MecSo012013 o mioge, April 18:19, 2013
g

International Symposium on Solid Mechanics

Micromechanical Approach to Strength properties of Steel Fiber
Reinforced Concrete

Vanessa F. Pasa Dutra
Department of Civil Engineering
Federal University of Pelotas, Pelotas — RS, Brazil
vanessapasa@gmail.com

Samir Maghous
Department of Civil Engineering
Federal University of Rio Grande do Sul, Porto Alegre — RS, Brazil
samir.maghous@ufrgs.br

Américo Campos Filho
Department of Civil Engineering
Federal University o fRio Grande do Sul, Porto Alegre — RS, Brazil
americo@ufrgs.br

ABSTRACT

Combining the static approach of limit analysis dhe periodic homogenization theory, the presepepas
concerned with the assessment of the strength giep®f steel fiber reinforced concrete (FRC). Thacroscopic
strength criterion for FRC can be theoreticallyadt¢d from the knowledge of the strength propeuifethe individual
constituents, namely, concrete matrix and fiberdogting a Drucker-Prager failure condition for #@ncrete matrix
and assuming a simplified geometrical model foeffiorientations and length, an approximate steged model is
formulated for the overall strength properties. liep analytical expressions have been derived easjaing the
reinforcing contribution of fiber addition. Additially, numerical solutions are computed by meangnite element
tool implementing an elastoplastic step-by-stetigm. The main objective of the numerical appto& twofold:
qualify the relevance of the analytical results angestigate the influence of real fiber morpholagy the composite
strength properties.

Keywords. Fiber Reinforced Concrete; Strength; Homogenimatio

1 INTRODUCTION

Evaluating the strength properties of materialsaies) fundamental concern in material and
structural engineering, either for appropriate makeaise or for correct consideration in projects,
design and verification stages. The strength ctipacire classically characterized by the strength
convex which defines the set of admissible streskgsdetermination is an important issue in
material modeling.

As for most conventional materials, the concretergjth and behavior under multiaxial stress
states have been experimentally and theoreticallyied for several decades. These characteristics
are mainly influenced by the physical and mecharpoaperties of aggregate and cement paste. In
the case of fiber reinforced concrete (FRC), tlaeecfew experimental and analytical studies aimed
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at establishing its behavior under complex stréstes. Experimental studies performed by [1-5]
sought to evaluate the steel FRC (SFRC) behavidempiaxial compression. These studies showed
that the reinforced concrete has a failure curgérdit than the concrete matrix and the increase in
the biaxial compression strength due to the filaglidition can reveal quite significant. In parattel
these experimental studies, the works of [6-8] veeneoted to characterize the SFRC strength using
empirical models, which allow estimating the stbngf the concrete matrix reinforced by short
fibers.

The limit analysis theory provides powerful toals the assessment of the strength capacities
of heterogeneous materials. Unlike elastoplastalyses, application of limit analysis theorems
leads to a straightforward approach to limit stretsgées of a structure since it does not involve a
step by step analysis along the whole loading m®ceimit analysis reasoning applied in the
context of homogenization provides an appropriedenéwork for the formulation of macroscopic
strength properties of a heterogeneous medium][9,10

In this context, the purpose of this study is tdfd-irst, it formulates a simplified setting for
analytical assessment of the homogenized strengibepies of SFRC. Second, it presents finite
element solutions obtained from elastoplastic &egtep calculations that allow for assessing the
accuracy of the simplified analytical predictions.

2 MACROSCOPIC STRENGTH DOMAIN

The aim of this section is to describe a simplifgedting for fibers orientation and length that
provides a periodic approximation of the SFRC nstmacture. Then, combining the static
approach of limit analysis and homogenization ofiqukc media, an approximate model for
strength properties of SFRC is determined.

2.1 Matrix reinforced by long fibersin threedirection

The determination of the macroscopic strength don®&P™ of a heterogeneous medium
results from the resolution of a limit analysis lpemm defined on the representative elementary
volume (REV) of the considered composite [9,10teluires solely the knowledge of the strength
properties of the individual constituents (i.eg thatrix, fibers and fiber/matrix interface), tdget
with the description of geometry, orientation amiivne fraction of each constituent.

SFRC is a heterogeneous medium with random micrcsire (Figure 1(a)) formed by a
cementitious matrix and an isotropic distributidrsbort fibers. The strength properties of thisckin
of composite are expected to be isotropic. In vibbdws, f will refer to the volume fraction of

fiber, | to the length of fiber and to the diameter of fiber. The paramekéd is the aspect ratio
of fibers.

ISOTROPICY JI ANISOTROPICY
X

Figure 1: Representative elementary volume of SBR&€simplified periodic cell.
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In the subsequent analysis, fundamental assumptedaied to the geometry and orientation
of fiber are introduced. More precisely, the applos based on the heuristic consideration that the
macroscopic strength domain of SFRC can be evaluayeapproximating the microstructure of
SFRC by means of a fictitious periodic medium. Tater is defined by the concrete matrix
reinforced by a discrete distribution of long fibearranged followingp orientations of the space

as sketched in Figure 1(b). Clearly enough, thédrigs the number of fiber orientations, the

better is the estimate @"™. In particular, the obtained strength domain vetid to isotropy when
increasing the value obp. However, in such a simplified model disregaedpriori the effect of
fiber aspect ratio on the strength properties RRSF

The calibration of the model, that is the correlatibetween the characteristics of the
simplified geometrical model and those of SFRC, aiers a crucial issue. In other words, what
values of the strength parameters or volume fractbould be attributed to a given fiber set
following the corresponding orientation. Mechanipebperties of fiber reinforced composite, such
as elastic or strength properties, are expectetep@nd on the aspect ratio of fibers and to tend
toward asymptotic value as the aspect ratio inefkl]. The influence of the aspect rdtiad on
the composite strength properties can be evalufttech experimental data or numerical
simulations. Since the effect of the aspect ratiodisregarded in the simplified approach,
comparison of experimental or numerical resultshwite prediction of the analytical model
developed in the sequel should theoretically pre\gdidelines for the calibration of the simplified
model.

2.2 Macroscopic strength domain of a Matrix reinforced by long fibers

The situation depicted in Figure 1(b) refers to exigmic microstructure. The latter is
completely described by the unit cell . The determination of the macroscopic strength alom

G™™ of the periodic heterogeneous material reducasldng a limit analysis problem defined on
the aforementioned unit cell:

diva=0, [g]m=0, §=<o>, o [h antiperiodic

1
o(x)OG™ OxOA", o(x)0G' OxOA" f=1p @)

I0G™ - o suchthat{

whereZ and g represent respectively the macroscopic and miopsctress fieldsA™ and A"

are the geometric domains occupied respectivelyti®gy matrix and fiberf O{1,..., p} . G"
(respectively,G') denotes the material strength domain at the oupeint x(.A™ (respectively,
A"). Tensor[[a]] represents the jump af when crossing any possible stress discontinuity

surface with local normah. In this case (Eqg. (1)), it is being consideredfgm bonding at the
fiber/matrix interface, which is equivalent to cales the material of the fiber/matrix interface hwit
infinite strength.

A static estimate of conve®™™ can by derived by considering a piecewise homonyene
stress field complying with the required equilibniuand strength conditions, similarly to the
approach proposed in de [12]. This stress disidbuprovides a lower bound estima@°" of

G™™ defined as
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p
s=¢"+> f, o'e Oe
Gshom = = = ; f =t =t D Ghom (2)

¢"0G" and o"+o'e Oe, OG' OfOf,..., p}

In the above equation, the unit vec&r defines the orientation of fiber numbérl{l, ..., p}

and the parametdr, is the volume fraction of the fiber oriented folimg ¢ , i.e., f, :‘Af‘/|A|.

p
The quantityf =z f, represents the total reinforcement volume fraction
f=1

In the particular situation of small reinforceménatction, defined byf, <<1, and the strength

properties of fibers much higher than the matrie, G' >>G™, [12] showed the following
fundamental result:

Ghom ~ Ghom= =
¢g"0G", o,0[6,,6]]

p
Z:gm"'ch@f Le
=1

®3)

whered; =f, o7 and&; =f, o, represent respectively the fiber uniaxial tenaiel compressive

strengths per unit transverse area. Parameigrsaand o; are respectively the tensile and

compressive strengths of fiber constitutive materia
In what follows, we shall restrict the study to gharticular situation in which the SFRC is
modeled by means of concrete matrix reinforced hyi-directional array @ =3) of mutually

orthogonal fibers, oriented following the axes ak&erence fram®xyz. It is emphasized that the
approximationG™™" = G°" given in Eq. (3) holds for the case of SFRC. Injebe amount of
steel fibers is in practice very smallf €5%), and the strength of steel can be considered as
sufficiently higher than that of concrete.

Geometrically, the strength doma@™™" for the composite reinforced by a tri-directional
array of mutually perpendicular fibers can be ipteted in the space

R® :{ZXX,ZW,ZZZ,ZW,ZXZ ,Zyz} of macroscopic stresses as the convex envelopggbt domains

obtained by translating the matrix strength doniiralgebraic distanceigo, andf,o; along the
>, -axis, f o) andf o) along theX  -axis andf,o, andf,o, along theZ,, -axis [13]. These
translations in the space of macroscopic stresgetha expression of the reinforcement due to the

presence of fibers. Thereby, one can identify zaesg the boundary d&™" where one, two or
three of the stress parameters, f 0{x Y, 2 , has one or other of its limit values. Zones id&t

asA are those in which only one stress paramefgrd, oro,) has a limit value whilst zone3

and C are those in which two and three parameters, ctispd/, have a limit value.
The strength domain&™ and G™™ of the matrix and composite can be convenientfindd
by means of associated strength criterfoh and F™™, respectively:
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3
S=0"+Y 0.e Oe
FhOm(Z)SO - = — ; f=f =f (4)
F"(@™) <0, o,0l, f=xy.z

with 1 :[6} ,6?} , recalling thaté; =f, o7 .

From a mathematical viewpoint, the expressionFB‘F“(g) is obtained by the following
minimization process with respect to constrainedup&terso, , 0, and g,

F°"(Z)= min F'"G-o,e0e-0, el e-0, g e (5)

o0l f=x,y,z
Denoting byl + =]&; ,&}[ andal, = {6; ,6?} , the following situations can be identified:

* The situation defined by, [Idl, for the three fiber stress parameters. In thisasivn, the
expression ofF hom(Z) is given by

F°"(Z)=F"E-o0,6 0g-0,e0 e-0, g0 g (6)

since the values of all stress parameters are ‘fiage G, , 0, =6, ando, =G, . This situation

refers to zones C along the boundaryGf™.

« The situations when two of the three stress pammmethave a limit value:
(o,Ual,, o,0dl, GZDFZ) and circular permutations of, y and z. Since, for instance,
o, is fixed tog; or &, ando, to &, or G, F""(Z) results from solving:

oF™
0o

zz

(Z-o,.e e -oe e —-0,ee,)=0 (7)

with respect tao, . This situation refers to zones B along the bounda G"™".
« The situations when only one of the stress parasetbas a limit value:

(OXDGIX, o,Uly, O-lelzj and circular permutations of, y and z. The expression of

F""(Z) is obtained by solving:

oF™
00.

(Z-o,e,Ue -0, e, ~-0,e,e,)=0, withi=y,z (8)
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with respect too, ando,, the parameteo, being fixed tod; or 6, . The complementary cases
are obtained by circular permutation. This situatiefers to zones A along the boundaryG5f™.

* The last situation is defined Hy, Olx, 0,01y, 0,01:). The strength criterion is obtained
by solving, with respect to parameters, o, and g, , the following system:

oF™
00

(Z-o,e,Ue -o,e e ~-0,e,e,)=0, withi=x,y,z (9)

2.3 Thecaseof aDrucker-Prager matrix

The strength capacities of the concrete matrixam®imed to be described by a Drucker-
Prager. The Drucker-Prager criterion may be expakgsthe following form:

F" (@) =2|d+a,(t-0,)-0,<0 (10)

whereug‘ = @s:zs)]’/2 is the norm of the deviatoric stress tenserdev ). The material parameter
o, represents the uniaxial tensile strength. Scalais a non-dimensional parameter ranging

m

between 0 and 1, which accounts for the criterigpethdence on the hydrostatic stress.
Observing that% =\/§§/ lIs [+ a,1, Eq. (7) corresponding to the boundary BGIf™ leads

to the following minimizing parameter that defirtes fiber stress parametet; :

o°=2|S_+ + [ = —=m 2\/§:§—282+@‘(Ux‘0y)(5m‘sw) (11)

whereS= devg ; is the deviatoric part of the macroscopic stressar. Taking into account the

o]
restrictiono, 1 ., this parameters is thus given by

— . o —
f,o, if o,<f,o,
with o, =f 0+ ando,, = f,0,
o,(2)=4 o’ X CXXTEY VY if o0, (12)
= oroy, =fyoy andcry = fyoy
+ H 0 +
f,o; if o, >f 0,

The remaining zoneB are obtained by proceeding to circular permutatiohx, y and z
in the above Eq. (11) and (12).
As regards the zones A of the boundan@sf™, the system of Eq. (8) yields:
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0 _— am 2 2 2
ay—28W+SZZ+aX+2\/§? Sy +tS. S,

(13)
0 _ am 2 2 2
o° —ZSZ+SW+JX+2\/§W,/SW+SXZ+SVZ
o, being fixed tog; or &, . Restrictionso, 01y ando, 01 impose thus
— . 0 — — . O —
f,o, if o,<f o, f,o, if o,<f 0o,
0,(2) =4 o, wiho, =f,0 if oy0l, ando,(2)=1 o) wiho, =to, if o0l (14)
f,o, if oy =f o f,ol if a2>f o

The remaining zoneé are obtained by circular permutations>afy andz in the above
equations (13 and 14).

The last situation is that where all stress pararset,, f D{x,y,z} have no limit value. In
this case, the stress parametgrs f D{x,y,z} solutions to system (9) are obtained after some
mathematical developments

1+a
m g f=x,y,z 15

m

0 —
Op =24 ~

The corresponding regions of conveX°"are obtained by taking the projection of each one
of the stress parametess§ onto intervall , : g, = ProjIf (@?). This situation can occur only for

macroscopic stress states such thgt=% , =% , =0. The strength conditions reduces that to

+ +
6‘+1 Ing <5 56++1 G
f 30( m ff f

m m

f=xvy,2 (16)

m

3 FINITE ELEMENT NUMERICAL SIMULATIONS

In the simplified setting defined in section 2, amalytical estimate of the strength capacities
of SFRC has been derived. The latter is based enfuhdamental approximation that the
reinforcing effects of fibers can be evaluated lbysidering three orthogonal families for fiber
orientation. This is clearly a strong simplificatigince in SFRC the fiber distribution is rather
isotropic. In order to evaluate the relevancy aodueacy of such approximation on the effective
strength properties of SFRC, finite element simaolket are performed on a REV of cement matrix
reinforced by randomly distributed short fiberseThacroscopic limit stress states are evaluated by
means of step-by-step elastoplastic analysis tihdifree plastic flow of the structure is reached.

A cubic REV Q of side 2l is considered (Figure 2). Symmetry with respeahid-planes

x=0,y=0 andz=0, is assumed for the spatial distribution of fibeksbiaxial macroscopic

7
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stress solicitationz =% e, e +%, e e, is simulated by imposing the following mixed
conditions on the boundary of the REV: (a) stress-tonditions on the horizontal faces * |,
and (b) frictionless interface conditions on thetieal sides, along which the normal displacement
¢ =t Eylgralong sidex=+| and { =+yE |, along sides y | are imposed.E,<0 is a
fixed strain parameter and is a non-dimensional parameter that allows ingestig different
loading paths in the plar(e“_I DI ) Perfect bonding is assuming between the conanatex and

fibers.
Owing to the symmetry conditions, only an eighthtted REV geometry, with appropriate
boundary conditions, is considered for the numéanalysis (Figure 2).

-

20 nodded element

Figure 2: REV and macroscopic strain consideredhfer~E simulations.

Twenty nodded quadratic hexahedral elements were fas the discretization of the concrete
matrix geometry. As regards the reinforcement camepts, the fibers were randomly generated
and embedded within the concrete matrix finite @pts. We herein refer to the so-called
“embedded model” [14], commonly used in the analysi reinforced concrete structures. In this
model the fibers location and geometry are indepehdf the finite element mesh. The
displacements of the fibers are related to thelaligments of the matrix finite element nodes where
they are located and it is considered that eaddr filas the same kinematics than the coincident
points of the embedding concrete matrix finite edain

The reinforcement elements thus considered conéritauthe rigidity and the internal work of
the element (or elements) in which they are embedblethe context of the “embedded model”
formulation, the stiffness matrix and internal #®rwector related to the fibers are added,
respectively, to the stiffness matrix and the déinal nodal forces vector of the corresponding
matrix element. The spatial distribution and oraioin of fibers were randomly generated by
means of a specific procedure using the intringiction RAN of Fortran programming language.

Elastic-perfectly plastic behaviors with associapastic flow rules were adopted for both
constituent of SFRC. The vyield function of concreatatrix is described by the Drucker Prager
criterion Eq. (10), while the steel bars are assurte take only uniaxial tensile-compressive

stresses subject to a yield condition of the tgge< o <o;. The iterative algorithm used for

plastic integration (return mapping) is describedniost handbooks of computational plasticity. The
macroscopic stress is computed as

§=<g>=ﬁjg(x)d9=jz<ﬂ (o) d (17)
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The following values for the REV side and fiber dém were adopted in the numerical
simulations:l,; = 2@m and| =3cm, respectively. Two values were considered for fiber
aspect ratiol /d =20 and 100, and three values for the volume fractibfibers have been used:
f=05%, f=2%andf =5%.

The strength surface parameters anda ,, were identified by fitting the concrete uniaxial
and biaxial compressive strengths. Only compresstivesses have been investigated. Two concrete
matrices have been studied. They correspond tinclisiniaxial compressive strengthg, = 30

MPa and 70 MPa, and biaxial compressive strengtiuletofy =1,16 f". For the steel fibers,

values ofg; =-o;, =1000MPawere adopted.

A strain parameterss, =—0.05 was incrementally applied, with parameter ranging
between -0.5 and 1. Each value of the loading patlametery is associated with a limit stress
state ¢,,2, ).

For comparison purposes, the predictions from tray#ical approximation described in the
previous section are evaluated assuming an equivalber distribution along the three orthogonal

directions (gx,gy,gz) . In other terms, it was assumed thdf=f =f,=f/3 and

o, =0,=0, =0;. It is important to note that we examined the atitn were the principal

X

macroscopic stresses are oriented following thazar:lal'nins(gX e gz) of fibers.

Figure 3 shows FE results together with the cooedmg analytical predictions. The solid
lines represent the analytical predictions obtaifeedhe strength domain of steel FRC, while the

symbols refer to the numerical results.

X, 2,
-80 0 0 -20 -140 -120 -100 -80 00 40  -20
/ I L [ =30MPa / / j/ /" =70MPa
/ /] I / : F-20
/ I & ra
/ / | [ 20 /
! l | ![ 4
RN T
| e : IF 4 L
! \( __._,d-«""/'—_f// { = E I| ‘\ -60
| Qo __n— [40 l l \ A 3
‘.\ P ZII { \ \I ///,;- 30 §id
\ i v 5" B
\\ — - o | O \ i — “;:ﬁ o
gt — s L ; \ ~a ’/
L 60 L o R e r-100
| '\\ : i — - e
\ N @ - Fa20
\\. /'// I \“--._ P o
# (=50 F-140
Numerical results
f=0% pnooooo Analytical results
f=05% oooonoo concrete
f=2% FRC
f=5% 5000
Figure 3: Strength domain of SFRC for biaxial sess numerical results versus analytical
predictions.
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It is first emphasized that numerical simulationghwfiber aspect ratio$/d =20 and
| /d =100 have led to very close results. This preliminagults suggest that the aspect ratio of
fiber has a negligible influence on the strengtloperties of usual SFRC f{<5% and

| /d =20-100). In particular, the assumption of long fibers pigal for the analytical model seems
reasonable for the assessment of SFRC strengtleniesy similarly to what has been obtained in
[15] for the elastic properties of SFRC.

The comparison of the two approaches indicatesthi®gatnalytical predictions overestimate
the strength of the medium reinforced by randomiktridbuted short fibers, particularly under
uniaxial compressive stress. Since the aspect ratioot affecting significantly the strength
properties of SFRC, this is clearly attributed e fact that large amount of fibers (third of total
fiber content) is concentrated along the directiepsind e, of macroscopic solicitation. Since

fibers are isotropically distributed in SFRC, theglified model that is concentrating the fiber
distribution along the principal directions of laagl is naturally expected to overestimate the
strength properties of SFRC. A modeling includindnigher number of fiber directions would

undoubtedly improve the predictions of SFRC stremybperties.

4 IMPROVEMENT OF BIAXIAL AND UNIAXIAL COMPRESSIVE STRENGTH
ESTIMATES

The finite element analysis showed that the aradlinodel based on three fixed orientations
of fibers leads to predictions that are higher ttres numerical solutions obtained from reasoning
on a REV of SFRC. The aim of this section is toedep an improved approach to biaxial and
uniaxial compressive strengths of SFRC. The ideth®fapproach may be summarized as follows.
The tridirectional fiber reinforced composite ispkeas a simplified model for representing the
morphology of SFRC. The approach consists basigaltyo steps. In the first step, the limit state
of a macroscopic stress, defined by the orientatioits principal directions with respect to fibers
is evaluated. The second step consists in averdlgengbtained limit stress over all orientations of
the space, leading thus to an isotropic estimatsoime extent, this approach that can be applied to
any stress loading, consists in fact to an isoratmn process of the strength properties. In the
subsequent analysis, we consider the specific casesompressive biaxial and uniaxial
macroscopic stress loading.

4.1 Biaxial compressive strength

The biaxial compressive solicitation of the RE\d&fined asz =% (e O, +e, Og, ), with
> <0. The unit vectorg, andeg, refers to the orientation of stress principal cli@ns. The latter
is completely defined by means of three andRs, p) (Euler angles) with respect to the fixed

frame(e e e)offibers (Figure 4).

=X 2y Xz

10
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Figure 4: Euler angles defining the orientatiopohcipal stress directions, and fibers directions
(e e, e )

X1 2y 2z

The first step is to evaluate the strength undexibl compressive stress (6, ¢, ). The

latter is obtained through the minimization proaeddefined in Eq. (5). Applying the latter to the
considered solicitation yields:

3
>-(6,0,p)= min{z| I=3(g0e+ g0 p) 0"=2-> 0, el e
i=1

(18)
F"@")<0; o< f o, f :x,y,z}
Basic developments of Eq. (18) lead to the follayvxpression
2.0, 0+ 20 )= 3(d + & ) 4, €t Y, B (19)
2,(6,¢,y) = min = 2020 . o|=fiof, f=xy,2

B{iqmum94@+@»amm+nJ

f=l

3 2 3
-4(1- 4, )[—( O+t 00, +0mj +>.07-0,0, —oyoz—ozox]
f=1

Coefficients a; define the components of vectoes, g, and g, in the fixed frame

(e e e) The analytical expression &, (6, ¢, ) determined from Eg. (19) requires some

X1 Zy1 =z
complex developments that involve a discussion wépect of the stress orientati(® ¢, §).
Instead,%, (6, ¢, P) is computed by means of numerical minimization.

The second step of the approach consists in adpfuirthe biaxial compressive strength the
following average value

2n

[ [ 6, 1) o o (20)

2n

o=l ]

11
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The obtained estimate is compared to the resutigadkfrom finite element simulations. Two
different concrete matrices, corresponding to uaiasompressive strengthfg' equals to30 MPa
and 70MPa, are considered.

The semi-analytical estimate of the biaxial comgines strengthf :<Z;> defined in Eq.

(20) is also compared to experimental data avalabl[3] and [5]. In their laboratory tests, [3]
employed fibers with aspect ratidd =70 and three volume fraction of fiberfls=0.5%, f =1%

and f =1.5% . The uniaxial and the biaxial compressive strengthtested concrete were
respectively, f," =82.3MPa and f; =1.20f". The values of parameters defining the Drucker-
Prager criterion were identified accordingty;, =0.141and o, = 61.93MPa. The uniaxial tensile
strength of used fibers wd415MPa. [5] employed fibers with aspect ratiéd =44 and three
volume fraction of fibersf =0.5%, f =1%. The uniaxial and the biaxial compressive strermgth
the concrete matrix tested by this author werepeetsvely, f" =28.24MPaand f;' =1.16f".

The values for the parameters of the Drucker-Pragtarion to be introduced in the model have
been identifieda,, =0.121and o, =23.13MPa. The uniaxial tensile strength of the fibers was

1200MPa.

Figure 5(a) shows the variations of the estimatbiatial compressive strength as a function
of the volume fraction of steel fibers for usualues of f ranging between 0.5% and 5%. Figure

5(b) shows the semi-analytical estimated gt <Z;> together with the experimental results of [3]
and [5].

-120 -120
A 110 -
-90 -
-80 -80
f o -70
> -60 -60 - o
50 > O
-30
20 - -20
10 -
0 - 0 ‘ L
0 1 2f ["/6]3 4 5 0 0.5 £ [%] 1 1.5
fy= (Z;> FE t= (Z;> Experiments
- o f"=T0MPa - A [3]
~ o f"=30MPa e o [5]

Figure 5: Improved estimates of biaxial compressivengthf :<z;> versus fiber volume fraction.
Comparison with finite element (FE) results (a)nm@arison with experiments (b).

Although the approach is a straightforward extemsibthat presented in section 2, the good
agreement with finite element solutions indicateat tthe process of averaging over the stress
orientations can provide good estimates of theibiaoompressive strength of SFRC. The semi-
analytical estimate of biaxial compressive strergifectly fit the experimental results of [3] that
have used cubic specimen for their tests (10x1@xid). The discrepancy observed as regards the
comparison with those [5] can be explained in pgrthe size of specimen used by authors. Indeed,

12
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these specimens (15x15x5 Yrhad higher dimensions parallel to the princigegation of biaxial
solicitation, corresponding to higher concentratadrfibers along the largest dimensions that are
coincident with the loading directions.

4.2 Uniaxial compressive strength

The loading of the REV is now defined by an unibxiampressive solicitation defined as
2=2 g, Ug,, with 2 <0. The orientation of the unit vectogs, :[cosq) sefl ,sen s6n cﬁ1]§

is defined by two angle(se ¢) (spherical angles) with respect to the fixed frz{rqge )of

fibers (Figure 4).
The first step consists in evaluating the strengttler uniaxial compressive stress6, ¢).
The minimization procedure defined in Eq. (5) apglio the considered solicitation leads to:

Y’Z

3
Z‘(9,¢):min{z| I=3r g 0g ;0"=2-> 0 e0e
= = (21)
Fm(gm)s0;|0f|s f cf,f:x,y,z}

or, after mathematical developments

. . iof (3(9u ®kf-r 3‘51)— 2, (o, + Jo,—/B
Z°(6,4)=min 2(1_0(5“)

B:(_icf(B(—QII @ i_ 1_ ari )*- am (@m+ :k)_mj

. o <fiof, f=xy,z (22)

3 2 3
—4(1—(X§q )(_( (Gm +fzo-f )am +0m] +fzo-? _oxoy _Oyoz _O-zo-xj
=1 =1

Due to the complexity of an analytical determinatiof 2 (6, ¢), the latter is computed

numerically as in the case of biaxial solicitatiorhe second step of the approach consists in
adopting for the uniaxial compressive strengthaberage value

fo=(2)= —nzzjj (¢,8) dodd (23)

Reconsidering the same data as in section 4.1yé§&) shows the variations fif versus
the fiber volume fraction, together with the fingkeement results.
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Figure 6. Comparison of uniaxial compressive stiieegtimates_ :<z‘(gm )> (a) with FE analysis
results and (b) with experimental results.

The results plotted in Figure 6(a) give evidencdhef accuracy of the estimates based on
averaging over the orientations of solicitation.idt recalled that this averaging process is a
simplified way to derive isotropic estimates foe thomogenized strength properties.

The relevancy of the approach is also assessedmyparing the semi-analytical estimates
with the experimental results given in [3] and [Bjhich have already been described in the
previous section. These comparisons are shownguré&ié(b), which emphasizes the relevancy of
the semi-analytical approach.

Comments
The averaging approach has prove successful whehiedpto assessment of strength
properties of SFRC under biaxial or uniaxial consgree stresses. The approach can obviously be

extended to any stress orientatigrxg(zI DI I ,e,cp,qJ). For a given stress orientation, the

strength domainéh"m(e,q),w) is determined from minimization procedure (5). Asotropic

approximation of the strength domain of SFRC isstlerived by averaging all stress states of
G™"(6,9,), and then can be symbolically denoted®y™ =<Gh°m(6,¢,w)> .

It is worth noting that the strength parameterspaehb for the steel bars and the concrete
matrix in the fictitious material are the real peojes of the random medium. The comparison of
the obtained analytical and numerical and experiedgasults indicates that for usual values of the
aspect ratid/d, the use of real properties for the characteopatif the fictitious medium may be
appropriate. Indeed previous experimental studissyell as the present numerical analysis, seem
to indicate that the aspect ratio has little infloe on the uniaxial tensile and compressive sthsngt
of FRC. Further numerical analyses involving a éargumber of finite elements are needed to
investigate the effect dff d on the composite strength. Keeping in mind thellsuzdue of fiber
content, such a task would be, however, to excessiterms of computational cost. As a matter of
fact, the practical values df range between 0.5 and 5% and the influended dfwithin this range
IS not expected to be significant.
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5 CONCLUSIONS

The strength properties of steel FRC were evaluatditis work through the homogenization
and limit analysis theories. Assuming the existeoca correlation between the random medium
(FRC) and a fictitious medium defined by a concratrix reinforced by long fibers, the strength
domain of this material was obtained analyticallge composite strength criterion was determined
considering the constituents (fibers and matrixjuree fractions and strength properties. In the
fibers case, only its uniaxial compressive and ikerstrengths are needed. The matrix concrete
strength, in turn, was characterized by the Drudkexger criterion. This criterion has a simpler
formulation than the Ottosen and the Willam-Warrdtéeria, for example, not allowing the
characterization of the concrete behavior undesileermand compressive stress states with the same
parameters. Nevertheless, it allows performingpitoposed study, employing the homogenization
and limit analysis theories, in an analytical way.

To address the relevancy as well as the accuradiieofinalytical model, a finite element
approach to the strength properties of FRC has loeseloped. It is based on the numerical
resolution of the limit analysis problem formulatew the representative elementary volume of the
random heterogeneous FRC.

It follows from the comparison of the two approaiieat the analytical predictions derived
from the fictitious medium formed by concrete mat@and long fibers oriented in three
perpendicular directions overestimate the strengpacities of FRC when, in the analytical model,
the principal directions of loading coincide wittetfibers directions. In addition, the averagehef t
analytical strength obtained for the fictitious mad considering all directions the fibers couldeak
leads to results that satisfactorily fit the FEusioins and also experimental data of uniaxial and
biaxial compressive strength. This good approxiomatndicates that the approach adopted for the
uniaxial and biaxial compressive strengths calauiatcan provide good estimates of these
properties.

Important extensions of the analysis to be foreseethe future are to account for the
fiber/matrix interface strength, to introduce asién cut-off in the formulation of the concrete
matrix failure condition and to compare the anabftiresults with the few available experimental
data. Moreover, the analysis of the FRC behavigpleyng a more complex model with a larger
number of directions of fibers that would bettensiderate the isotropy of the material is a task
which remains to be done.
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