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Abstract. The main subject of this paper consists in simulating the pressure curve of an internal combustion engine,
with uncertainties in the mass fraction of burned fuel, when fueled with ethanol. For this purpose, the Wiener-Askey
polynomial chaos was applied to a set of equations that represent the combustion process inside a single cylinder
internal combustion engine modeled through a First Law analysis. The system of stochastic differential equation was
numerically solved using the Mathematica® software. Two kinds of distribution were considered, Gaussian and
uniform, to perform the stochastic solution. The results were compared against a deterministic solution.
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1. INTRODUCTION

A description of a physical problem by means of deterministic mathematical models is subjected to uncertainties. In
this context, a relatively new field called stochastic computation arises to study the influence of uncertainties on
simulation results. Such research area has grown and developed in the past few years due the necessity to reach
predictions provided by numerical simulation for physical systems with high accuracy.

The solution of partial or ordinary stochastic equations can be obtained by statistical or non-statistical methods. The
first approach might include Monte Carlo simulation and stratified sampling, which have the disadvantage that the
solution accuracy depends on the sample size and, consequently, the computational cost can be high. Non-statistical
methods do not employ a sampling technique and, among such methods, the most widely used one is the Perturbation
Method that has some restrictions regarding the degree of uncertainty, which cannot be high (Xiu e Karniadakis, 2004).

Among the non-statistical methods, the Generalized Polynomial Chaos (gPC) is a recent method and consists in a
generalization of the Hermite Polynomial Chaos theory proposed by Wiener in 1938 (Wiener, 1938). This technique
essentially represents the stochastic solution as a spectral expansion in a random space (Xiu, 2009). Furthermore, for
solving the stochastic system of equations, orthogonal polynomials are employed, which must be chosen depending on
the nature of the random distribution.

The gPC method was employed in various fields, e.g., in transient problems and/or non-linear, in fluid dynamics,
flow-structure interactions, hyperbolic problems, deformation of materials, natural convection, Bayesian analysis for
inverse problems, biological problems, etc (Xiu, 2009).

Orthogonal polynomials have an important class called Askey-scheme that associates the hypergeometric orthogonal
polynomials with the differential equations being solved (Xiu e Karniadakis, 2002). Such scheme is applied in the
present work.

In this paper, the Generalized Polynomial chaos together with Galerkin method is applied to a thermodynamic
model of an internal combustion engine with uncertainties in some paremeters. In particular, since the random input is
assumed with known distribution, a proper orthogonal polynomial is chosen through Askey-scheme. The results
obtained are analyzed in order to investigate the influence of the uncertainty level in the pressure profile inside the
combustion chamber.

2. PHYSICAL AND MATHEMATICAL PROBLEM

In this work we considered a Volkswagen (VW), 1.8 AP, FLEX, spark ignition engine, year 2005, with four
cylinders, two valves at each cylinder (intake and exhaust), camshaft on cylinder head and whose technical data is
reported on Tab. 1.

The physical problem takes place between the intake valve closing and the exhaust valve opening (combustion
chamber closed), where the process of compression, combustion and expansion occurs. In this framework, a
thermodynamic approach allows studying the air-fuel mixture behavior inside the combustion chamber and relates
engine performance with fuel properties, mechanical parameters and engine operation (Melo, 2007).
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Table 1. Engine technical data. (Melo, 2007)

Symbol Parameter Value
D Cylinder diameter (mm) 81.01
Sp Piston stroke (mm) 86.4
L Connecting rod length (mm) 144.0
V4 Displacement (cm?) 1781
r Compression ratio 11:1
0; Intake valve closing angle' -164°
0¢ Exhaust valve opening angle' +146°
Gasoline Ethanol
Power 76 kW at 5250 rpm 78 kW at 5250 rpm
Brake torque 153 Nm at 3000 rpm | 157 Nm at 3000 rpm

"Top dead center corresponds to an angle of 0°

In order to model the phenomenon, some simplifying hypotheses have been adopted (Melo, 2007): (i) homogeneous
mixture in combustion chamber; (ii) intake mixture formed by air and fuel; (iii) ideal gas behavior; (iv) no flame front
propagation; (v) constant ratio between specific heats, k; (vi) constant wall temperature, T, » (vil) polytropic process
between intake valve closing and start of combustion and (viii) stoichiometric air-fuel ratio, AF.

The mathematical formulation for the geometry of the engine follows the work of Melo (2007). The distance
between the crank axis and the piston pin axis (S) as well as the cylinder volume (V) can be calculated as:

S(68) = Rcos(0) + /L? — R?sin (0)? €))
V() ="TDZ(L+R—5(9)+%) )

In the above equations 6 is the crank angle that rotates clockwise, L is the piston stroke, R is the crankshaft radius
(R = 0.55,), r is the compression ratio, and D is cylinder diameter. Such values are shown in Tab. 1.
The mass fraction of the burned gases was modeled through a Wiebe’s function (Heywood, 1988):

x(8) =1—exp [—a (%)mﬁ] 3)

where 6, is the start of combustion, Af is the combustion duration, and a and m are adjustable parameters. In this work
we took such parameters as a = 5 and m = 2 (Heywood, 1988).
The total energy released by the fuel (Q,,) can be calculated as follows (Heywood, 1988):

Qtor = NcMpLHV €]

where 1. is the combustion efficiency, m is the mass fuel admitted and LHV is the lower heating value. Since air-fuel
ratio (AF) is defined by the ratio between air mass (m,;,) and fuel mass (my), Eq. (4) is rewritten as:

tor = Me —2LHV (5)

1+AF

where m,, is the mass of the mixture given by the sum of m,; and mg. The value used for stoichiometric AF was 8.417
(Heywood, 1988).

The combustion efficiency was calculated according to Eq. (6), proposed by Alla (2002), where 7,4, is the
maximum efficiency of a spark-ignited engine whose value was adopted as 90% (Heywood, 1988). The parameter A is
the ratio between real air-fuel ratio and stoichiometric one.

Ne = Nmax (—1.6082 + 4.65091 — 2.076442) (6)
Since in this research a stoichiometric mixture was adopted, A equals to unit and, applying it to Eq. (6), we obtain

N. = 87%.
In intention of represent Eq. (5) in terms of the crank angle, Eq. (5) and Eq. (3) can be combined resulting in Eq. (7):

Qtot(0) = Qror x(8) @)
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A thermodynamic approach was chosen to represent the physical problem inside the combustion chamber.
Specifically, a thermodynamic model called zero-dimensional (Heywood, 1988) was employed. Its deduction arises
from First Law of Thermodynamics and reduces to:

1 dT T dax T dv
k-1as ~ v 0t T v ag ®

Other equation is needed to close the system of equations. Such equation is derived from ideal gas law in terms of
crank angle and is given as:

1
k-1

ap av dx av
(VE+P) = Qo o~ P )

The ordinary differential equations system formed by Egs. (8) and (9) predict the pressure and temperature profile
inside the combustion chamber, e.g., the behaviour of the air-fuel mixture in the sense of thermodynamic states.

3. SOLUTION METHODOLOGY
In this section it is explained how to solve the stochastic and deterministic approach of the problem.

3.1 Deterministic solution

Initially a deterministic solution was found, were no uncertainties in the parameters were considered. In this case, a
numerical solution can be obtained by using known methods to solve the ordinary differential equations system. A
fourth order Runge-Kutta method was applied to Eq. (8)-(9) together with the initial conditions given by Egs. (10)-(11):

T(6,) =T, (10)
T(6:) = Py (1

where 0; is crank angle at the beginning of compression process or the intake valve closing angle.

3.2 Stochastic solution

The present paper considers uncertainties in the mass fraction of burned fuel (x) because it is an empirical equation
and has relevant influence in temperature and pressure field inside the cylinder (Melo, 2007). Due to its empirical
character, Eq. (3) does not represent the released energy with high fidelity and, for this reason, uncertainties must be
taking into account. The technique chosen to numerically solve the problem by this approach was the generalized
polynomial chaos (gPC) together with Galerkin method.

3.2.1 Generalized Polynomial Chaos (gPC)

The solution of stochastic partial/ordinary differential equations can be obtained by statistical or non-statistical
methods. The first one includes, for example, Monte Carlo simulation and stratified sampling, but the accuracy depends
on the sample size and thus the computational cost can be undesirable. Among the non-statistical techniques, the
Perturbation method is often employed. However, such technique cannot deal with problems with very large
uncertainties (Xiu e Karniadakis, 2004).

Another non-statistical approach, that is recent and was applied in different kinds of research, is the generalized
polynomial chaos. This method consists in a generalization of the Hermite polynomial chaos theory, proposed by
Wiener in 1938 (Wiener, 1938). In this case the stochastic solution of the system is given by a spectral expansion of a
random space (Xiu, 2009). The methodology that represents a random field by means of an orthogonal polynomial
function expansion is called generalized polynomial chaos.

Xiu and Karniadakis, in 2002, presented a method based on Galerkin projections together with an extension of
Wiener's polynomial chaos that represent stochastic processes using an optimal trial basis from the Askey family of
orthogonal polynomials. The advantage of such technique is the exponential convergence of the error and the lower
dimensionality of the system (Xiu e Karniadakis, 2002).

Briefly, the Askey-scheme classifies the hypergeometric orthogonal polynomials that satisfy some type of
differential equation and establishes a limit to this relation (Xiu, 2010). An important role in the scheme of Askey is that
some types of orthogonal polynomials have weighting functions identical to the probability function of certain types of
random distributions (Xiu e Karniadakis, 2002). Table 2 shows the random variable associated to the respective
Weiner-Askey polynomial chaos and the support to conduct the projection.
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Table 2. Correspondence between the Wiener-Askey polynomial chaos
and the random variable. (Xiu e Karniadakis, 2002)

Random Variable (§) | Weiner-Askey chaos {¥(£)} Support (S)
Gaussian Hermite-chaos (—o0, )
. Gamma Laguerre-chaos [0, )
Continuous Beta Jacobi-chaos [a,b]
Uniform Legendre-chaos [a,b]
Poisson Charlier-chaos {0,1,2,...}
Discrete Binomial Krawtchouk-chaos {0,1,2,...,N'}
Negative Binomial Meixner-chaos {0,1,2,...}
Hypergeometric Hahn-chaos {0,1,2,...,N'}

N = 0 is a finite integer.

The gPC was employed in a variety of areas, in transient and/or non-linear problems, for example, fluid dynamic,
interactions between structure and flow, hyperbolic problems, material deformations, natural convection, Bayesian
analysis for inverse problem, biological problems, etc (Xiu, 2009).

3.2.2 Numerical solution with uncertainty by gPC Galerkin method
In this paper, the fraction of mass burned was considered to be the uncertainty variable. Thus, the uncertainty is
added to Eq. (3) as

X(6,8) = x(6) + péx(6) (12)

where p is the percentage of uncertainty which range from 0 to 1 and ¢ is a single random variable with known
distribution. As the random variable is continuous, there is a properly probability density function w(¢).

Under this assumption, the solution T(6) and P(8) of the Egs. (8)-(9) will be a stochastic process T(6,¢) and
P(6,¢), respectively. The solution 7 and P together with the variable with uncertainty can be expanded by the
generalized polynomial chaos (spectral expansion in the random dimension ) as

T(6,8) = $15 T;(0) ¥:(8) (13)
P(8,§) = X5, Pi(0) ¥;(©) (14)
X(8,8) = £y70 X, (0) () (15)

Note that the above series were truncated at the finite term (Np + 1). Furthermore, {¥;}7-, is a random trial basis
based on the Askey-scheme and the total number of expansion terms Np + 1 were determined by the random variable
dimension (taken as one in this paper) and the highest order of the polynomials (n) as follows:

(1+n)!
1n

Np = (16)

Upon substituting Eqgs. (13)-(15) into Egs. (8)-(9), the following stochastic ordinary differential equations can be
obtained:

dT; o d 1av
2 Zjv"odgpjsvsv Q”Z NPT Ty, Vdgz W S0 TP W (17)
dP;j av d
vz] P+ SRR P Wy = (k= 1)Qro¢ Syl ok W (18)

A Galerkin projection of Egs. (17)-(18) into the polynomial basis {¥;} is then conducted in order to ensure that the
error is orthogonal to the functional space spanned by the finite dimensional orthogonal polynomial basis. The
projection is realized by the Hilbert space inner product,

(O, ¥n) = [ WP (§)dE (19)

where § is the support of the random variable as reported on Tab. 2.
Applying Eq. (19) in Egs. (17)-(18) and using the fact that the inner product in Hilbert space is a linear
transformation, Eqs, (20)-(21) are obtained:
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Np dT; _Qr Np dxk 1dv N
Z Z] P() deLP ijm — Otz Zk l d9 km Vdez Z i TP el_]m (20)
d d
T (WE) + e Gy P(¥2) = (K — 1)Qroc o ) @1)

where e;j = (¥; ¥}, Pi), (P?) = (¥, ¥;) and m varies from 0 to Np.
The same procedure must be applied to the dependent variable X (6, &) and, for this purpose, Egs. (12) and (15) must
be combined. Then the Galerkin projection together with the inner product properties result in:

Xin(0) = (F2) ' x (0L, ¥ + 1S, W)} (22)

The initial condition given by Egs. (10)-(11) must also be projected onto polynomial basis {¥;} and the spectral
representation of temperatures, Eq. (13), and pressure, Eq. (14), used to achieve Egs. (23)-(24):

Tn(0)) = Tp(¥7) (1, W) (23)
Pn(6)) = Py(¥7) "1, W) 4)

where T}, and P}, are the temperature and pressure at the beginning of the engine compression stroke, respectively. It is
important to note that in the deterministic approach, such initial conditions are constant.

The stochastic ordinary differential system of Np 4+ 1 equations is then formed by Egs. (20)-(21) together with Egs.
(23)-(24). The numerical solution as well as the parameters is reported in section 4.

4. RESULTS AND DISCUSSION
Some engine parameters were reported on Tab. 1. Table 3 shows others input data necessary to proceed with the
computational simulation.

Table 3. Input data for the numerical solution . (Melo, 2007)

Description Parameter Value Unit
Start of compression 6, -10.0 °
Combustion duration AB 33.8 °
Initial temperature T, 35 °C
Initial pressure P, 54.63 kPa
Speed Rot 1500 rpm
Lower Heat Value LHV 24804 | MJkg?!
Engine air flow Vair 37.61 kgh™?

The set of equations obtained joining Egs. (10)-(11) and Eqgs. (17)-(18) was solved by the software Mathematica®
using the function NDSolve. This function solves a differential equation system numerically and returns the solution in
terms of interpolating function. The result of function is based on numerical sampling, error estimates, and use many
different methods for solving, like predictor-corrector Adams method with orders 1 through 12, implicit backward
differentiation formulas with orders 1 through 5, forward Euler method, etc. The software can also choose the solution
method automatically as it was done in this research.

To carry out the numerical solution, the random variable dimension was adopted as unit and the higher polynomial
degree was chosen as 4.

For post processing purposes, the mean (first term of the sum) and the variance were calculated as follows:

T(9) = T,(6) (25)
P(8) = Py(6) (26)
T,2(0) = L1, Ti(6) (¥2) @7)
P2(0) = T2, P(6) (¥2) (28)

The Uniform (at the interval [-1,1]) and Gaussian (zero mean and unit standard deviation) distribution were selected
together with the respective generalized orthogonal polynomial presented in Tab. 2. The polynomial degree as was
fixed as 4, and 4 levels of uncertainties (0%, 1%, 10% and 20%) were adopted for each distribution. Table 4 reports the
monic polynomials of Hermite-Chaos and Legendre-Chaos from zero-th to fourth degree.



Proceedings of ENCIT 2012
Copyright © 2012 by ABCM

14" Brazilian Congress of Thermal Sciences and Engineering
October 18-22, 2012, Rio de Janeiro, RJ, Brazil

Table 4. Legendre-chaos and Hermite-chaos from 0" to 4™ degree

Degree | Hermite-chaos Legendre-chaos
0 1 1
1 $ $
2 21 2——
§ §7 3
3
3 £ -3¢ £ -z
6 3
4 t—682+3 82—
§* =68 AT

Figure 1 shows the deterministic and stochastic solutions for the pressure inside the combustion chamber. The
solution without uncertainties was obtained by means of the function NDSolve applying the same input data used for
the stochastic version of the problem, but with no uncertainties in the model. Also, the problem with no uncertainties
was verified through results available in literature (Melo, 2007). The confidence interval (C.I.) was considered with
95% of confidence level. The purpose of the present figure was to study the influence of the uncertainty level in the
solution. For both distributions (Gaussian and uniform) it can be seen that the mean pressure achieved was the same, but
the confidence interval was different for each distribution as the level of uncertainties changed.

The confidence interval behavior can be justified by Fig. 2, where the percentage of uncertainty ranges from 0 to
20%. For example, comparing the distributions for the level 20%, the shapes are similar but the values associated to the
Uniform distribution are smaller. Similar behavior can be noticed until the level 1%. For a 0% of uncertainty, the
variance is less than 10™'® and thus is numerically negligible.

The difference of magnitude caused by the distribution in the variance explains why, starting from the top dead
center of the engine, the values of the C.I. bounds are lower for the Uniform distribution than for the Gaussian
distribution.
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Figure 1. Stochastic and deterministic solution for (a) Gaussian and (b) Uniform distribution for 0%, 1%, 10% and
20% of uncertainty in the mass fraction burned
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Figure 2. Pressure variance for (a) Gaussian and (b) Uniform distribution for 0%, 1%, 10% and 20% of uncertainty
in the mass fraction burned

4. CONCLUSION

The physical problem consists of predicting the thermodynamic states inside of an internal combustion engine
fuelled with ethanol. The problem was modeled thermodynamically and such mathematical formulation was written in a
stochastic and a deterministic version. The stochastic problem was proposed in order to consider uncertainties in the
model of the combustion process whose nature is empirical. Gaussian and Uniform distributions were considered in
order to perform the numerical solution. The numerical solution was analyzed to investigate the influence of the level of
uncertainty. Finally, the gPC Galerkin method has the advantage of not using sampling and, for the case studied,
presented low computational cost. Furthermore, the methodology seems to be feasible to a mathematical model of an
internal combustion engine in order to turn it more realistic.
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