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Abstract. Considering durability of structures with cracks it is necessary to take into account a possibility of crack surfaces
contact. Indeed, under arbitrary loading of structures there is no guarantee, that the cracks will be completely opened. The
complete or partial closure can take place if the material is under compression [1]. The crack surfaces contacting leads to
changing the stress and deformations within the structure and influences on the conditions of the crack growth and on life-time of

structures.

Problem of partial opening of a penny-shaped crack due to the heat sources is considered. Analytical results are
obtained by means of Hankel transforms and corresponding dual integral equations. The closed form solutions for heat flux
across the crack surfaces and for the aperture of the crack are obtained. The solution is illustrated by several numerical results.
The crack openings as functions of the distance between the heat sources and the crack for different initial openings of the crack

are shown.

1. INTRODUCTION

Let an infinite elastic body contain a penny-shaped crack occupying the region r < a in the plane z = 0 referred to the
cylindrical coordinates system (r, o, z). It is assumed that the crack surfaces are free of load and the arbitrary initial crack

opening @ (r), as well as the corresponding stresses o i within the body are given. Let two concentrated heat sources of a
constant intensity W are located on z-axis symmetrically with respect to the crack plane at the points P = + & produce

stresses ai’} and displacements (u*,a)*). In addition, we assume that the crack surfaces are kept at the constant

temperature T* =0 . From the superposition principle, the total stresses and displacements can be described as
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With increase of compressive thermoelastic stresses, "overlapping” of crack surfaces can take place and a zone of
"negative” displacement can occur, e. g. @ <0. To avoid this phenomenon, the restrictions on the crack surfaces
displacements have to be applied, namely @ >0 for0<r<a.

If the crack surfaces come into contact the boundary conditions for the problem on the partially closed crack are as
follows
T"=0, 6,,=0, @>0 for x<r<a z=0,
* _ _ )
iT =0, 0,=0, =0 for 0<r<x, z=0,
z

where T* describes the temperature within the body while the regions x < r < a and 0 < r < x represent the opening and
contact zone, respectively.
It was proved by Ju and Rowlands [2] and by Goldstein and Spector [3] that such a boundary problem can be solved

iteratively and the process of iterations converges to the exact solution for the contact domain. To determine stresses a{j

and displacements (u*, ") caused by two heat sources located symmetrically with respect to the crack plane the following
boundary value problem has to be solved [4]:
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o,,(r,00=0 for 0<r<a, o,(r,00=0 for r>0, ®'(r,00=0 for r>a,

where a, A, v are the coefficients of thermal expansion, heat conductivity and Poisson’s ratio, respectively.
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2. TEMPERATURE DISTRIBUTION
Distribution of temperature T * (r, z) within the body containing a crack is represented as

THr,2)=TO(r,2)+T(r,2) (5)

where T ° describes the temperature in the body without crack and caused by the heat sources located at the points P (+&)

while T stands for the temperature caused by the application of the prescribed temperature on the crack surfaces and
according to Nowacki [4]

T(rz) W 1+i
47.\R, R,/

Rlzw/r2 +(z—§)2,R2 :w/r2 +(z+§)2.

To define the temperature T(r, z), the following boundary value problem has to be solved:
T 1T 2T
—t——t—

or? ror g7°

(6)

T(r,O)=—T0(r,0):—ig(r) for O<r<a g(r)_% 1 75

e

aT(r,0)
0z
The boundary value problem (7-8) is reduced to the following dual integral equations [4]:

=0 forr>a,

o, = L gy for 0<r<a,
27
0 %)

j uB(U)do(ur)du=0 for r>a,
0
and the heat flux across the crack surfaces is given by

q(r) = Iu@(u)Jo(ur)du for 0<r<a, (10)
0

where Jo(r) is the Bessel function of the first kind. Solution of the dual integral equations (9) can be represented in the form

[4]:

D(U) = j cos(ut){ j 59(5) dstt (11)
From (8), (10) and (11) the heat flux across the crack surfaces for 0 < r <a is finally given by
2 2
q(r) = W2 g 1 ! 7 —arctan % (12)
i 4l | Ja2 2 ngz P+

3. OPENING OF THE CRACK

From the superposition principle, stresses cr{]f and displacements (u*, @) corresponding to problem (4) can be represented

clij=of +of) +oy
(13)

0 1)

u* =u+u® +u,0" = 0° + o'

Here, U” and (u®, ®°) describe stresses and displacements caused by the temperature T° in the body without crack; o—,ﬂl) ,

and u®, »® stand for stresses and displacements within the body containing the crack, which is loaded by stresses equal to
evaluated from the previous step but with opposite sign. Notations oj; , and (U, @ ) denote stresses and displacements in the

body with the crack with the surfaces, which are free of mechanical load but heated with the prescribed temperature given
by Eq. (7),.
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where functions R; and R, are described by Egs. (6),5, and g is a Lame constant. According to the solution given by
Sneddon [5], the opening of the crack caused by the vertical load applied to its surfaces is defined for 0 < p <1 by

Wy L [ sf(s)
@@ (p) j \/t j ds [dt, (15)

—s?

can be read as [4]

where according to Eq. (14)1

4 1 c? r
f(p)=-0c0(p.0) = KA — [“ 3 2} p=
a \/p +C p +C

From Eq.(16); and Eq. (15), the crack opening a)(l) (p) can be derived as follows
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In(t+\/t - dt
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Py =4AL-V),  F(p,0)= zﬁj
P

A problem of finding stresses oj; and displacements (u, @) in the body containing the crack opened due applied temperature
on its surfaces is reduced to the solution of the following dual integral equations [5]:

[rvmaotemdn=nte) foro<p <1 [yGnis(emdn=0 for p =1 (19)
0 0
where
© 1
h(p) = @+)aa® [QuIs(om)dn, Q) = [ a(e)3s(om)dp, (20)
0 0

and g(,0) representing the heat flux across crack surfaces is given by Eq. (12).
The solution of the dual integral equations (19) has the following form [5]

win =2 J’sm(ns)( \/wads 21)

and the corresponding crack opening o is read as
w=fw(r7)Jo(pf7)d77 for 0< p<1. (22)
0

From Egs. (20-22) the crack opening @(,0) can be given as follows

c+vV1+c? L

cypitc? Jlic?

a)(p):ZAolB(c)In(lJr w/l—p2)+C(c)Inp+In L(p,c) (23)

where
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Finally the total crack’s opening " (p) is given by

" (p) = & (p) + (p) (25)
where 0 (p) and w(p) are given by Eq. (17) and Eq. (23), respectively.

4. CLOSURE OF CRACKS WITH VARIOUS INITIAL OPENINGS

(24)

The developed model and obtained closed-form solutions will now be used for the analysis of crack closure in
materials exploited to the heating from two point heat sources placed symmetrically to the crack surfaces at different
distances from them. The crack are penny-shaped. The closer the heat sources to the crack, the higher the maximum of the
heat flux (formula (12)) through the crack surfaces (Figure 1), and the greater the crack closure (formula (23)) due to
thermal compression (Figure 1).

a(p.05) , |
a(p.1)

a(p.2)

p

Figure 1. Dependence of heat flux q(p, c) through the crack surfaces and the thermal crack closure w(p, c) for different
distances from the heat sources to the crack plane, ¢ =0.5; 1.; 2 (pis a dimensionless crack radius).
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Let the initial crack opening be wo=b (1- p? **Pwith b = 1.2; = 0.5; 1; 2; pis a dimensionless crack radius. The
parameter £ is responsible for the crack shape: cracks with # =1 have an elliptical initial aperture, whereas # = 0.5 gives a
more vertical opening of the crack on its contour and # = 2 corresponds to a smooth touching of the crack surfaces along
its contour. As the heat sources approach the crack surfaces, thermal stresses and corresponding thermal crack closures
(Figure 1) increase and they superpose into the initial crack openings (Figure 2), which finally leads to the overlapping and
the surface contact.

2

wo(p, ) ::1-2(1—p)0'5-B

p:=0.010.02.0.99

Wwo(p,0.5) *

-o(p,0.5)

-1 0 1

Figure 2. The initial crack opening wyand negative thermal crack opening w (analytical solution from formula (23),(24)),
superposition of which gives the total crack opening, R(p, ¢), where c is the distance from the heat sources to the crack (
(because of the symmetry the picture is given for 0 < p< 1).

Graphs presented on Figures 3-5 show the process of gradual approaching the crack surfaces to each other upon
approaching the heat sources to the crack, which eventually, at some moment, leads to the surface contact (because of the
symmetry the pictures are given for 0 < p < 1). The obtained results reveal some intriguing features. On Figures 3 and 4,
where the initial crack shape was wo= b (1- p2) *** correspondingly with # = 0.5 and £ = 1, the crack contact occurs in
the center. However, on Figure 5 the contact zone is located along the crack contour (with f = 2). This fact is easy to
explain: a parameter 5 = 2 gives the initial crack opening with smoothly overlapping of the crack surface along its contour,
and it is easier for the heat sources to close the crack there. In contrast, # =0.5and £ =1 contribute to the shape of the
crack aperture making its surfaces “steeper” on its contour, which eventually facilitates the initial contact at the crack
center.

5. THE CONCLUSIONS

The problems of penny-shaped cracks in materials have attracted a lot of attention, and it is not possible to
mention all the papers on this topic. However much fewer deal with penny-shaped cracks in elastic bodies under heating
conditions (e.g. [6], [7], [8]). Presence of a crack in material causes distribution of the heat and therefore of the surrounding
crack thermal stresses, which makes the problem much more complicated than in absence of the thermal loads, and that is
why only few mixed analytical-numerical solutions are available (e.g. [7], [8]). In present work a problem on closure of a
penny-shaped crack due to heat sources is considered. Analytical result is obtained by solution step by step of heat
conductivity problem with application of principle of superposition and dual integral equations method and of thermoelastic
problem with use of principle of superposition and Hankel transform. The formulas of a heat flux into crack from two
sources and thermal closure of the crack are derived. Graphs of the crack surface displacements depending on the distance
from the thermal sources up to the crack surface and pictures of closing of the cracks due to the thermal sources are
obtained. For three cracks with different initial opening the graphs of their closing are given and analysis is conducted how
the contact zone depends on various distances between the crack surfaces and the thermal sources. The graphs demonstrate
that the closing occurs different ways depending on the crack initial opening: in case of smooth surfaces overlapping the
closing occurs on the crack contour, and in other two cases the crack starts closing in the center.



Proceedings of ENCIT 2012 14™ Brazilian Congress of Thermal Sciences and Engineering
Copyright © 2012 by ABCM November 18-22, 2012, Rio de Janeiro, RJ, Brazil

R(p,1.1) 05 - —

R(p,0.7) 0.5 - —

0
-1 -0.5 0 0.5 1

p

1 T T T

R(p,0.5) 05 - —
0 | I /_\
-1 -0.5 0 0.5 1

p

Figure 3. The total crack apertures R(p, ¢) = my(p, €) — @ (p, c) for the initial crack shape with B = 0.5 as result of
superposition of the initial aperture wg(p,c) and negative thermal aperture @ (p,c) for the distances from the heat sources
to the crack surfaces c = 1.1; 0.7; 0.5.
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Figure 4. The total crack apertures R(p, ¢) = (o, €) — @ (o, c) for the initial crack shape with 3 = 1 for the
distances from the heat sources to the crack surfaces ¢ = 1.1; 0.7; 0.5.
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Figure 5. The total crack apertures R(p, ¢) = ay(p, ¢) — @ (p, c) for the initial crack shape with 8= 2. (smooth overlapping
of the crack surfaces along its contour) for the distances from the heat sources to the crack surfaces ¢ = 1.1; 0.7; 0.5.

REFERENCES

[1]
2]
[3]
[4]
[5]
[6]
[7]

[8]

M. Matczynski, M. Sokolowski, Crack opening and closure under the action of mechanical and thermal loads, Theor.
Appl. Fract. Mech. 11 (1989), p. 187-198.

S.H. Ju, R.E. Rowlands, Thermoelastic determination of crack-tip coordinates in composites. Int. J. Solids and
Structures 44 (2007), p. 4845 — 4859.

R.V. Goldstein, A. A. Spector, Variational estimations of solutions of some mixed three-dimensional problems in
elasticity theory with unknown boundary. Mechanics of Solids 2 (1978), p. 82—-85.

W. Nowacki, Thermoelasticity, PWN, Pergamon Press, (1986).

I. N. Sneddon, M. Lowengrub, Crack Problems in the Classical Theory of Elasticity, John Willey & Sons, Inc., (1969).

Z. Olesiak, I. N. Sneddon, The distribution of thermal stress in an infinite elastic solid containing a penny-shaped
crack, Arch. Ration. Mech. and Analysis, 4, (1959), p. 238-254.

S. H. Mallik, M. Kanoria. A Unified General Thermoelasticitry Formulation: Application to Penny-Shaped Crack
Analysis, J. Thermal Stresses, 32 (2009), p. 943-965.

A.A. Abdel-Halim and A. Elfaky. An Internal Penny-Shaped Crack Problem in an Infinite Thermoelastic Solid, J. of
Appl. Science Research 1(2) (2005), p. 325-334.



