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Abstract. A porous channel limited by two impermeable flat plates is modeled by employing a mixture theory that
treats fluid saturated porous media by considering the fluid and the porous matrix as superimposed continuous
constituents of a binary mixture - each of them occupying its whole volume. The flow of a power-law fluid through a
porous channel, for both shear-thinning and shear-thickening responses is simulated using a Runge-Kutta method
coupled with a shooting strategy. Despite the strong nonlinearity of the problem, the methodology provides stable and
accurate results.
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1. INTRODUCTION

In this work the steady-state flow of an incompressible generalized Newtonian fluid through a plane saturated
porous channel (rigid solid matrix) is modeled by a mixture theory approach. The Mixtures Theory generalizes the
classical Continuum Mechanics and has been specially developed to describe multiphase phenomena. Fluid saturated
porous media are modeled as superimposed continuous constituents (the fluid and the porous matrix) of a chemically
non-reacting binary mixture - each of them occupying its whole volume. This approach is distinct from the widespread
volume-averaging technique, discussed by Whitaker (1969), that has been successfully employed to describe most
transport phenomena in porous media (see Alazmi and Vafai, 2000 and references therein).

The governing equations — namely solve mass and momentum conservation equations for the fluid constituent (to
model an isothermal flow of a fluid through a saturated rigid porous matrix) coupled with constitutive assumption for
the partial stress tensor (analogous to Cauchy stress tensor) and a momentum source to account for the momentum
interaction between both constituents of the mixture — give give rise to a non-linear two-point boundary-value problem
in ordinary differential equations. Such a problem can be numerically approximated using a Runge-Kutta method
coupled to a shooting technique. This latter consists of an iterative algorithm, which attempts to identify appropriate
initial conditions for a related initial value problem that provides the solution to the original boundary value problem.

2. MECHANICAL MODEL AND NUMERICAL SIMULATION

The mechanical model combines mass and momentum balance equations for the fluid constituent, since the solid
constituent (porous matrix) is rigid and at rest with constitutive assumptions for the power-law fluid constituent. The
balance equations (Atkin and Craine, 1976; Rajagopal and Tao, 1995) are given by
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in which p, =@ p is the fluid constituent mass density (with ¢ representing the fluid fraction and o the actual fluid
density) v, its velocity, Tr is the partial stress tensor associated with the fluid constituent and my is an interaction
force per unit volume acting on the fluid constituent due to its interaction with the other constituent of the mixture.
Considering a power-law fluid, Cauchy tensor may be stated as T =-2I+2n(D-D)”"D (Bird et al., 1987, Tanner,
2000), in which p is the hydrostatic pressure acting on the fluid, 7 and » are the power-law rheological parameters that
characterize the fluid behavior and D is the strain rate tensor acting on the fluid. It is important to note that the usual

power-law equation, given by 7 = 21(()/)'”7l D (Slattery, 1999), in which x is a consistency index and m a power-law

(m-1)/2

index, could be recovered, making 7 =2 Kk and n=(m-1)/2 . Considering the above-stated Cauchy tensor, the

partial stress tensor and the momentum source, are given by (Martins-Costa et al., 2000; Costa Mattos et al. 1995)
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Assuming a steady-state flow of an incompressible fluid constituent though a porous channel with height 2H,
equations (1)-(2) and the no-slip boundary condition give rise to
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Figure 1. Flow through a plane porous channel.

Neglecting gravitational effects and making v/=vr i and vy = w in Eq. (3), for the geometry depicted in Fig. 1, the
fully developed steady-state flow may be expressed as
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where wp,,, represents the maximum value of w.

Equations (4) form as two-point boundary value problem; which can be approximated by using a fourth-order
Runge-Kutta methodology coupled with a shooting technique, described below. The first equation of Eq. (4) may be

conveniently rewritten by considering the convenient variables redefinition z =w and =z, =dw/dy as

a d
a}p 27+l —p |22 Y g Zl , giving rise to the following system of first order differential equations
ar  2¥ ay
d 2z —-277 7 d’
ﬁ=2—|22 2 ‘Z?+a|22 z and ﬁ=22 (5)
dv (27+1)B dx dy

The following boundary-value problem approximates the velocity profile at the porous channel: Find
z:[-H,+H]—=>R and z, :[-H,+H ] = R, such that
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The problem stated in Eq. (6) is equivalent to finding the root of a scalar function represented as ®:R — R ;
t—®(t)=z,(y=+H;t), where for a given t € R, representing an initial estimate, the value ®(¢) is the value of the

variable z; at point y=+H, obtained by solving the following initial boundary value problem
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Essentially, this procedure is a shooting technique in which ¢ represents the initial estimate of the derivative
(dw/dy) at the point y=-H . The initial boundary value problem is approximated by a Runge-Kutta technique

(Dahlquist and Bjorc, 1969) and the root of the function ®(¢) is obtained by an unconditionally convergent procedure,

the Bisection method (Dahlquist and Bjorc, 1969). It is important to remark that the above-proposed change of variables
is only adequate when z, = 0.
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Figure 2. Behavior of the function ®(¢) for distinct values of power-law index.

It is important to note that w,, occurs exactly when gz, =0, giving rise to numerical instabilities in a
neighborhood of y=0, in the process of searching for the root of the function ®(z). Taking advantage of the symmetry,

this problem may be circumvented, but in order to find the roots an unconditionally convergent methodology is
required, due to the behavior of the function ®(r), depicted in Figure 2. It is important to observe that distinct scales

have been employed in this figure. The nonlinear nature of the function ®(r) implies that a small variation of one
parameter (v, for n>0 or dw/dy, for n<0) in the neighborhood of the root causes a huge variation of the other one.
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4. RESULTS

Figure 3 shows numerical results for the fluid constituent velocity profile, obtained varying the power-law index n
(from n=-0.2 to n=0.5) and considering the flow depicted in Fig. 1 with the following parameters: dp / dx = 107> Pa/m,

n=10"Pas", ¢ =05, A=1, B=¢n=05x10"Pas" and K =107 m™. It may be noted that the velocity profile
becomes flatter as n decreases, in which there is shear-thinning behavior for n<0, shear-thickening for »>0 and
Newtonian for n=0. When strongly shear-thickening behavior is verified, as depicted in figure 3a for n=0.5, the velocity
profile tends to a parabolic profile for y> 0.4 or -04 <y <1.0, but even in this case, a flat profile is verified for
-04=y=<04.

Actually, although distinct scales in the horizontal axis have been employed in figures 3a and 3b, it may be noted
that the velocity profile is almost zero for n=-0.2, as depicted in figure 3b, in which it may be observed that
Wmax — 0 for n <-0.1, as confirmed by the graph depicted in figure 4.
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Figure 3. Velocity profiles for: (a) shear-thickening and (b) shear-thinning behavior.

The problem described by Eq. (4) could be scaled, giving rise to:
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Figure 4 depicts the behavior of the maximum velocity (in m/s) for distinct values of #n, obtained with the same
material parameters employed in figure 3, showing that it approaches from zero for #n<-0.1, as confirmed in figure 3.
This behavior is caused by the shear-thinning feature of the fluid combined with the interaction between the porous
matrix and the fluid constituent.
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Figure 4. Behavior of maximum velocity

The dimensionless velocity profiles, defined by Eq. (8) are presented in figure 5. It may be clearly observed that the
velocity profiles become flatter as n decreases, as expected for this model. Actually flat velocity profiles are verified for
all considered values of the power-law index and for n <0 (corresponding to Newtonian and shear-thinning behavior)

the velocity is almost constant except for a very thin boundary layer. In these cases the velocity profiles are almost
coincident.
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Figure 5. Dimensionless Velocity Profiles

4. FINAL REMARKSS

This work studies the flow of a power-law fluid through a porous channel limited by two impermeable flat plates
employing a mixture theory approach. The numerical simulations were performed combining a fourth-order Runge-
Kutta method with a shooting strategy, which proved to be adequate to simulate this kind of problem.

Despite the nonlinear behavior of the function ®(z) depicted in figure 2, the numerical methodology is able to

produce accurate results for the problem — see Martins-Costa et al. (2011) in which this numerical strategy is compared
with some analytical solutions.
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