - Aoa_l; ) (3_34)
mterr;;lflow exter;glflow

where M; is the mass per unit length, g is the gravity acceleration, A; and A,
are the cross-sectional areas corresponding to the inner and outer diameters
of the column (see Fig. , pr is the fluid density, p; and p, are the inside
and outside pressures and F7, is a frictional viscous force.

Figures and shows the internal and external flow forces.
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Figure 3.11: Scheme showing the diameters (inside, outside, borehole) and
the inlet and outlet flow.

{ E\p \
A, ‘ p+—0dx
\ b J

(ﬁ N

Figure 3.12: Internal flow forces.

F I ox

(FA+FN) ():\‘

Figure 3.13: External flow forces.



Stochastic drill-string dynamics 50

The fluid force in z direction is written as:

0w 0w 0w 0 ow
I = My ( oz T 2ig o+ UE@) + Aim- (pi_) +

[ J/

~
internal flow

0 0 ow ow 0 ow N LOw
(202 o (2] a2 (n2) ey s i,

TV
external flow

(3-35)

where U; and U, are the flow speed inside and outside the column, y =
% which is always > 1 and Fl, is a frictional viscous force. The

expressions of the frictional viscous forces are shown below:

1
Fr = 5CfproUg : (3-36)

1
FV — écfproUo <8w 8w) kaw

E - UO% E 9 (3_37)

where Cf, k are the viscous damping coefficients and Dy, is the hydraulic

diameter <Dh = 7&%)' The fluid forces in y direction are similar to the

ones just presented. As mentioned before, it is assumed that the pressure

varies linearly with x:

= (prg) T + Pese » (3-38)
( Z gh) (3-39)

where pee is the pump pressure. Another assumption is that there is no

head loss when the fluid passes from the drill-pipe to the drill-collar (and

vice-versa), see Fig.
The head loss due to the change in velocity of the fluid at the bottom
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Downwards Upwards
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Figure 3.14: Pressure along the x-axis.
(it was going down, then it goes up) is given by
1 2
h = @(UZ —U,)~. (3-40)

After discretization by means of the Finite Element Method, the fluid

mass element matrix is written as

1
M = / (Mi+ xpedy) (NTN, + NTNLde . (3-41)
0

The fluid mass matrix is the usual added mass. The fluid stiffness

element matrix is written as

1
1
K = [ (=M = A+ Aop, = xped U2) (NN + NIN,) g+
0 e

! Opi dp
+ A+ A2 ) (NT Ny + NI Ny )ILdE .
/O ( 7 %)( 6,16, 6. No. )led§

(3-42)

The fluid stiffness matrix depends on the speed of the inside and

outside flow, on the pressure and on the pressure derivatives. The fluid
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damping element matrix is written as

1
(CH = [ (2000 + 2 ) (N, No, + NE N, Y+
’ (3-43)

el
+ / <§(prfDOUO + k;) (NIN, + NIN,)l.de .
0

The fluid damping matrix depends on the flow speed as well as on the
viscous parameters of the fluid which are not well established values. There
are uncertainties in the determination of the damping characteristics, but a
detailed analysis will not be addressed in the present work. The axial fluid

element force is written as

1 ) 1
() = / (Mfg - Ai% - —CfproU3> NT7,de . (3-44)
0 X 2

In Section we investigate how the dynamical characteristics of
the drill-string system change with the inclusion of the fluid-structure

interaction model.

33
Initial prestressed configuration

Before starting the rotation about the z-axis, the column is put down
through the channel until it reaches the soil. At this point the forces acting
on the structure are: the reaction force at the bit, the weight of the column,
the supporting force at the top and a constant fluid force. In this equilibrium
configuration, the column is prestressed (see Fig. . There is tension
above the neutral point and compression below it.

To calculate the initial prestressed state, the column is clamped at the top,

and consequently,

us = [K]7'(f, + £. + ), (3-45)
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Figure 3.15: Initial prestressed configuration of the system.

where f, is the force induced by gravity, f; is the fluid axial force and £, is the
vector related to the reaction force at the bit. Note that f. =[00... —f. 0]7
in which f. is the initial reaction force at the bit.

To verify if an element is compressed or tensioned, the element axial
displacements of ug are checked: (us — uy) > 0 (tensioned), us = u; (no

stress) and (up — uy) < 0 (compressed).

3.4
Boundary and initial conditions

As boundary conditions, the lateral displacements and the rotations
about the y and z-axis are zero at the top. At the bit, the lateral
displacements are zero. A constant rotational speed about the z-axis €,
is imposed at the top. To apply the boundary conditions above, the lines
and rows corresponding to the mentioned degrees of freedom are eliminated
from the full matrices and the forces corresponding to the imposed rotational
speed at the top are considered in the right hand side of the equation.

As initial conditions, all the points move with a constant axial speed
and a constant rotational speed about the z-axis, and the column is deflected

laterally.
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Discretized system of equations

The vibration takes places around the prestressed configuration, thus

u(t) = u(t) — us. The final discretized system of equations are written as

([M] + [Ma)a(t) + [CTa(t) + ([K] + [K] + [Kg(us)])u(t) =

= g(t) + fir (TU(t)) + fip (T(t)) — e (T(t), U(t), U (1)) , (3-46)

where T, and ¥, are the initial conditions. We identify in Eq. the
mass and the stiffness matrices of the column ([M], [K]) and of the fluid
([M], [K{]). The proportional damping matrix [C] = a[M]+[M;])+ B([K]+
(K] + [Kg(us)]) (o and (3 are positive constants) is added a posteriori in
the computational model; see more details in Section The constant «
is strictly positive. This yields a positive definite damping matrix, although
there are two rigid body modes. Such a damping model is chosen because it is
assumed that there is an additional external dissipation when the dynamical
system moves in these two rigid body modes. [K,(ug)] is the geometric
stiffness matrix, fi, and f,; are the impact and bit-rock interaction forces
(Egs. , and ), and g is the source force that corresponds
to the Dirichlet boundary condition (rotation imposed at the top). The
nonlinear force vector fyy, = fi. + fie, where fi, and f;, are the higher-order
terms obtained from the kinetic and strain energies (Eqgs. and (3-26))).

3.6
Reduced model

Usually the final discretized FE system have high dimensional matrices
(m x m) and the dynamical analysis may be time consuming, which is the
case of the present analysis. One way to reduce the system is to project the
nonlinear dynamical equation on a subspace V,,, with n << m, in which
V,, is spanned by a basis of R". In the present work, the basis used for the
reduction corresponds to the normal modes projection. The normal modes

are obtained from the following generalized eigenvalue problem

(K] + [Ki) + [Ky(us)))¢ = w*([M] + [Mi]) ¢, (3-47)
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where ¢; is the i-th normal mode and w; is the i-th natural frequency. Since
initially the column is prestressed, we should compute the normal modes in
this prestressed state. Matrices [K] and [Kj| are positive semi-definite. The
geometrical stiffness matrix [K, (u)] is not always positive semi-definite, but
when u = ug, then [K;(ug)] is positive semi-definite. Therefore, the sum
([K] + [Ki] + [Kg(us)]) is positive semi-definite. Matrices [M] and [Mj] are
positive-definite, consequently, the sum ([M] + [My]) is positive-definite.

The following representation is used

where [®] is a (m xn) real matrix composed by n normal modes. The normal

modes that compose matrix [®] must be conveniently chosen (so that axial,
lateral and torsional modes are included) in order that the convergence of
the response is reached. We substitute u = [®] q in Eq. (3-46)) and project

this equation on the subspace spanned by these normal modes yielding

[M.]Jq(t) + [Crla(t) + [K.Ja(t) = £.(¢,q(t),at), q(t))
(3-49)

Q(O) =q Q(O) = Vo,

where qp and v are the initial conditions and

[M;] = [ ([M] + [Mi])[®],  [C;] = [2]T[C][],

are the reduced matrices and the reduced force vector. The proportional
damping matrix [C] = a([M] + [Mi]) + B([K] + K] + [Kg(ug)]) is added a
posteriori, so that:

(Crlij = 2w;&;045 (3-51)

where & is the j-th damping ratio, and 6;; = 1if 7 = j and d;; = 0 otherwise.
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Now, the constants o and (3 can be adjusted in a way that & ~ 10%, or any
identified value.
Appendix [D] presents the time integration scheme used in the

numerical simulations.

3.7
Numerical results

In the first part of this Section, the influence of the fluid on the
drill-string dynamics is investigated using a numerical example and, in
the end of this Section, some simulations are performed varying some
parameters, such as the material and the length of the column. The data
used for the numerical simulations of the system are representative values
that are found in the literature [48| 24] 130} 55l T0T] (see Appendix [F]).

3.7.1
Modal analysis

The elastic modes of the structure (lateral, axial and torsional) and
the associated natural frequencies are analyzed in this Section. This analysis
is essential to understand how the characteristics of the system are affected
by the fluid flow.

To correctly compare the normal modes and the corresponding natural

frequencies for two different cases, the matrix [MAC] [4] defined by

<P}, P2 >

IMAC];, = =" "9 ~
S -HIRIE ]

(3-52)

is used, where @] is the i-th mode for the first case, ®7 is the j-th mode for
the second case, < -,- > denotes the Euclidean inner product and || - || is
the associated norm. Two modes ®; ®3 are well associated if [MAC];; has
value close to one and they are not well associated if this value is close to
zZero.

First, the influence of the prestressed configuration is analyzed and no
fluid is considered yet. Table [3.1 shows the natural frequencies associated
with the first 10 lateral modes of the system with and without the
prestressed configuration. For short, we call them lateral natural frequencies
and it is implicit that they are the natural frequencies associated with the

lateral modes.
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Rank of the eigenvalue
(prestressed config.) 1-2 3-4 5-6 7-8 9-10

prestressed (Hz) 0.0287 0.0464 0.0928 0.1098 0.1394
no prestress (Hz) 0.0127 0.0004 0.0010 0.0490 0.0020
difference (%) 55.7 99.1 98.9 35.4 98.6

Table 3.1: Lateral natural frequencies with and without the prestressed
configuration (no fluid).

The lateral natural frequencies appear in pairs due to the symmetry
about the z-axis (and the modes associated to the same frequency have
the same shape). The values of the natural frequencies change completely
(with differences greater than 50%) when the prestressed state is considered.
The first lateral shape for the model considering the prestressed state is
associated with the ninth lateral shape for the model without the prestressed
state, the second omne is associated with the first one, the third one is
associated with the second one, the forth is associated with the eighteenth
one and so on. Sometimes the shapes are well related ([MAC];; ~ 1) and
sometimes the correlation is not so good ([MAC];; < 0.5).

Tables and [B.3] show the differences of the axial and torsional

natural frequencies comparing the column with and without the prestressed

configuration.
Rank of the axial eigenvalue
(prestressed config.) 1 2 3 4 5
prestressed (Hz) 1.202 2.882 4.676 6.503 8.343
no prestress (Hz) 1.201 2.879 4.672 6.496 8.336
difference (%) 0.092 0.094 0.094 0.095 0.095

Table 3.2: Axial natural frequencies with and without the prestressed
configuration (no fluid).

Rank of the torsional eigenvalue

(prestressed config.) 1 2 3 4 5
prestressed (Hz) 0.2144 1.1105 2.1526 3.2138 4.2850
no prestress (Hz) 0.2141 1.1094 2.1505 3.2107 4.2809
difference (%) 0.1401 0.0992 0.0977 0.0966 0.0958

Table 3.3: Torsional natural frequencies with and without the prestressed
configuration (no fluid).

The axial and torsional natural frequencies not affected considerably
by the prestressed configuration. The analyzed modes are always well related
([MAC];; ~ 1).
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Now the influence of the fluid is analyzed, always using the prestressed
configuration. It should be remarked that the inclusion of the fluid does not
change the axial and torsional natural frequencies of the system as it can
be checked from Eqs. (3-41)), and ([3-43).

Figure [3.16) shows the comparison of the mode shapes for the model
with and without the fluid.

Fluid, shape 1, x no fluid, shape 2

Fluid, shape 2, x no fluid, shape 3

0 0 T
- ——WITH Fluid
00— e -200+ P PO APPSO
200 iTH Fiuid —=—NO Fluid
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Figure 3.16: Comparison of the lateral modes for the model with and without
fluid.

As shown in Fig. the first lateral shape for the model with fluid
is associated with the second lateral shape for the model without fluid, the
second one is associated with the third one, the third one is associated with
the first one, the fourth one is associated with the fifth one and so on. Table

3.4 shows a comparison of the lateral natural frequencies.

Rank of the eigenvalue
(config. with fluid)
with fluid (Hz)

no fluid (Hz)
difference (%)

1-2 3-4 0-6 7-8 9-10

0.037 0.074 0.107 0.112 0.145
0.046 0.093 0.029 0.139 0.186
-24.7 =247 731 -24.8 -24.8

Table 3.4: Lateral natural frequencies for the model with and without the
fluid.
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There is a significant change in the lateral frequencies due to the
presence of the fluid. Investigating the influence of each term of the fluid
equations, it was found that the term (—p;A; + p,A,) of the fluid stiffness
matrix has a major influence on the stiffness of the system. Note that p; ~ p,
for a given depth, but in the lower region (BHA) A, ~ 10A4;, which makes
the system much stiffer in the bottom. Table |3.4] shows that the lateral
natural frequencies for the model with fluid might be lower or greater than
the lateral natural frequencies for the model without fluid when comparing
with respect to the associated modes.

Next, it will be investigated the influence of the added mass and added
stiffness separately. The influence of the damping depends on the viscous
property of the fluid, but it is not analyzed in the present work. Table |3.5
shows the differences of the lateral natural frequencies for the added mass

only and for the added stiffness only.

Rank of the eigenvalue

(config. without fluid) 1-2 3-4 5-6 7-8 9-10
no fluid (Hz) 0.029 0.046 0.093 0.110 0.140
added mass only (Hz) 0.023 0.036 0.072 0.087 0.108
difference (%) -20.7  -22.8 -22.8 -20.7 -22.8
no fluid (Hz) 0.029 0.046 0.093 0.110 0.140
added stiffness only (Hz) | 0.134 0.048 0.096 0.273 0.145
difference (%) 367.9 37 3.8 1482 3.7

Table 3.5: Influence of the added fluid mass and stiffness on the lateral
frequencies.

The presence of the fluid adds around 50% of mass, this is why the
natural frequencies are around 20% lower. It should be noted that the shapes
of the lateral modes practically do not change when only the fluid mass
is considered. The changes in the mode shapes occur mainly due to the
fluid added stiffness. The first lateral shape for the model without fluid
is associated with the third lateral shape for the model with added fluid
stiffness, the second one is associated with the first one, the third one is
associated with the second one, the fourth one is associated with the seventh
one and so on.

Now, the influence of the inside and outside flow are investigated
separately. Table [3.6| shows the differences of the lateral natural frequencies
for the inside flow only and for the outside flow only.

The inside flow makes the system less stiff and unstable: the first

eigenvalue is imaginary, indicating that the system is unstable. The outside
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Rank of the eigenvalue

(config. without fluid) | 1-2 3-4 56 7-8  9-10
no fluid (Hz) 0.029 0.046 0.093 0.110 0.140
inside flow (Hz) 0.080/—1 0.040 0.080 0.064 0.121
difference (%) - -13.6  -13.4  -42.0 -135
no fluid (Hz) 0.029 0.046 0.093 0.110 0.140
outside flow (Hz) 0.113 0.041 0.082 0.228 0.124
difference (%) 292.3 -11.2 -11.2 107.7 -11.3

Table 3.6: Influence of the added fluid mass and stiffness on the lateral
frequencies.

flow increases the eigenfrequencies associated with some lateral modes and
decreases others.

Finally, Table|3.7]shows the difference in the lateral natural frequencies
when the flow speed is increased. It is noted that the flow speed is not

so important to change significantly the dynamic characteristics of the

structure.

Rank of the eigenvalue | 1-2 3-4 5-6 7-8 9-10
U=15ms ' (Hz) 0.0372 0.0744 0.1065 0.1117 0.1488
U=10 m s~' (Hz) 0.0368 0.0736 0.1066 0.1106 0.1473
difference (%) 1.0753 1.0753 -0.0939 0.9848 1.0081

Table 3.7: Influence of the flow on the lateral frequencies.

3.7.2
Dynamical response

The column was discretized with 56 finite elements. For the time
integration, the Newmark scheme was used together with an iteration
method (fixed point) to solve the nonlinear algebraic equation (Eq.
at each time step (At = 5 x 107°). As initial conditions, all the points
of the column have a given axial speed Ty (4.2 x 107® m s71), a given
rotational speed about the x-axis w,q (0.83 Hz) and the column is deflected
laterally. For the construction of the reduced dynamical model, 158 lateral
modes, 4 torsional modes, 3 axial modes and also the two rigid body
modes of the structure (axial and torsional) are used. The columns of
matrix [®] are made up of 167 modes. The number 167 was chosen after
several numerical experiments in order to get convergence (see Appendix
[E). The nonzero eigenfrequencies of the linearized system around the
prestressed configuration (see Eq. are given in Table The lateral

eigenfrequencies appear in pairs due to the symmetry about the x-axis.
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Rank Eigenfrequency | Type

1-2 0.0372 Hz Lateral
3-4 0.0744 Hz Lateral
5-6 0.1065 Hz Lateral
7-8 0.1117 Hz Lateral
9-10 0.1488 Hz Lateral
11-12 0.1860 Hz Lateral
13 0.2144 Hz Torsional
14-15 0.2160 Hz Lateral
16-17 0.2234 Hz Lateral
18-19 0.2605 Hz Lateral
76 1.1105 Hz Torsional
81 1.2018 Hz Axial
163-164 | 3.2671 Hz Lateral
165 4.6761 Hz Axial

61

Table 3.8: Eigenfrequencies of the linearized system.

The dynamical system is excited by a constant rotational speed about
the x-axis at the top and with value 0.83 Hz (=50 RPM). Note that
for such an excitation (no lateral source forces), if there is no bit-rock
interaction and no initial displacement in the lateral direction, there is no
vibration in the forced response for the linearized system (there is only
a rigid body displacement in rotation). In the presence of the nonlinear
bit-rock interaction and without initial displacement in the lateral direction,
the forced response does not exhibit lateral vibration and there are only
coupled torsional and axial vibrations with a broad frequency spectrum.
The results presented below correspond to the case with the nonlinear
bit-rock interaction and an initial displacement in the lateral direction.
Consequently, the forced response exhibits coupled torsional, axial and
lateral vibrations on a broad band frequency spectrum. In fact, due to
the nonlinearities induced by the bit-rock interactions forces and by the
geometrical nonlinearities the frequency spectrum exhibits responses on a
broad band for all components of the displacements.

The results presented are the time response and the frequency
spectrum defined as the modulus of its Fourier transform. Fig. shows
the radial response (r = vv2 + w?) at two points: z = 700 m and x = 1520
m. Figure B.17(a) shows the dynamical response of the middle point of
the drill-pipe region (the upper part) which is the point that presents the
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maximum radial displacement. The amplitude of the displacement begins
small and then it increases until a certain value. The opposite happens for
the radial displacement in the BHA region (the bottom part): the amplitude
of the displacement decreases until a certain value, see Fig.[3.17(b). There is
an exchange of energy between the modes, then the radial displacement gets
higher in the less stiff region (the drill-pipe region). If the nonlinearities that
come from the kinetic and strain energies were neglected (fs = fie = 0),
the amplitude of the lateral displacement would vanish, since there would
be no coupling between the lateral with the axial and torsional vibrations.

All of these effects happen due to the vibration coupling induced by these

nonlinearities.
Radial response, x=700 m
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Figure 3.17: Radial response at z = 700 m (a) and = = 1520 m (b). Note that
the distance between the column and the borehole is different depending on
the region of the column considered.

For the next analysis the response is considered for ¢t > t!. Time ¢!
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was identified such that after ¢t = t' the transient part vanishes, so that
for t € [t',t] there is only the forced response. Figure [3.18(a) shows the
axial speed at x = 700 m and Fig. (b) shows its frequency spectrum.
The fundamental frequency 0.220 Hz is a little higher than the first
torsional natural frequency which is 0.214 Hz. The fundamental frequency
corresponds to the self-excited vibration of the system that is related to
the torsional vibration imposed by the bit-rock interaction. Due to the
nonlinearities of the system, the multiples 0.220 x ¢ (with ¢ = 1,2,..) of

the fundamental frequency appear in the frequency spectrum.

Axial speed, x=700 m
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Figure 3.18: Response at x = 700 m. Axial speed (a) and frequency spectrum

(b).

Figure[3.19(a) shows the rotational speed about the z-axis at z = 700
m and Fig. 3.19(b) shows its frequency spectrum. The bit-rock interaction
acts on the axial speed and on the rotational speed about the z-axis,
therefore the same kind of frequency spectrum is observed for the rotational

speed about the z-axis and for the axial speed.
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rotational speed about x-axis, x=700 m
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Figure 3.19: Response at © = 700 m. Rotational speed about the z-axis (a)
and frequency spectrum (b).

Figure [3.20]a) shows the rotation about the z-axis and Fig. [3.20}(b)
shows its frequency spectrum. The dominant frequency, 0.110 Hz, is equal to
the half of the fundamental frequency related to the self excited vibration.
The frequency spectrum shows the multiples 0.110 x ¢ (with ¢ = 1,3,5,..).
The same behavior is observed for the lateral response v, Figs. [3.21a) and
(b).

Next, the dynamical response for the model with and without the
fluid are compared. Figure shows the radial response for ¢ = [0, 250]s
at x = 1560 m.

Figure [3.23] shows the forced response of the radial displacement at
x = 700m. The displacement is shown in log-scale. The radial response
increases when the fluid is considered in the model. This might be explained
by the shape of the first lateral modes: when the fluid is considered, the

upper region is more flexible than the bottom region (see the mode shapes
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Figure 3.20: Response at z = 700 m. Rotation about the z-axis (a) and
frequency spectrum (b).

in Fig. , so the amplitude of vibration increases in the upper region. It
can be observed in Fig. that the self excited frequency is dominating
the movement of both dynamics.

The axial and torsional vibrations are also affected by the presence of
the fluid: the fundamental (self excited) frequency changes when the fluid
is taken into account. Figure [3.24[(a) and (b) shows the axial speed of the
bit (or rate-of-penetration) and its frequency spectrum. When the fluid is
not taken into account, the fundamental frequency 0.210 Hz is a little lower

than the first torsional natural frequency which is 0.214 Hz.
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Lateral response v, x=700 m
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Figure 3.21: Response at x = 700 m. Lateral displacement v (a) and
frequency spectrum (b).

3.7.3
Some investigations

In this Section, the nonlinear dynamics of the drill-string is analyzed
varying some parameters.

Figure [3.25 shows the dynamical results for columns with different
lengths. Only the drill-pipe length is varied for the different simulations
(the length of the drill-collar and the diameters of the column are kept
the same). Five lengths are considered L4, = {500, 1400, 1800, 2800, 3800}
m. Figure [3.25a) shows how the dimensionless ROP (mean(ROP)/ROP,f)
varies with the dimensionless parameter Doqp/Lap, where mean(ROP) is the
time average (see Eq. (3-53)) and ROP,=10 m/h.

mean(ubit(t)) = ’I’Lit Z ubit (tl) . (3—53)
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Radial response, x=1560 m
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Figure 3.22: Comparison of the dynamical response for model with and
without fluid. Radial response at x = 1560 m.
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Figure 3.23: Comparison of the dynamical response for model with and
without fluid. Radial response at x = 700 m.

where n; are the number of instants. The quantity Do,qp/Lap represents a
measure of the drill-string stiffness; the column gets stiffer as this quantity
increases. The dimensionless ROP assumes different values for different
values of D,qp/Lap. For the points analyzed, Deqp/Lqp = 5.3 x 1077
presented the maximum dimensionless ROP=0.917, but the differences
are lower than 2%. Figure [3.25(b) shows the frequency spectrum of
the dimensionless wy;; (rotational speed of the bit), which is given by
Wpit/mean(wpit ). It can be noticed that the fundamental frequency increases

when the value of D,q,/Lqg, increases, which can be explained by the fact



Stochastic drill-string dynamics 68

-3 Dynamic response, ROP

35 .............................. NO FLUID
: | ==-WITH FLUID

speed of the bit [m/s]

|

— e :
LTI e

L
1
JL
1
]
1

e

230 240 250

time [s] (a)
Frequency spectrum

. . .+ ¢ [—NOFLUID

—
Dn
i

speed [m/s]
=

@

—_
o

- freq [Hz] - - - - (b)

Figure 3.24: Comparison of the dynamical response for model with and
without fluid. Rate-of-penetration (ROP) (a) and frequency spectrum (b).

that the system gets stiffer when D,q,/Lq, increases.
Figure [3.26] shows the dynamical results for columns with different

materials, which are shown in table Figure [3.26]a) shows how the
dimensionless ROP varies with the dimensionless density (p/psieer), Where
Psteel 1S the steel density. The quantity p/psieer represents how dense
the column is. For the three materials analyzed, the dimensionless ROP
increases when p/pgeel increases. However, this is a very limited analysis
because we are keeping all the other parameters the same, including the
parameters of the bit-rock interaction model. Figure [3.26(b) shows the
frequency spectrum of the dimensionless wy;;, and it can be noticed that the
fundamental frequency changes depending on the material of the column.
Figure [3.27] shows the dynamical results for columns with different
torques at the bit. The torque at the bit tyi; (see Eq. is multiplied
by 4 and then by 8. Figure [3.27|(a) shows how the dimensionless ROP

varies with the dimensionless parameter tp;/tpitrer, Where tpygrpr is the
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Figure 3.25: Results for different column lengths (a) dimensionless ROP and
(b) frequency response of the dimensionless rotational speed of the bit

mean torque at the bit of the original simulation. The quantity ¢y /thirER
represents a measure of the friction between the bit and the rock; if
the friction gets higher this quantity increases. The dimensionless ROP
decreases when ty; /thirer increases, which means that if the friction is high
it is more difficult to drill. Figure 3.27|(b) shows the frequency spectrum of
the dimensionless wy;; . It can be noticed that the fundamental frequency
decreases when the value of ty; /thiirgr increases, which means that the
movement is slower when the friction coefficient is higher.

Figure [3.28| shows the dynamical results for columns with different
borehole diameters (D), which are Dy, = {250; 270; 312} mm. Figure
3.28(a) shows how the dimensionless ROP varies with the dimensionless
parameter D,/D.,. Note that if D,/Dg=1 there is no annulus. The

dimensionless ROP assumes different values for different values of Dy/Dy.
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Steel Aluminium | Kevlar
Elasticity Modulus (GPa) | Egeer = 210 | Ey = 70 Ereylar — 112
Density (kg/m?) Psteel = 1805 | pa1 = 2700 | previar = 1440
Poisson ration Vstee1=0.29 vy = 0.35 Vkevlar = 0.36
Table 3.9:
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Figure 3.26: Results for different column materials (a) dimensionless ROP
and (b) frequency response of the dimensionless rotational speed of the bit

For the points analyzed, D,/D., = 0.73 presented the maximum
dimensionless ROP=0.904, but the differences are lower than 1%. Figure
3.28|(b) shows the frequency spectrum of the dimensionless wpi; . It can be
noticed that the results are only slightly different, since a change in Dy, will
not affected considerably the fluid matrices and, consequently, will produce
a small variation on the dynamical characteristics of the system. It should
be observed that, for the cases analyzed, there were no impacts between the
column and the borehole.
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Figure 3.27: Results for different torques at the bit (a) dimensionless ROP
and (b) frequency response of the dimensionless rotational speed of the bit

The analysis presented in this Section was not intended to be
exhaustive. We will limit the analysis to these cases, since our goal is
to model the uncertainties of the problem and investigate how these
uncertainties propagate throughout the system. We leave further analysis
for the future.

3.8
Summary of the Chapter

The drill-string dynamics accounting for the drilling fluid (mud) was
analyzed in this Chapter. The column was modeled using the Timoshenko
beam theory and discretized by means of the Finite Element Method. Finite

strains (which couple axial, lateral and torsional vibrations) are considered
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Figure 3.28: Results for different channel diameters (a) dimensionless ROP
and (b) frequency response of the dimensionless rotational speed of the bit

with no simplifications and the dynamics is calculated in a prestressed
configuration. A bit-rock interaction model [130] that describes how the
bit penetrates the soil is used. The fluid-structure interaction model found
in [81] was extended for the analyzed problem. It has been observed that
the presence of the fluid changes the dynamical response of the system,
especially the lateral vibration of the structure.

For future works, it should be considered to apply a more detailed
model for the fluid. It is too computationally expensive to solve the whole
fluid-dynamics problem, but if some terms are simplified, as it was done
in [83] (see appendix [G]), the problem can be solved in a reasonable

computational time.



4
Probabilistic model

With the discovery of new oil reservoirs, there is an increasing
interest on the development of computational models to support engineer
decisions. In this context, uncertainties should be taken into account
in the computational model in order to improve the robustness of the
numerical predictions. The dynamics of a drill-string is highly affected by
the bit-rock interaction, hence, this interaction is of upmost importance for
the drill-string dynamics. In addition, modeling the bit-rock interaction is
not trivial, and simple models are usually considered in the analysis. This
is an important constraint when uncertainties are to be taken into account,
since the parametric probabilistic approach limits the analysis. Therefore,
in Section we propose to use the nonparametric probabilistic approach
to model uncertainties in the bit-rock interaction model of a drill-string
system. The nonparametric probabilistic approach is also applied to model
the mass, stiffness and damping operators of the dynamical system (see
Section [4.1)).

Figure[d.TJsummarizes the forces taken into account in the analysis: the
motor torque (as a constant rotational speed at the top €2,), the supporting
force frook, the torque tp;; and force f;; at the bit, the weight of the
column, the fluid forces, the impact and rubbing between the column and
the borehole, the forces due to the stabilizer, and also the elastic and kinetic
forces due to the deformation and to the motion of the structure.

The computational models used to describe the drill-string dynamics
mentioned in Chapter 3| ([134] 23], 24], 129, 130, 54], 128, (5] &4l 10T]) are
able to quantify some effects that occur in a drilling operation (such as
the stick-slip oscillations) but they cannot predict correctly the dynamical
response of a real system. This can be explained, first because the above
models are too simple compared to the real system and, second because
uncertainties are not taken into account. In a drilling operation there
are many sources of uncertainties such as material properties (column

and drilling fluid), dimensions of the system (especially the borehole),
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Figure 4.1: General scheme of the drill-string system.

fluid-structure interaction and bit-rock interaction. There are few articles
treating the stochastic problem of the drill-string dynamics; in especial
we may cite |87, 124, 123 B8|. Ritto et al. [87], propose a probabilistic
model for the bit-rock interaction model (see Section , Spanos et al.
[124] 123], analyze stochastic lateral forces at the bit, and Kotsonis and
Spanos [58] analyze a random weight-on-bit using a simple two degrees of
freedom drill-string model.

The deterministic model used is the one that was presented in Chapter
The present Chapter discusses a wide range of tools in stochastic
modeling, but no detailed treatment is given. Readers are encouraged to
go to the indicated references if they are willing to understand the details of
the formulations presented. This Chapter also has the intention of covering
from the construction of the probabilistic model for the random variables
to the robust optimization of the problem (which is the ultimate goal of a
stochastic analysis), passing through the identification of the probabilistic
model. Tt is organized as follows. The probabilistic model is presented in
Sections [4.1] [4.2] and The identification procedure to identify the
probabilistic model is presented in Sections and [4.6] Finally, the robust
optimization problem is depicted in Sections and [4.8]
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4.1
Model uncertainties for the structure coupled with the fluid

The physical theory used to model the mechanical system (for
instance, beam theory for the column, simple fluid-structure interaction,
etc.) is a simplification of the real system. Therefore, it is necessary to
take into account model uncertainties induced by the model errors. One
way to take into account model uncertainties is to use the nonparametric
probabilistic approach [112, 116, [72, 120] for which applications with
experimental validation can be found in [22] 30, 32].

To construct the random reduced matrices, the ensemble SE™® and
SE* of random matrices defined in [I16] are used. The first step is to

decompose the matrices of the deterministic model as:

[Mr] = [LM]T[LML
[Cr] = [LC]T[LC]> (4‘1)
(K] = [Ly]" [Ly],

where [L] is an upper triangular matrix obtained using the Cholesky
decomposition. Matrices [M,], [C,], [K,], [Ly] and [Ls] have dimension
n x n and matrix [L] has dimension p X n in which p is equal to (n — puig),
where ji, is the dimension of the null space of [K,]| (note that s, = 2 for
the problem considered). The nonparametric probabilistic approach consists
in substituting the matrices of the reduced deterministic model by the

following three independent random matrices

(M, ] = [La]" (Gl [ L]
[C] = [Le]"[GellLe], (4-2)
K] = [L"[Gx][ L],

in which [Gpyl, [Ge] and [Gk| are random matrices belonging to the
ensemble SE* defined in [116]. Matrices [Gy] and [G¢| have dimension
n x n and matrix [Gg| has dimension p X p.

The probability distribution of [G4] (for A € {M,C,K}) is
constructed using the Maximum Entropy Principle [107, 49, [50], which

yields an optimization problem:

Plg, = arg max S(pic.a)) - (4-3)

PG, €
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In other words, find the optimal probability density function PG Al such
that Vpg, € C?, S(pE‘GA]) > S(pig.y)- In Eq. 1) P[G 4] is the probability
density function, C? is the set of admissible probability density functions
that respect the available information presented in the sequence. Before

that, the Shannon entropy measure S is defined [107]:

S(pica) = — /]M Plean (Piaa)d[G], (4-4)

where IM™ is the set of all positive-defined matrices. Matrix [G 4] satisfies

the following available information [112, 116]:
1. Random matrix [G 4] is positive-definite almost surely,
2. E{[Gal} =[1],
3. E{J|[Gal M =1, fea] < +o0

in which [ 7] is the identity matrix. Taking into account the above available
information and using the Maximum Entropy Principle yield the following
probability density function of [G 4] [116]

pkﬂqcun::HMMMQGADchaaaﬂﬂ”““%f%mp{—“ggldeAD},
(45)

where det(-) is the determinant, tr(-) is the trace. The normalization
constant is written as

—n(n— n n(n+1)/(262
(2) ( 1)/4(%21) (n+1)/(26%)

o T LT /e (- )/

(4-6)

where I'(z) is the gamma function defined for z > 0 by I'(z) =

f0+oo t*~te~tdt. The random generator of independent realizations of random
matrix [G] for which the probability density function is defined by Eq.
is given next. Random n x n matrix [Ga] can be written as [Ga] =
[Lg]”[Lg], in which [Lg] is an upper triangular real random matrix such
that:

1. The random variables {[L¢];;7, 7 < j'} are independent.

2. For j < j' the real-valued random variable [Lg];; = oV}, in which
o = d(n+1)7Y2 and Vj; is a real-valued gaussian random variable

with zero mean and unit variance.
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3. For j = j' the real-valued random variable [Lg];; = o(2V;)Y2. In
which Vj is a real-valued gamma random variable with probability

density function written as
pv7 (U) = ]1.]R+</U) m v2sz " 2 e Y,

The level of statistical fluctuations of random matrix [G 4] is controlled

by the dispersion parameter 64 defined by

-

= {Sedlica - IR (&)

where E£{-} denotes the mathematical expectation and |[|[A]||r =
(trace{[A][A]"})"/? denotes the Frobenius norm. Consequently, the level of

uncertainties for quantity A is controlled by dispersion parameter d4.

4.2
Model uncertainties for the bit-rock interaction

The parametric probabilistic approach allows physical-parameter
uncertainties to be modeled. It should be noted that the underlying
deterministic model for the bit rock interaction defined by Eq.
exhibits parameters a1, as, as, a4 and as which do not correspond to physical
parameters. Consequently, it is difficult to construct an a priori probabilistic
model using the parametric probabilistic approach. For instance, there is
no available information concerning the statistical dependence of these
parameters. Then, we propose to apply the nonparametric probabilistic
approach to model uncertainties [112] [120] which consists in modeling the
operator of the constitutive equation (Eq. (3-31)) by a random operator
depending on the random state of the system. Such an approach allows
both system-parameter uncertainties and modeling errors to be globally
taken into account.

The nonparametric probabilistic approach has been applied for linear
operators [I16], then it was extended to nonlinear ones [73], 87, 120]. Let
foit (X(t)) and %x(t) be such that

thit (X(t)) whit (1)

fbit<x<t>>:(fb“("‘“”> and x<t>:(“b“(t) ) (48)
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where fy; is the force at the bit, ty; is the torque at the bit, uy; is the
axial speed of the bit and wy;; is the rotational speed of the bit. In the first
step of the methodology proposed, we look for a symmetric positive-definite
matrix [A,(x(t))] depending on X(t) such that the virtual power of the

bit-rock interactions be written as

OPui(X(t)) = < fuoie(X(1)),0%(t) > = — < [Ap(x(1))]x,0%(t) >, (4-9)

and such that force f,;(%x(¢)) be given by:

oit (X(£)) = Visqe) 0Poin(%(2)) 5 (4-10)

Equation (3-31]) can be rewritten as

aq Uit (1) agwyit (1)

ay  axZ(weir(t))?  asZ(weit(t))

fure (X(8)) = —[ A (1)) ]5(8) = —

s Z (wit (t) ) 2t (t)
+ G5Z(Wbit (t))
Whit (¢
v (4-11)
From Egs. (4-9) to it can be deduced that
Q- @ 1 B azwhit (t)
Ay sty (t) * azZ (woit(t))?  agZ (Wit (1))t ()
(A (5(1) ]2z = asZ (whis ()i (1) n a5 Z (woit (1)) 7 (4-12)

w git(t) Whit (t>

[Ap(%(8))]12 = [Ap(x(t))]21 = 0.

For all x(t) belonging to its admissible space C, [Ay(X(t))] is positive-definite.

The second step consists, for all deterministic vector x(¢) belonging to
C, in modeling matrix [A,(x%(¢))] by a random matrix [A,(%(t))] with values
in the set MiJ (R) of all positive-definite symmetric (2% 2) real matrices. Note
that {[A,(x(t))],t > 0} is a stochastic process with values in M (R). Thus,
for all x(¢) in C, the constitutive equation defined by Eq. becomes a
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random constitutive equation which can be written as

Sbit (X(2)) = —[Ap(x(t))]x(t) - (4-13)

The third step consists in constructing the probability distribution
of random variable [A,(%(t))] for all fixed vector %(¢) in C. The available

information is [116]:
1. Random matrix [Ay(x(t))] is positive-definite almost surely,
2. E{{AL(x())]} = [Ap(x())]
3. E{I[Ax)] M IE}Y = c2 5 fea| < o0,

in which £{-} is the mathematical expectation and [A,(x(t))] is the matrix of
the deterministic model. Following the methodology of the nonparametric
probabilistic approach and using the Cholesky decomposition, the mean

value of [Ap(x(t))] is written as

[Ap k(1)) = [L ()] [Lo((1))] (4-14)

The random matrix [A,(x(t))] is defined by

[A k(1)) = [L (%(1))]" [Go] [ L ((1))] (4-15)

In the above equation, [G,] is a random matrix of the same class of [G 4],

see Eq. (4-5)). It should be noted that, in the construction proposed, random
matrix [Gy] neither depends on X nor on t. Let the dispersion parameter ¢
be such that

[un

2

5= {5etlic -y} (116)
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4.3
Stochastic system of equations

If the only uncertainty is related to the bit-rock interaction, the

stochastic system of equations is such that

[M]Q() + [C]Q() + [K,]Q(t) =

= [@]"(g(t) + Fue(Q(1)) + £,(Q(1) — £x0(Q(1), Q(1), Q(1))),  (4-17)
Ut)=[®Q®) , q(0)=aq , 4§(0)=vo,

where Q is the random response of the reduced stochastic system and the
only source of uncertainty is related to the bit-rock interaction F,, whose
probabilistic model is defined by Eq. ([#-13).

When the structure coupled with the fluid is also taken as uncertain,

the stochastic system of equations is such that

[ML]Q(1) + [C1Q() + [K,]Q(t) =

= [2]"(g(t) + Fue(Q(1)) + £,(Q(1) — £ (Q(1), Q(1), Q(1)),  (+18)
Ut)=[@Q(t) , a0)=a , 4a0)=v,

where [M,], [K,] and [C,] are the random matrices defined by Eq. (4-2).

4.4
Numerical results of the stochastic analysis (uncertain bit-rock
interaction model)

In this Section, we consider just the uncertainties related to the
bit-rock interaction model; in Section the complete probabilistic model
is used. All the numerical results presented below correspond to the forced
response (deterministic case) and to the stationary response (stochastic
case) for which the transient part of the response induced by the initial
conditions has vanished. The results presented are the time response and
the frequency spectrum, which is defined as the modulus of the Fourier

transform of the steady state time response.
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441
Convergence of the stochastic solution

Let [U(t, s;)] be the response of the stochastic dynamical system calculated
for each realization s;. The mean-square convergence analysis with respect
to the number n, of independent realizations is carried out studying the

function conv(n) defined by

1o~ [ =
conv(ng) = — Z/ [U(t, s;)||?dt . (4-19)
s =1 Jto

where t; is the simulation time. Figure shows that the mean-square

convergence is reached for 150 simulations.

x 10°
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Figure 4.2: Typical mean square convergence curve.

4.4.2
Stochastic response

The stochastic response is computed for three values of the dispersion
parameter 0 that controls the uncertainties of the bit-rock interaction
model, which are 0.001, 0.01, 0.1. Figure displays the random ROP
for § = 0.001. This figure shows the response of the deterministic model
together with the mean response of the stochastic model and the 95%
envelope (which means that the confidence region is constructed with a
probability level of 0.95). The upper and lower envelopes of the confidence

region are calculated using the method of quantiles [106].
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Figure 4.3: Stochastic response for 6 = 0.001. ROP (a) and its frequency
spectrum (b).

Figure[£.3(b) shows that the dispersion of the random ROP is already
significant in the high part of the frequency band. However, the stochastic
response in the low part of the frequency band is robust for the level of
uncertainties considered. Figure [4.4] shows the random weight-on-bit and
torque-on-bit. It should be noted that, for each time ¢, the coefficients
of variation of the random weight-on-bit and of the random torque-on-bit
are small (~ 5 x 107%). Nevertheless, although this dispersion is small, it
induces a significant dispersion on the stochastic response (~ 0.15 for the
coefficient of variation of the random ROP, for instance). Figure shows
the random rotational speed of the bit and Fig. shows the random radial
displacement at z = 700 m (middle point of the drill pipe). It can be seen
that the lateral vibrations are also affected by the probabilistic model of the

bit-rock interaction.
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Figure 4.4: Stochastic response for § = 0.001. (a) weight-on-bit, (b)
torque-on-bit.

As § increases the stochastic response gets more uncertain with wider
statistical envelopes. Figure [4.7| shows the random ROP and Fig. shows
the random rotational speed of the bit (wyy) for 6 = 0.01. Note that
some other peaks appear in the frequency spectrum. Figure shows
the random radial displacement; there are some realizations where impacts
occur between the column and the borehole (see Fig. [1.9(a)).

Figure [4.10| shows the random rotational speed of the bit for 6 = 0.1.
It can be noted that, for this level of uncertainty, the dispersion of the
stochastic response is significant for all frequency band analyzed. Figure
[4.11]shows some Monte Carlo realizations of the stochastic ROP. The arrows
in Fig. indicate that, for some realizations, the bit loses contact with
the soil. The phenomenon bit-bounce is not included in our computational

model, so the simulation is stopped if the bit looses contact with the soil.
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Figure 4.5: Stochastic response for 6 = 0.001. Rotational speed of the bit
(a) and its frequency spectrum (b).

The probabilistic model proposed for the bit-rock interaction model
allows us to simulate cases such as the bit losing contact with the soil
and the column impacting the borehole. The nonparametric probabilistic
approach permits both system-parameter and modeling errors to be taken

into account for the bit-rock interaction model.

4.5
Identification procedure

In the last Section, a sensitivity analysis was performed with
parameter § (see Eq. (4-16))). This parameter is a measure of the uncertainty
of the bit-rock interaction model and its value should be identified by

means of field data (or experimental responses). Unfortunately, we do not
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Figure 4.6: Stochastic response for 6 = 0.001. Radial displacement at
x =700 m (a) and its frequency spectrum (b).

have field data to identify this parameter, nevertheless, an identification
procedure will be presented in this Section. The identification of parameter
0 of the probabilistic model of the bit-rock interaction is carried out using
the maximum likelihood method for the random observations. In order
to implement it, a statistical reduction of the random observations is
performed.

In the context of drill-string dynamics identification, Berzi et al.
[14] do the identification of the nonlinear dissipative spring mass model
of a coupling sleeve joint, where the identification is done minimizing
the distance (calculated using the Euclidean norm) between numerical
and experimental responses. At the best of our knowledge, a probabilistic
drill-string dynamics identification has not yet been investigated in the

literature. Recently, Soize [118| presents some strategies for probabilistic
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Figure 4.7: Stochastic response for § = 0.01. ROP (a) and its frequency
spectrum (b).

identification in uncertain computational models for dynamical systems; in
particular, this work presents the use of the maximum likelihood method
(|3, 106, 126]) in the case for which the output observation vector of
the dynamical system is a correlated stochastic process indexed by an
uncountable set. For such a case, it is proposed [118] to apply the maximum
likelihood method to the uncorrelated random variables corresponding
to the coordinates of the Principal Component Analysis (PCA) of the
correlated stochastic process modeling the output observation. Below, we
propose to reuse such an approach to identify the probabilistic model
parameter 0 (which measures the uncertainty level of the bit-rock interaction
nonparametric probabilistic model) in the context of nonlinear dynamics.
The correlated stochastic process which models the time dependent output

observation vector (which is obtained by solving the nonlinear stochastic
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Figure 4.8: Stochastic response for 6 = 0.01. Rotational speed of the bit wy;;
(a) and its frequency spectrum (b).

dynamical equation of the drill-string system) is reduced using the PCA.
Then, the maximum likelihood method is used to identify the uncertainties
of a nonlinear constitutive equation (bit-rock interaction model). In the
present analysis, we aim to validate this procedure with an experimental
response that is actually generated numerically (such a procedure could then

be applied using the experimental response of a real drill-string system).

45.1
Maximum Likelihood Method

Let {W(t,d),t > 0} be a stochastic process of the dynamical system
deduced from the random response {U(¢), ¢ > 0} of the stochastic dynamical
system defined by Eq. (4-17). For the identification of parameter 0 of the

probabilistic model, we use the response in the frequency domain. We then
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Figure 4.9: Stochastic response for § = 0.01. Radial displacement at x = 700
m and its frequency spectrum (b).

introduce the random frequency spectrum /W(w, 0) as the modulus of the
Fourier transform of W (¢, d) with the time window [t; ,¢¢], such that

o~

W(w,d) =

ty )
/ e W (t,0)dt| , (4-20)
t;

with ¢ = v/—1. The time interval [¢; %] only includes the random forced

response of W(t,0) (transient part induced by the initial condition is
vanished at time ¢;) and w belongs to the frequency band of the analysis
B. This random spectrum is calculated using the stochastic model with a
frequency sampling {wy,...,w,,} yielding the dependent random variables
/M?(wl), e /I/I?(wnw). It is assumed that only one experimental observation is
available (which is generally the case for such a complex dynamical system).

The frequency-sampled experimental observation corresponding to the
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frequency sampling of /W(w, 9) is then denoted by W*P(wy),..., WP (wy,,).
The log-likelihood function L(¢) is such that (see for instance [106], 126]),

L(6) = log, p(@*™ (w1), ..., W™ (wn,); 0) , (4-21)

in which p(wy,...,w,,;d) is the joint probability density function of the

dependent random variables /W(wl), e /W(wnw) which is estimated with
the stochastic model. Parameter § belongs to an admissible set Cs and
consequently, the maximum likelihood method allows the optimal value §°P*

of ¢ to be calculated solving the following optimization problem,

§°P' = arg max L(J). (4-22)

0 € Cs
If n, is not small, which is generally the case, the numerical cost for

solving this optimization problem can be prohibitive. If the random variables

/W(wl), .o, W(wy, ) were not correlated, the following approximation of the

log-likelihood function could be introduced

L(0) = Z logyg pW(wk)(@eXP(Wk)§ 9), (4-23)
k=1

in which pw(wk)(wk;é) /jvould be the probability density function of
the random variable W(wy). Since the dependent random variables
W(wl), . ,W(wm) are correlated, such an approximation would not be
correct. We then introduce a statistical reduction allowing the maximum
likelihood method to be applied to uncorrelated random variables as
explained in [T18].

Appendix [H| presents a simple application of the maximum likelihood
method.

452
Statistical reduction

Let W(0) = (W(wlﬁ),...,W(wm,é)) be the R™-valued random
variable whose mean value is M(0) = E{W(J)} and for which the positive

Ny X N, covariance matrix is

[C()] = E{(W(0) — M(0)) (W(3) — ML(3))" }. (4-24)
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These second-order moments are usually estimated using
mathematical statistics with the stochastic dynamical model. The
statistical reduction is then usually obtained by performing a Principal
Component Analysis (see for instance [52]). If applied to a continuous
process, PCA is known as Karhunen-Loéve decomposition. It is named after
K. Karhunen [53] and M. Loéve [67]. KL-decomposition is also employed
to image processing and to many engineering applications [45], and, in
mechanical engineering, the first applications have been in turbulence
[68]. In structural dynamics, this technique can be used to extend modal
analysis and model reduction, see, for instance [10] 111 102].

Back to our problem, we then introduce the following eigenvalue

problem using the covariance matrix
[C(0)]X(6) = A(0)X(d) (4-25)

Let \i(6) > ... > An.,(6) > 0 be the Nyeg < n, largest and strictly

positive eigenvalues. Let X1(4),...,X"ed(§) be the associated eigenvectors
which constitute an orthonormal family for the Euclidean inner product

< -, >. Therefore the approximation W"rd(§) of W(4) is written as

Nred

Vet (8) = MI(8) + > v/ Ak(6) Ya(6) X*(6) . (4-26)

The random variables Y;(0), ..., Yy, () are defined by

Yi(0) = < (W(6) — M(6)) , X*(6) > (4-27)

and are uncorrelated, centered, second-order, real-valued random variables,

that is to say, are such that

EVi(5)} =0 and E{Y;(0)Yi(0)} = . (4-28)

where 0 is the Kronecker delta. The reduction is effective if Nyoq << n,

and it is chosen in order that

[[W(8) — W=a(3)]|| < VelllW()]IIl, (4-29)
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in which € is a given accuracy, where ||| - ||| is such that |[|[W[]|? = E{||[W][*}
and where | - || is the Euclidean norm. Therefore, |||[W(§) — Whd(§)[||? =
tr([C(8)]) — S22t A\ (6), where tr(-) is the trace of a matrix. It can then be
deduced that N,.q has to be chosen such that

G > A _
Nrea = arg {N Jpax <1 tx([CO)) ) = } : (4-30)

Let WP = (0*P(wy),...,wPw, ). The experimental observations
Y1 0(0), .-, yno (8)  corresponding  to  the  random  variables

Y1(6),...,Yn,,(0) are then obtained using the projection defined by
Eq. (4-27), that is to say, they are written as
1

R0 = e < (W M) K0 > ()

Let py,..vy ed(yl, -3 YN,oq ; 0) be the joint probability density function of

the random variables Y;,..., Yy _,. The log-likelihood function is such that

L'4(0) = 10810 Dyi... ., W1 (0), - - yxo, (0)10). (4-32)

Random variables Yi,..., Yy

., are uncorrelated. Assuming that they

are independent, the following simplification can be introduced for the

log-likelihood function which is then rewritten as

Nreq

Le4(8) = ) logio pyi (477(8) 5 6) , (4-33)

k=1
in which py, (y;0) is the probability density function of random variable

Y(d) which is estimated with the statistical reduction model. The

optimization problem is then rewritten as

6" = arg max L"¢(0). (4-34)

6 € Cs
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4.6
Numerical results of the identification procedure

All the numerical results presented below correspond to the forced
response for which the transient part of the response induced by the initial
conditions has vanished. The time window is [¢;,t] = [150,250] s. The
frequency band of analysis is B = [0,1.5] Hz. The frequency and the time
samplings correspond to n, = 250 and n; = 10 000.

Figure shows the forced dynamical response of the system without
uncertainties (deterministic). Figure [4.12(a) shows the rotation of the bit
versus the rotational speed of the bit and Fig. (b) shows the frequency
spectrum of the rotational speed of the bit. This frequency spectrum is going

to be used in the stochastic analysis, as explained latter.

Response at the hit

o] - (v}
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speed [rd/s]
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w
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Figure 4.12: (a) rotation of the bit versus rotational speed of the bit and
(b) frequency spectrum of the rotational speed of the bit.

There are some measurement equipment that might measure the
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dynamics of a real drill-string system, while drilling. Among the
measurements, one that is important for the analysis is the rotational
speed of the bit. Therefore, this dynamical response is used as observation
for the identification procedure and then the frequency spectrum observed
/M?(w, 9) is the frequency spectrum Wbit(w, 9) of the random rotational speed
of the bit. The corresponding experiments Wsﬁp(w,é) has been generated
numerically for the present analysis. Figure M(a) shows the convergence
of the stochastic analysis, where conv(ng) = ni oy til [[U(t, s;)||?dt in
which ng is the number of Monte Carlo simulations.

The trial method is used to solve the optimization problem defined
by Eq. . The stochastic nonlinear dynamical model is solved for ¢ in
{0.01,0.02,0.03,0.04,0.05,0.06,0.07,0.08,0.09,0.10}. The value of € is set
e =1 x 107* yielding Nyeq=40 (see Eq. ([#-30)). Figure 4.13|(b) shows how
the log-likelihood L™ (see Eq. (4-33))) varies with the dispersion parameter
5. We conclude that the most likely value for the dispersion parameter §°P*
is 0.06.

Figures and show the response of the stochastic system for
the identified value 0.06 of 0. Figure [£.14|(a) shows random realizations of
the rotational speed of the bit Wy and Fig. [£.14(b) shows the coefficient of
variation oy (t) = ow (t)/pw(t) of the random rotational speed of the bit at
each time ¢ in which oy (¢) is the standard deviation and pyy (t) is the mean
value of Wyt (t) at each instant ¢. Although 0 is small (0.06), the coefficient
of variation of the response is significant (dy ~ 0.4). Figure shows the
statistical envelope of the frequency spectrum Wbit of the random rotational
speed of the bit together with the response of the deterministic system and

the mean response of the stochastic system.

4.7
Robust optimization

The aim of this Section is to propose an optimization procedure
for the nonlinear dynamics of a drill-string taken into account the
uncertainties inherent in the problem. An optimization procedure that
considers uncertainties is called robust optimization and its application
to dynamical systems is quite recent see, for instance, [12, 136] 20, 119],
and also [42]. In a drilling operation, the goal is to drill as fast as
possible preserving the integrity of the system, i.e., avoiding failures. In
the optimization strategy proposed, the objective function is the mean rate

of penetration, and the constraint of the problem is its integrity limits. For



Stochastic drill-string dynamics 95

cony

8.05kE. ... S L i s Lo D J

20 40 6 8 100 120 140
number of simulations (a)
Log-likelihood versus &
-200 ! ! !
e
Q
Q : : : :
£ : : : :
E P00 e
>
=]
-}
-350+
-4000 0.02 0.04 0.06 0.08 0.1

° (b)
Figure 4.13: (a) convergence function and (b) log-likelihood function.

the integrity limits of the structure, we use the Von Mises stress, the damage
due to fatigue and a stick-slip stability factor. Fatigue is an important factor
of failure in a drilling process [70, I3T]. The idea is to consider fatigue as a
constraint to the optimization analysis without taking into account all the
details (for fatigue analysis of a drill-string, see [I5], [74]). Thus, the analysis
done here is more qualitative than quantitative.

The three parameters that are usually employed to control the drilling
process are the rotational speed of the rotary table, the reaction force
at the bottom (known as the weight-on-bit) and the fluid pump flow
(less important, therefore neglected in the analysis). The value of the
weight-on-bit fi,;; fluctuates; hence it would be difficult to use fui; in the
optimization procedure. We propose then to use the initial reaction force at
the bit f., which is used to calculate the initial prestressed state. The drilling

process is stopped after every 10 meters of penetration to assemble another
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Figure 4.14: (a) random realizations of the rotational speed of the bit for
d = 0.06 and (b) coefficient of variation of Wk at each instant for § = 0.06.

tube. When the operation is going to re-start, we can choose two parameters:
the top speed and the static reaction force at the bit f. (adjusting the
supporting force at the top). Then, the drilling process re-starts and the
value of the fi;; (which was initially f., when there was no movement of the
column) now fluctuates. Therefore, the optimization variables used in the
robust optimization problem are the rotational speed at the top wrpm and
the initial reaction force at the bit f..

Since the goal of this Section is the robust optimization problem, we
decided to use a simplified dynamical system to focus the analysis in the
robust optimization problem. The simplified model analyzed is discussed
in the next subsection. Then, the objective function of the optimization
problem is defined, the constraints related to the integrity limits are

presented, and the robust optimization is formalized.
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Figure 4.15: 90% statistical envelope of Wbit for 6 = 0.06 together with the
deterministic response and the mean of the stochastic response.

4.7.1
Simplified drill-string system

In the simplified model, the fluid-structure interaction model is not
taken into account and the computational model is constructed using
two-node elements with two degrees of freedom per node (axial and
torsional). The finite element approximation of the displacements are then

written as

u(£7t> = Nu(f)ue(t) ) 61(57 t) = N@z (g)ue(t) ) (4_35)

where u is the axial displacement, 6, is the rotation about the x-axis,

¢ = z/l. is the element coordinate, N are the shape function

N, =[1-¢) 0 ¢ 0],

(4-36)
Ng,=[0 (1-& 0 ¢,

and

Ue = [Ul 01 g exz}Ta (4‘37)

where exponent 7' means transposition.

The element matrices have dimension 4 x 4, instead of 12 x 12. The
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element mass matrix is written as:

1
M) = /0 [PANTN, + pL, (NI Ny, )] I.dé (4-38)

The displacement field has to be redefined. The position X of the
reference configuration, the position x of the deformed configuration, and
the displacement field p, all written in the inertial frame of reference, are
such that

Uy T+ u X
Pp=|u | =x—X=| ycos(l,) —zsin(0;) | — | y (4-39)
u, ysin(0,) + zcos(6,)
then,
Uy u
uy | = | ycos(8,) — zsin(0,) —vy | - (4-40)
u, ysin(0,) + zcos(0,) — z

Figure shows that u, and u, are related to the torsion of the drill-string;
the lateral displacements of the neutral line of the column are zero (v = w =
0).

/ Neutra line

Y

v=0

w=0

(R —— 2 T

Figure 4.16: Displacement field.

As done before, finite strains are considered, thus the components of
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the Green-Lagrange strain tensor, in the simplified model, are written as

_ 1 2 2 2
€z = Ug g + 5 u;p,x + uy,x + uz,x ’

€xy = B (Uy,z + Uy + Ug g Uy + Uy 2 Uy + Uz zUzy) (4-41)

€xz = 5 (uzyx + Uy, + Uy x Uy, + Uy, Uy, 2 + uz,xuz,z) )

where u, , = Ju, /0y and so on. The linear terms yield the stiffness matrix
(K] and the higher order terms yield the geometric stiffness matrix [/,].

The element stiffness matrix is written as

"TEA oy Gl i
w0 = [T vy + G i) e

le (&

The element geometric stiffness matrix is written as

1
[K,]© = / (NN}, (BEAU + 1L5EAu+
0

+0.5EL,07) + (NN ) (ELWY, + ELAu') +

(4-43)
+ (NIINY) (ELY, + ELOW) + (NI'N), ) (ELu/+

1
+0.5ELu"? 4+ 1.5E 07 + 3E15,02)] 7,

e

where v = Nyu/l., 0, = Ny u./le, I, = [,(y*2*)dA and I, =
[a(y* + 2*)dA.
To calculate the initial prestressed state, the fluid force vector is not

taken into account,

us = [K]7'(f, +£.). (4-44)

Small vibrations about the initial prestressed configuration defined
by ug are assumed. Therefore, the geometric stiffness matrix [K,(ug)] is

constant. Introducing U = u — ug, the computational dynamical model for
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the simplified system is then written as
[M]u(t) + [CTu(t) + ([K] + [K,(us)]))u(t) =

= g(t) + fbit (ﬁ) s (4_45)

u0)=u, , u(0)="v,

in which [M] and [K] are the mass and stiffness matrices. The proportional
damping matrix [C] = a [M] + B ([K] + [K4(us)]) (o and 3 are positive
constants) is added a posteriori in the computational model. The initial
conditions are defined by 1, and V. The force vector related to the bit-rock
interaction is fi;; and the imposed rotation at the top (dirichlet boundary
condition) is expressed by g.

As done for the complete model, the system is reduced using the
normal modes calculated in the prestressed configuration. The reduced

model is written as

(M )a(t)+[Crla(t) + [ a(t) = [0 (g(t) +fon ([2] @) (4-46)

in which qg and vq are the initial conditions and where [®] is the (m x n)

real matrix composed by n normal modes and

1] = [@] ([K] + [Kg(us)])[] (4-47)

are the reduced matrices.
This deterministic reduced computational model defined by Eq. (4-46))

has to be replaced by the following stochastic reduced computational model

U= [9Qu),
[M,]Q(#) + [C,]Q(t) + [K,]Q(t) =
= [®]"{g(t) + Fuu([2] Q(1))},
Q) =qo , Q(0)=vo,
where [M,], [K,] and [C,] are the random matrices defined by Section ([4.1)),

Q is the stochastic process of the generalized coordinates, U is the stochastic

(4-48)
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process of the response of the system and Fy;; is the random force related
to the bit-rock interaction probabilistic model defined in Section [4.2]

4.7.2
Objective function

The goal of the optimization problem is to find the set of values
s = (wrpm, fe) that maximizes the expected mean rate of penetration
(time average), respecting the integrity limits of the mechanical system.

The objective function is defined by

J(s) = E{R(s)} , (4-49)

where J is the mathematical expectation of the random mean rate R of

penetration which is such that

1
R(s) = — / Ui (s)dt | (4-50)
tl t() to

in which (g, ¢;) is the time interval analyzed and Ubit is the random rate of
penetration. The constraints related to the integrity limits of the mechanical

system are discussed in the next section.

4.7.3
Constraints of the problem (integrity limits)

Three constraints are proposed to represent the integrity of the
mechanical system. The first one is the maximum stress value that the
structure may resist. If the structure is submitted to a stress greater than
the maximum admissible stress, it will fail. The second constraint is the
damage cumulated by fatigue. If the damage is greater than one, a crack
will occur, what is not desired. The third constraint is a stick-slip factor,
since we want to avoid torsional instability and stick-slip.

The first constraint is the maximum Von Mises stress o (see Appendix

that must be below the ultimate stress o,,, of the material,

max{o(s,x,t)} < Oumax (4-51)

)
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where x = (z,y, z) belongs to the domain Q. of the problem (the column).

For the stochastic problem this constraint must be true with probability
(1 = Prsk)-

Prob {m%X{G(S, x,t)} < O’maX} >1— P, (4-52)

where & is the random variable modeling the stress ¢ in presence of
uncertainties in the computational model and P, represents the risk we
are willing to take. The more conservative we are, the lower we set Pgk.
The second constraint is the damage cumulated due to fatigue d that must

be below a given limit d;,y.

m}z&x{d(s,x)} < dmax » (4-53)

where d is the cumulated damage related to p, meters of penetration. The
damage d is computed for (to,t1) (see Appendix |J)) and then, this damage

is extrapolated to consider p, meters of penetration,

d=d (&> : (4-54)

Pa
where p,; is how much it was drilled in (¢, t;). For the stochastic problem

this constraint must be true with probability (1 — Pk )-

Prob {max{D(s,x)} < dmax} > 1 — Pigk - (4-55)

where D(s,x) is the random variable modeling d(s,x). Sometimes, in the
field, engineers use a constraint related to the stick-slip instability. So,
finally, the third constraint is the stick-slip stability factor ss that must

be below a given limit §5,,,x,

65(8) < $8max - (4-56)

Factor ss is defined by

B wbmaX(S) - Wbmin(s) -
s5(s) = o () & Womin(5) (4-57)

where wpmax 1S the maximum rotational speed of the bit and wpymi, is the
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minimum rotational speed of the bit for a given time period (to,1):

Whmin (S) = Minge 1.4 ){wpit (s, 1)}, (158)

Wbmax(s) = maXtE(to,h){wbit(sv t)} .

where wy; is the rotational speed of the bit. As the amplitude of the torsional
vibrations increases, ss increases, augmenting the risk of stick-slip (when
wpis, = 0 and then the bit slips). This type of oscillations must be avoided.

For the stochastic problem this constraint must be true with probability
(]— - Prisk)-

Prob {S(S) S Sﬁmax} Z 1-— Prisk7 (4—59)

where S(s) is the random variable modeling ss(s).

In the present analysis, the lateral displacement of the column is
neglected. If lateral vibrations were taken into account, a constraint to
the radial displacement r = Vv2 + w? should be considered in which
v and w would be the lateral displacements of the neutral line. For
example, the column should have radial displacements below a given limit
Tmax, thus maxy{r(s,x,t)} < 7max. For the stochastic problem, this
constraint should be true with probability (1 — Pg), hence we would
have Prob {maxx{R(s,x,%)} < 7rmax} > (1 — Pisk), where R would be

the random variable modeling r.

4.7.4
Robust optimization problem

The proposed robust optimization problem aims to maximize the
expected mean rate of penetration of the drill-string (see Section [4.7.2)),
respecting the integrity limits of the mechanical system (see Section [4.7.3)).

It is written as

optm

S = arg max J(s),

s.t. Prob {m%X{Gj(S,t)} < Umax} > 1 — Pisk,
j7
(4-60)
Prob {maX{Dj(S)} < dmax} > 1= Pisk,
J

Prob {S(s) < $8max} > 1 — Prisk
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where the admissible set C = {s = (wrpm, fe) ¢ Wmin < wrpMm <
Wmax s Jmin < fe < fmax}). The index j represents the points (z;,y;, z;)
chosen for the analysis.

This robust optimization problem is not convex and there is no
algorithm which allows the global optimum to be surely reached with a finite
number of operations. For such an optimization problem, the objective is to
improve a given initial solution with an appropriate algorithm and the level
of improvement obtained is proportional to the CPU time spent. Several
techniques can be used such as random search algorithms [121] (for instance,
Latin hypercube sampling type), genetic algorithms [41], local search with
random restart points, etc.). Presently, since the dimension of the parameter
space is small (2 parameters), a trial approach (which surely allows the
initial solution to be improved) is used and is very efficient. The algorithm
is then the following. A grid is generated in the parameter space and the
stochastic problem is solved for each point of the grid. The points of the
grid that do not satisfy the constraints of the optimization problem are
eliminated. Then, the optimal point is chosen in the set of all the retained
points. The identified region containing this first optimum point can be
reanalyzed introducing a new refined grid around this point to improve the

solution.

4.8
Numerical results of the robust optimization

The data used in this application are given in the table below.

L4, = 1400 m length of the drill pipe

Lge =200 m length of the drill collar

D; =0.095 m inside diameter of the column

Dy, = 0.12m  outside diameter of the drill pipe

Dyg. = 0.15m  outside diameter of the drill collar

E =210 GPa elasticity modulus of the drill string material
p = 7850 kg/m?® density of the drill string material

v =0.29 poisson coefficient of the drill string material
g =9.81 m/s? gravity acceleration

Table 4.1: Data used in this application

The damping matrix is constructed using [C] = a[M] + S([K] +
[Kg(ug)]) with o = 0.1 and 8 = 0.00008. The integrity limits are given
by Omax = 650 MPa, dpn.x = 1 and ssp,c = 1.20. The damage d and

the maximum stress value o are calculated in the critical region of the
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drill-pipe, close to the drill-collar: x = 1400 m and y = z = rycos (7/4)
(where rg is the outer radius of the drill-pipe). The damage d is calculated
using p, = 2000 m, which means that we allow damage equals to one after
2000 m of penetration. The nonlinear dynamical system analyzed is sensitive
to model uncertainties 87|, therefore, the probabilistic model is fixed with
d0¢ = 0.005 and d;; = d¢ = 6 = 0.001. The drill-string is discretized with
120 finite elements. For the construction of the reduced dynamical model,
7 torsional modes, 4 axial modes and also the two rigid body modes of the
structure (axial and torsional) are used. For the time integration procedure,
the implicit Newmark integration scheme has been implemented with a
predictor and a fix point procedure to equilibrate the system response at
each time step. All the numerical results presented below correspond to the
stationary response for which the transient part of the response induced by
the initial conditions has vanished, (¢¢,?1) = (60, 100) s.

4.8.1
Deterministic response

Some deterministic responses are presented in this Section. Figure
[1.17(a) shows the axial displacement of the bit and Fig. [£.17(b) shows
the rate of penetration for wrpy=100 RPM and f.=100 kN. Figure [4.18
shows the rotational speed of the bit for f.=100 kN, comparing wgrpy—80
RPM with wrpy=120 RPM. No stick phase is observed (when wp;=0),
but there are significant oscillations on the rotational speed of the bit that
can be dangerous for the system, since it might cause stick-slip and crack
initiation due to fatigue. Figure[4.19|shows the force at the bit for wrpy=100
RPM, comparing f.=100 kN with f.=105 kN. Note that the force at the bit
fluctuates about the value of f.. The last result presented is the Von Misses
stress for f,=100 kN and wrpy=100 RPM (see Fig. [1.20).

In the next two sections the deterministic and the stochastic responses
are going to be used to solve the deterministic and the robust optimization

problem, respectively.
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Figure 4.17: (a) axial displacement of the bit and (b) rate of penetration,
for (.URPM::[OO RPM and fc:l()O kN.

4.8.2
Results of the deterministic optimization problem

In this section, the deterministic optimization problem is analyzed.
For the deterministic problem, Eq. (4-60)) is written as

sOPU — arg max J9(s),
s e€C

s.t. m%X{Uj(S,t)} < Omax »

’ (4-61)

maX{d](S)} < dmax7
j

65(8) < SSmax

where the admissible set C = {s = (wrpm, fe) : S80RPM < wgpy <
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Figure 4.18: Rotational speed of the bit for f,—100 kN, comparing wgpn—80
RPM and WRPM:120 RPM.
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Figure 4.19: Force at the bit for wgpy=100 RPM, comparing f.=100 kN
and f.=105 kN.

120RPM , 90kN < f. < 110kN} and

Jdet (S) = L /tl Ubit (S) dt, (4—62)

ot —tg to

where 1y is the deterministic rate of penetration.

Figure shows the variation of J9* with wgrpyn for some values of
f. which are 90, 95, 100, 105 and 110 kN. When wgpy and f. increase, J9¢*
also increases. Of course, there are side effects: (1) the neutral point will
move upwards, (2) the column will be more flexible and (3) the dynamical

response is more likely to be unstable.
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Von Mises stress
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Figure 4.21: Rotational speed at the top versus J9 for different f, (90, 95,
100, 105 and 110 kN).

To proceed with the optimization problem, we eliminate the points
(wrpwM, fe) that do not satisfy the integrity limits of the system. For the
points simulated, the maximum stress is always below the established limit
of Oax = 650 MPa. Figure [£.22]shows wgrpy versus the value of the stick-slip
factor ss and Fig. shows wrpm versus the damage cumulated due to
fatigue d for some values of f.. It can be seen that some points present
values greater than the established limits of §s,,,, = 1.20 and dp., = 1.

The points that do not respect the integrity limits of the system are
eliminated. Figure [d.24]summarizes the analysis. The points that are crossed
are the ones that do not respect the constraint limits and the best point of
the deterministic analysis is identified: s°*"™ = (wgpy =120 RPM, f, =110
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Figure 4.22: Rotational speed at the top versus ss for different f. (90, 95,
100, 105 and 110 kN). The dashed line shows the limit §5,,,, = 1.20.
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Figure 4.23: Rotational speed at the top versus d for different f, (90, 95,
100, 105 and 110 kN). The dashed line shows the limit dpax = 1.

kN), which gives J3&, = 3.92 x 107 m/s ~ 14.11 m/h.

In the next section, the results of the robust optimization problem are
presented. It will be seen that the results are quite different from the ones
presented in this section. The robust analysis considers the 90% percentile
of the stick-slip factor, for instance. Therefore, we expect more points to
be eliminated in the robust analysis, for example points (wgpy =120 RPM,
fe =105 kN) and (wgpm =120 RPM, f. =110 kN) (see Fig. [1.22)), because

they are already bearing the limit in the deterministic analysis.
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Figure 4.24: Graphic showing the best point (wrpm, fe) (circle); the crossed
points do not respect the integrity limits.

4.8.3
Results of the robust optimization problem

Figure [4.25| shows the convergence of the stochastic analysis, where

conv(ng) = -3 tl;l I[U(t,s;)|[?dt (n, is the number of Monte Carlo

simulations).

4366

4.365
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asas| |
43641 ......... .......... ......... .......... .......... ............ 4

43635 ........ ......... ......... ........ ......... ..............

43630 . ] SR SRR o i

number of simulations

Figure 4.25: Convergence function.

Figure [4.26] shows some random realizations of the rotational speed of
the bit.

Figure [4.27] shows the variation of J with wrpy for some values of f,
which are 90, 95, 100, 105 and 110 kN. As in deterministic case, when wrpy

and f. increase, J also increases, but the results are different.
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Figure 4.26: Random rotation speed of the bit for wrpy—100 RPM and
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Figure 4.27: Rotational speed at the top versus J for different f. (90, 95,

100, 105 and 110 kN).

To proceed with the optimization problem, we eliminate the points

(wrpM, fe) that do not satisfy the integrity limits of the system. The

constraints are considered in the analysis with P,q = 10%. For the points

simulated, the maximum stress is always below the established limit of
Omax = 650 MPa. Figure [1.28 shows wgpy versus the value of the stick-slip

factor Sgoy, for some values of f,, where Syqy is the 90% percentile of random

variable S. Figure [4.29| shows wrpy versus the damage cumulated due to

fatigue Dggy,, where Dggy 1s the 90% percentile of random variable D. As

in the deterministic analysis, it can be seen that some points present values

greater than the established limits, but now there are more points in this
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situation.
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Figure 4.28: Rotational speed at the top versus Sqoy; for different f. (90, 95,
100, 105 and 110 kN). The dashed line shows the limit $s,,,, = 1.20.
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Figure 4.29: Rotational speed at the top versus Dggy, for different f, (90,
95, 100, 105 and 110 kN). The dashed line shows the limit dpa, = 1.

It can be seen (Figs. and that the constraints are not
respected for high values of wgpy and f.. Note that we would like to increase
wrpm and f. to have a higher J, but to respect the integrity limits these
parameters are constrained.

The points that do not respect the integrity limits of the system are
eliminated. Figure[4.30]summarizes the analysis. The points that are crossed

are the ones that do not respect the constraint limits and the best point of
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the robust analysis is identified: s°'™ = (wgpy =110 RPM, f, =105 kN),
which gives JOP'"™ =354 x 1073 m/s ~ 12.76 m/h.
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Figure 4.30: Graphic showing the best point (wrpm, fe) (circle).

It can be concluded that the robust optimization generates different
results comparing to the deterministic optimization. If uncertainties are
important in the dynamical analysis, we should always proceed with the
robust optimization problem, instead of the deterministic optimization

problem.

4.9
Summary of the Chapter

A computational nonlinear dynamical model taking into account
uncertainties has been developed to simulate the drill-string dynamics.
A probabilistic model has been proposed to model uncertainties in the
bit-rock interaction model. Since the parameters of the deterministic model
of the bit-rock interaction do not correspond to physical parameters, these
parameters are not adequate to the use of the parametric probabilistic
approach. Then, the nonparametric probabilistic approach has been used.
This corresponds to a novel approach to take into account model
uncertainties in a nonlinear constitutive equation. Since the dynamical
system is globally nonlinear, an adapted strategy has been developed to
implement a stochastic solver. The parametric numerical analysis performed
shows that the nonlinear dynamical responses of this type of mechanical
system is very sensitive to uncertainties in the bit-rock interaction model. In

addition, these uncertainties play an important role in the coupling between
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the axial responses and the torsional one, and consequently, play a role in
the lateral responses.

The nonparametric probabilistic approach has been used as well
to model uncertainties in the mass, stiffness and damping operators.
This approach takes into account both system-parameter and model
uncertainties, which is is an important feature since a simplified mechanical
model is employed in the analysis.

With the stochastic model in hands, a procedure has been developed
to identify the probabilistic model related to the uncertainties of the bit-rock
interaction model. The Maximum Likelihood has been used together with a
statistical reduction in the frequency domain using the Principal Component
Analysis.

Finally, a methodology for the robust optimization (the ultimate
goal of the stochastic model) of the nonlinear dynamics of a drill-string
system has been proposed. Applications of robust optimization in dynamical
systems are quite recent. The aim of this optimization problem is to
maximize the expected mean rate of penetration of the drill-string,
respecting the integrity limits. Three constraints have been proposed to
represent the integrity of the system: (1) the ultimate stress of the material,
(2) the damage cumulated by fatigue and (3) a stick-slip factor. The
parameters of the optimization problem, which are the initial reaction
force at the bit and the rotational speed at the top, have been considered
deterministic. A trial approach has been applied for the optimization

problem and the best combination of these two parameters has been found.
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Summary, future works and publications

We have analyzed the nonlinear dynamics of a drill-string taking into

account uncertainties. We may summarize what has been done:

. Development of a mathematical-mechanical model for the drill-string

dynamics. It includes nonlinear Timoshenko beam theory, bit-rock

interaction, fluid-structure interaction, impact and rubbing.

. Development of a computational code using the software MATLAB®.

Discretization by means of the Finite Element Method and numerical

integration of the discretized system of equations in time.

. Modeling of uncertainties of the system operators and of the nonlinear

constitutive equations of the bit-rock interaction model using the
nonparametric probabilistic approach. (Maximum Entropy Principle

to construct the probabilistic model).

. Stochastic simulation using the Monte Carlo method.

. Development of a procedure to identify the probabilistic model of

the uncertain bit-rock interaction model. The Maximum Likelihood
Method has been applied together with a statistical reduction (using
the Principal Component Analysis).

. Robust optimization of the operational variables of the drilling

process, considering uncertainties and integrity constraints.

However, there is still much work to be done, such as:

. Experimental identification. Use the field dynamical response to

identify the model parameters (deterministic and probabilistic

models).

. Experimental validation. Use data from a real drill-string and compare

experimental and numerical dynamical responses.
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3. Use data to update the probabilistic model.
4. Control strategy. Develop a control strategy for the drilling process.

5. Directional drilling. Analyze, for instance, a curved drill-string or an

horizontal drilling (in our model we consider only a vertical well).

Concerning publications, we have published eight conference papers:
85, 88, 89, ©0, OT, 92, O3, ©4]. During the period of the thesis I had
the chance to present papers in several international conferences, such
as ECCOMAS/WCCM (Venice, Italy), COMPDYN (Rhodes, Greece),
USD (Sheffield, England), IDETC (San Diego, United States of America),
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Mechanical Sciences and Engineering, 2010. Accepted.
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“Timoshenko beam with uncertainty on the boundary conditions”; T. G.
Ritto, R. Sampaio and E. Cataldo. Journal of the Brazilian Society of
Mechanical Sciences and Engineering, 30(4) pp. 295-303, 2008.

“Reduced model of a bar impacting an obstacle using the Karhunen-Loéve
basis”; F. S. Buezas, T. G. Ritto and R. Sampaio. Mecanica Computacional,
XXVTI, pp. 2195-2219, 2008.
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dynamical systems”; R. Sampaio, T. G. Ritto and E. Cataldo. Mecéanica
Computacional, XXVI, pp. 3078-3094, 2007.

“Stochastic analysis of a cracked rod modeled via the spectral element
method”; A. T. Fabro, T. G. Ritto, R. Sampaio and J. R. F. Arruda.
Mechanics Research Communications, 37 pp. 326-331, 2010.

“Robust optimization of a flexible rotor-bearing system using the Campbell
diagram”; T. G. Ritto, R. H. Lopez, R. Sampaio and J. E. Souza de Cursi.
Engineering Optimization, 2010. Accepted.



A
Shape functions

Linear shape functions are used for the axial and torsional
displacements, and the shape functions for the lateral displacements are

derived by calculating the static response of the beam [77, [§]:

N,=[1-¢ 00000 & 000 0 0],

N,=[0 Nyy —Nys 0 0 0 0 Nyg —Nyy, 0 0 0],
N,=[0 0 0 Ny Npy 0 0 0 0 Nyz Nug 0],
Ny, =[0 0000 (1—=¢ 00 0 0 0 £,

Ny, =[0 0 0 Nyy Ngp 0 0 0 0 Npg Npy 0],

Nog. =10 —Ngg Ngp 0 0 0 0 —Nyg3 Ngy 0 0 0],

where ¢ is the element coordinate (¢ = x/1,) and:
Nup =1 (1 -3+ 268+ o (1-¢)) |
Nup = 25 (64282 - €+ £ (£ -9)) ,
Nus = 115 (362 = 268+ 9€) |
Nus =75 (-8 +2(¢-¢7),
Nov = oy (6€ —6€7)
Nop = 75 (1 =46 +32 + ¢ (1= 9))
Nos = o (—6€ +68%)

Nos = 135 (=26 + 382 + ) .
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12E1

ksGA(l.)?
moment of inertia (y-z plane), k; is shearing factor, G is the shear modulus,

with ¢ = . Where F is the elasticity modulus, I is the area

A is the cross-sectional area and [, is the length of an element.

These shape functions are such that shear locking [76] is avoided.



B
Strain

This appendix presents a brief explanation of the deduction of the

strain tensor. A more de tailed material can be found in, for instance, [100].

B f(X)

Figure B.1: The position X maps to x.

Figure shows the function f that maps points in the configuration
B (non-deformed configuration) to the configuration B;. We can write
X +— x = f(X), where X is the position in the non-deformed configuration
and x is the position in the deformed configuration. The displacement field
relative to the configuration B is defined as:

p(X)=f(X)-X or f(X)=X+pX). (B-1)

The deformation gradient tensor is defined as:

[F(X)] = VI(X). (B-2)

Then,

[F(X)] = VX + Vp(X) = [I] + Vp(X), (B-3)
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where [] is the identity matrix. The displacement gradient is given by:

Oou, Ou, Ouy,

2
_ Uy OUy Uy )

Oou, Ou, Ou,

Jdr 0Oy 0z
Considering a point X + dX in the configuration B and linearizing f

about X, we can write

£(X + dX) = £(X) + VE(X)(X + dX — X), (B-5)
£(X + dX) — £(X) = [F(X)]dX, (B-6)
x + dx — x = [F(X)]dX , (B-7)
Finally,
dx = [F(X)]dX . (B-8)

One possible measure for the deformation of the fiber dX, when it is

deformed to dx, can be calculated as

dx-dx—dX-dX = ([F|7[F])dX-dX—dX-dX = ([F|]T[F]-[I])dX-dX = 2[E]dX-dX
(B-9)

where [E] is the strain tensor, which is given by

] = S ([F[F] = (1)) (B-10)

Using [F] = [I] + Vp, we have

() = S+ Vo) (1] + V) ~ [1]] = 5 [Vp + Vp + Vp'Vp], (B-11)

and the components are given by

1 [ Ouy Ou;  Ouy Oug
Elis =3 (axj Tax, T ax, an) ‘ (B-12)
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Fbrexmnpm,LEh2::%.<au$ Ouy,  Ouy Ouy 0uy8uy%_8uzﬁuz>.

dy * Oz * oxr Jy +-8x dy Ox Oy



C
Nonlinear forces due to the strain energy

The nonlinear force element vector due to the strain energy is written

as shown in Eq. (3-26)):

1
(€0 = [ [NIA 4 NT £+ N2 fy o+ NEfoo+ NG o
0
+NJ fo + Nj fr + Ng“y fs + Nj_fo| 1°dE,

where this organization is chosen in a way that its computation is fast.

fi, .., fo are written as:

fr = kGA(((05)7 + (09*) (1 + (u)') + 05((w)' cos (6) — (v°)'sin (65))+

—05((0%) cos (65) + ()’ sin (65))) + ET ((65)(1 + (u°))+
PS04 (W)) + 5092+ ()) + (6 () (6 sin (65)+
—(85) cos (65)) — () ((62)' cos (65) + (65 sim (65)))) +

FAB (0077 + 300 + 500+ () + 5070+ ()

w

2 2 2

(B1)

fo=kGA (=05 cos (65)(1 + (u®)') — 65 sin (2)(1 + (uc)')) +
+ET (0 @07 + (6% + 5(09%) — (2)65) cos ()1 + () +

1 1
_(ue)/Q =+ §(we)/2_|_

+(02)'(07) sin (65) (1 + (u)')) + AE(v®) ((ue)’ +3

+%(v€>’2) ,
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fs = kGA (65 cos (02)(1 + (ue)') — 02sin (62)(1 + (u))) +
FET () (206507 + 5007+ 5097%) — (602 cos (@1 + () )b

(OB sin (B (1 + () + AB(wY () 4 500 + S0

+%6w%0),

(B3)

o= G (0 +0505)) + (1 B0 (100 + 5(00)° +

+(%W)+EM@W@WW+@@”+%WW+2Wﬂ%+

DO | —

+(v°)'(62)" sin (65) (1 + (uf)') — (v°)'(6;)" cos (63) (1 + (u°)')+
—(w®)'(0)" sin (05) (1 + (u)') — (we)'(6)" cos (05)(1 + (u))) -

(B4)

At this point we should define the area moments of inertia I, and I,.

[2:/y222d14,
A

I4:/y4dA:/z4dA.
A A

Back to the functions:

fo = B G (6282 + 05650 + 65 (627) + Lty (5007 + 560°) +
FED (027 + 5050+ BT (-0 cos ()1 + () +

e\ (pe\ e e\/ e\/ e\’ 3 e\/2 1 e\/2 1 e\/2
(Y6 s )1+ () + B B+ ()4 07+ 5w

(B5)
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Jo =BG (626 + (01620 + 62 (6) + ELee) (56097 + 5(67)°) +

FEDO (3027 + 5(692) + B (Y (05 cos ()1 + () +

fr=kGA (=(we)0 cos (67)(1 + (u)') — (we) ' sin (5)(1 + (u)') +
()07 sin (07)(1 + (u)') — (v°)'0 cos (65) (1 + (uf))) +

+EI(07)" ((0)'(62)" cos (05) (1 + (u)') + (v°)'(0)" sin (65) (1 + (u)’) +
—(we)'(0)" cos (05) (1 + (ue)) + (we)'(62)"sin (05) (1 + (u°))) |

(B7)
fs = koG (B2(65) 4 05(65)2 — (0)/(6)) + kaGA (65(uc) (2 + (ue)') +
—(v)"sin (63)(1 + (u®)') 4+ (w*) cos (65)(1 + (u%))) ,
(B8)
fo = koG (B2(0)2 + 0(65)2 + (65)/(6°)') + kaGA (05(u) (2 + (ue)') +
—(w®) sin (65)(1 + (u)') — (v°)" cos (65) (1 + (u°)')) -

(BY)



D
Time integration

An implicit Newmark scheme with a fix point procedure is used for

the numerical integration in time. The following assumption is used [6]:

q(t—i—At) o q(t)

At = (1 — oxn)@"™ + om0

(D-1)
A = ¢ 4 [(1 — Sxn)@® + S HHA] AL
and
(t+At) )
q q . e hig
= 47+ [(05 - ax)d” + axug )AL
(D-2)
q+A = q + g AL + [(0.5 — anm)@® + CYNMQ(HM)]AtQ :
For an unconditionally stable scheme, we set oy = 0.5 and axy =

0.25. The first step of the numerical integration is to do the preliminary

computations:
1 ONM 1
0 CYNMAtZ ’ ! OZNMAt ’ 2 CYNMAt ’
1 6NM At 6NM
bgy=——"-—7--1, by=—-1, by=—[—-2|, D-3
3 2 + anm 4 ANM b 2 (OéNM ( )
b6 = At(l — 5NM) s b7 = 5NMAt .
and calculate the effective stifflness matrix
[Keir] = [K,] 4+ bo[M,] + b1[C,] . (D-4)

The second step of the numerical integration is to perform the Newmark



Stochastic drill-string dynamics 127

scheme to calculate the predictor that will be used in the fix point procedure.

The algorithm is given as following.

1. Enter g, g®, g®.

2. Calculate the effective loads at time (¢ + At):

i = £ T8 (M) (boa™ + b2G® + s ") + [C](bra® + bag® + bs1).
3. Solve for displacements at (¢ + At):

[Kerlg ™29 = £,

4. Calculate accelerations and velocities at (t + At):

qrAD = by(qUHA) — qM) — 0™ — 3G

C'l(t+At) — q(t) + b6q(t) 4 b7q(t+At) ’

where f;, (step 2) represents the external forces that do not depend on q
(in our case fi, = g, see Chapter |3 Eq. (3-46))). Now we set the predictor
q¥ = q+20, g = gt+Ad g = gi+A The third step of the numerical
integration is to do the fix point procedure until convergence is reached:

1. Enter q9, ¢@, g@.

2. Solve for displacements (i + 1):

[Keff]q(“_l) — fe(lff+At) + fnonlin(q(i)v q(l)v q(l))

3. Calculate accelerations and velocities (i + 1):

Gt = bo(q ) — q®) — by — b3g®

Gt = q® + beg® + brgUtY.

4. Check convergence:
la"*) — q®]]
g+ + ]|

error = 2

5. If error > e (where e is the error allowed) we set:

q? = q*, ¢ = g, g = gD and we go to step 1.

6. If error < e (convergence is achieved) we set:

(t+At) (i4+1)  At+AL) _ 4 (1) (AL (i)

q =q » d q » 4 q .

7. When convergence is achieved, we go to step 1 of the Newmark

scheme moving forwards At and setting:

q(t) = q(t+At), q(t) = q(tﬂLM)7 ("l(t) = q(HAt)7
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where fomin (step 2) represents the forces that depend on q (in our case
foontin = (for + fiy — fx), see Chapter 3] Eq. (3-46)).

The MATLAB® functions (ode) are also used for the numerical
integrations. To do the numerical integration using MATLAB®, the system

is written in the state space:

+ - , (D-5)
0] [M]] \a K] (G ] \a f,
then,
q [0] 1] q 0
- + (D-6)



E
Convergence

For the convergence analysis, we use the norm in the Sobolev space
[59]:

k 1/p
£l = (ZHf“’Hﬁ) , (E-1)

where £ represents the i-th derivative of function f. In our case, we are
in H!, thus k =1 and p = 2:

/
17 = (11 + 17O (E2)

In our convention, the norm associated with the Euclidian inner

product ||f|| is the same as |[|f]|,, so the subscript might be dropped.
Our function f is the difference between the approximation with a certain
number of finite elements (m) and the approximation with less finite
elements (m — 1). Therefore, f(t) = u™(t) — u” '(t), where r stands for
any dynamical response (displacement in the axial direction, displacement
in the lateral directions, and rotation about the z-axis, y-axis, and z-axis).
The relative error is computed as shown in Eq. .

() = w0l

R TETOT
. o\ 1/2
(Hu:”(t)—u:n-1<t>u2+Ha;; -2 ) (£

2) 1/2

Note that the above error depends on time ¢, since the dynamical response

<Hu:ﬁ(t>H2 +FEw
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u(t) is a function of time. We calculate the mean value

1
ER(m) = - Z error(m, t;) , (E-4)
i=1

where n; is the number of time instants analyzed. The criteria for

convergence is

ER(m) < 107*, (E-5)

The error of the reduced order model is calculated using the finite
element response as the reference. Let n be the number of modes used in

the approximation.

uvf"e(t> - u:}(t)HLQ -
[ ()]l
ou'® ouy

ax()_agf(t)

2) 1/2

(t) is the response calculated using the Finite Element method.

error,(n,t) =

o\ 1/2
(Huﬁe(t) —uwr)|* + ’ ) (E-6)

aufe
fe 2 T
(Hur OIlEs H (1)

fe
r

The error independent of time ¢ is given by

where u

1 &
ER,(n) = - Z error,(n,t;) . (E-7)
i=1

The criteria for convergence is

ER,(n) < 107*, (E-8)

To choose the number of modes, we take into account this convergence
analysis and also the information about the excitation frequency of the
system. Which means that if the system is excited with a frequency of
0.83 Hz, then, modes with corresponding natural frequencies of 2.5 Hz

(=3 x 0.83) or less are chosen for the analysis.



F
Data used in the simulation

Lgp, = 1400 m (length of the drill pipe),

Lg. =200 m (length of the drill collar),

D,qp, = 0.127 m (outside diameter of the drill pipe),

Doq. = 0.2286 m (outside diameter of the drill collar),

D;qp, = 0.095 m (inside diameter of the drill pipe),

D;4. = 0.0762 m (inside diameter of the drill collar),

D, = 0.3 m (diameter of the borehole (channel)),

Tstab = 1400 m (location of the stabilizer),

kstar = 17.5 MN /m (stiffness of the stabilizer per meter),

E =210 GPa (elasticity modulus of the drill string material),

p = 7850 kg/m? (density of the drill string material),

v = 0.29 (poisson coefficient of the drill string material),

ks = 6/7 (shearing correcting factor),

ki, =1 x 10® N/m (stiffness per meter used for the impacts),

pip = 0.0005 (frictional coefficient between the string and the borehole),
Uijo = 4 m/s (inlet flow velocity),

pr = 1200 kg/m3 (density of the fluid),

Cr = 0.0125 (fluid viscous damping coefficient),

k =0 (fluid viscous damping coefficient),

g = 9.81 m/s? (gravity acceleration),

a; = 3.429 x 1072 m/s (constant of the bit-rock interaction model),

as = 5.672 x 1078 m/(N.s) (constant of the bit-rock interaction model),
az = 1.374 x 107* m/rd (constant of the bit-rock interaction model),

as = 9.537 x 10° N.rd (constant of the bit-rock interaction model),

as = 1.475 x 103 N.m (constant of the bit-rock interaction model),

e = 2 rd/s (regularization parameter).

The damping matrix is constructed using the relationship [C] = a([M] +
[M{]) + B([K] + [Kd] + [K4(ug)]) with o = 0.01 and 8 = 0.0003.



G
Fluid dynamics

To formulate the fluid-dynamical problem, we first write the continuity

equation in cylindrical coordinates
Ro (19v, Owv
——— 4+ tdr=0 G-1
/Ri {r 96 " ox } e (G-1)

where v; is the tangential velocity and v, is the axial velocity of the fluid,
and R; and R, are the inner and outer radius of the column. The momentum
conservation equations in cylindrical coordinates are written as

Vp-momentum

%+ %+ lav‘r —
PI\ "0z " " ar T 00 | T

_@ v, 10 < 8%) 1 821)1}

-2 l -2
8x+pfgx+'uf[82x+r8'r rar +7“2 002 (G-2)

Up-momentum

9o\, O 10U 0P
P ”Iax Urar Utr@@ rf

Op v, 0 (10 1 0%, 2 Oy
o TP b {a% tar (;W””) o o] Y

vi-momentum
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2 2
10 0%v, 8(18 ) 1 0%v, 2 Ov, (G-1)

p
r 00 TPig0 by [8% * or r@r(rvt) * r? 062 * r? 00

where v, is the radial velocity; p; is the fluid density; and g is the fluid
viscosity. Following the ideas found in [83], these equations can be simplified

with the following assumptions:
Ux; (%3 >> (%% 9 (G-5)

v, v, 0%,

o2 = 022 067 (G-6)
and

82’Ut 82’Ut 82Ut

o2 = 052 6% (G-7)

Which means that the radial velocity is much smaller than the axial and
tangential velocities because the flow is in the axial direction. And also that
the variation of the velocity in the radial direction is much higher than in
the other directions, since the drill-string is long and the angle between the
column and the borehole along the flow direction is small. The Navier-Stokes
equations become:

Vp-momentum

op 10 0V,
0="gz 1 {;5 < a)] (G-8)
Up-momentum 3
__9p }
0=—5", (G-9)

V-momentum

0= Py [% (15(@)} | (G-10)

The eccentricity of the column inside the borehole, depends on = (see Fig.

c):

= e (2)2 + ey(2)2, (G-11)

where e; and e, are the eccentricity in y and z directions. 3 is the direction
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es(z)

Figure G.1: Eccentricity of the column inside the borehole.

of the eccentricity, 3 = arctan(e;/es), and a = 6 — 3. The radial coordinate
of the borehole R(x,0) is:

R(z,0) = e(x)cosa + \/Rgh + (e(x)sina)?. (G-12)

For the flow in the annuli, we can use the boundary conditions:

Vely—p, = QR (G-13)

UI|T:R0 = Um|r:RCh = vt|T:Rch = 0 )

The borehole is fixed but the drill-string rotates at Q rd/s. For the flow

inside the drill-string, we can use the boundary conditions:

UI|T:RZ- =0 ) Ut’rzRi = QRl . (G_14)



H
Maximum Likelihood example

To understand what is done in the maximum likelihood method, let
X be a real random variable with Normal probability density function and
mean p = 0. Suppose we have one experimental observation x®P and we
want to identify the standard deviation o of the probabilistic model. Figure
[H.1l illustrates what is done in the maximum likelihood method. We search
for the standard deviation ¢* that maximizes the likelihood; for so, we vary
the parameter . In this simple example is can be noticed that o* is between
2 and 4.

08

07
08¢

03

01

Figure H.1: Simple illustration of the maximum likelihood method.

Of course that if the probabilistic model is that simple a close
expression can be found. For the Normal probability density function, the

log-likelihood function is written as:

n

L =log [p(ai?, 257, .., 3P|, 0%)] = log [Hp(l’?xplu,a?)] , (H-1)

i=1
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€ (S)
where 27, 25 ... x&P

L =log [(2;02)n/2 X exp (_ 2?21(22: — u)2>] )
L =log (27302)n/2 - (Z?ﬂ(’g: - “)2> . (11-3)

The maximum is calculated setting the first derivative equals to zero.

oL 0 L2\ S (e = 2™
o 0= o0 (log ( 2m2> ) - = : (H-4)

J/

is the sample used. Simplifying the above expression

-~

=0

n n

(= af®)y=pn = (1) =0. (H-5)

i=1 =1

The maximum likelihood estimator for the mean of a Normal random

variable is given by

7= 2= (@) (1.6)

The same is done for the standard deviation.

oL n -2 3" (u— a7P)?
i —_ _2 2 1=1 7 2 H_
oo 0 277 9rgd + 203 ’ (H-7)
n exp 2
_n 4 Zi:l(ng 1) —0, (H-8)
o o
n exp 2
E — Zi:l(mz3 :u) — 0 ) (H—9)
o o

The maximum likelihood estimator for the variance of a Normal

random variable is given by

- " (2P — p)?
2 — Zlil(xl ,LL) . (H—]_O)

o
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If the maximum likelihood estimator of the mean is used in the

estimation of the variance, there is a correction (to avoid bias).

~ (xS — )2
0,2 — Zz:l('xz :u’) ) (H—ll)
n—1
Back to the example, since it was used y = 0 and 2P = —2, the

maximum likelihood estimator for the variance is o2 = (—2)? = 4 and the

standard deviation is ¢ = 2.



|
Stress calculation

The numerical simulations give the displacements u, v and w of the

neutral line and the section area rotations 0, 8, and 6,. The displacements

written in the non-deformed configuration are

Uy =u —yb, + 20,

u, = v+ y(cos(f,) — 1) — zsin(6,) ,

u, = w + z(cos(0,) — 1) + ysin(6,) .

The components of the Green-Lagrange strain tensor are given by

“ = or 2

Ooxr Oz oxr Ox Ooxr Oz

_ Ou, 1 (8% ou,  Ou, du,  Ou, (9uz)

ou, Ou,

B 1 Ou, n Oouy, n Oou, Ou, n Ou,, Ou,,
‘=95 \ oz oy oxr Oy Oxr Oy

oxr Oy
ou, Ou,

B 1 ou, n Ou, n Oou, Ou,, n Ou,, Ou,
Coz = 2\ Oz 0z or 0z or 0z

Finally, the stress components are computed by

Oge = ExxE y
Toy = G(2€4y) ,

Ter = G(2€,,) .

The Von Mises stress is calculated as:

Oor 0z

).
).

o(t) = \/(kfaxx<t))2 +3((k 7y ()2 + (ky72:(1))%))

(I-3)



Stochastic drill-string dynamics 139

where k; is the stress concentration factor for fatigue. The value of k; might
vary a lot depending on several factors, such as the type of joint, tip radius,
etc, [I31]. In this work the value used is k; = 5.



J
Damage calculation

In this Section we explain how the damage caused by fatigue is
calculated. We use the Goodman-Wohler-Miner model.
(1) Goodman to calculate the equivalent alternate stress (oeq) that causes

a crack initiation.

g, o g,
— — =1 — Oeq = —aU (J-1)
Oeq Omax 1— m

Umax

where 0., 18 the ultimate stress limit of the material, o, is the alternate

Von Mises stress and o, is the mean Von Mises stress, calculated as:

max {c} — min {o} ~ max{o} +min{o}
Oq = 5 , Om = 5 . (J-2)

(2) Wohler (or o V) to model the relationship between the stress (oe,) and

the number of cycles (V) that cause a crack initiation.

Naqu =c, (J-3)

where b and c¢ are two positive constants that are obtained fitting
experiments. We use ¢ = 4.16 x 10! and b = 3, [78]. Note that the stress
value is written in MPa (b and ¢ will have different values for different units).

(3) Miner to calculate the damage cumulation.

d= % - %(aeq)b. (J-4)

where n is the number of cycles that the structure has been subjected to.



K
Program structure

Figure shows a scheme of the program structure. The code was
developed using MATLAB® and it has a main file (PRINCIPAL.m) that
calls the subroutines. The input parameters, such as material properties
and geometry of the structure, are defined in the main file. First, the
input parameters are used to compute the mass, damping and stiffness
matrices of the system, as well as the natural frequencies and the normal
modes. The subroutine sub__beamelement.m is used to compute the element
matrices and then sub_normalmodes.m computes the global matrices, the
normal modes and the natural frequencies. Using the global matrices and
the normal modes (together with the initial conditions) as input, the
subroutine sub_dynamics.m does the numerical integration in time and
returns the response of the system. Finally, the subroutine sub_pospro.m
does the pos-processing returning the graphics, which are used to analyze

the response of the computational model.

Graphics
PRINCIPAL.m p | Sub_pospro

Dynamical response

Geometry Natural frequencies
. Global matrices Normal modes
Material Natural frequencies
Dynamical
Normal modes response

sub_normalmodes.m sub_dynamics.m
Geometry Element
Material matrices
A 4

sub_beamelement.m

Figure K.1: Scheme of the program structure.

This main file is also used in the stochastic simulation as shown in
Fig. Each random input generates a random output.
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INPUT 1 ———,

PRINCIPAL.m

INPUT 2 ——»

PRINCIPAL.m
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— OUTPUT 1

— OUTPUT 2

INPUT ns———»

PRINCIPAL.m

—»OUTPUT ns

Figure K.2: Stochastic simulations.
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