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Abstract. This work investigates a natural convection in a square enclosure with a protuberant heat source. It is a 

laminar and non-steady regime. The finite element method is used to approximate solutions. Linear quadrilateral 

elements are employed to spatially discretize the domain. Several validations are carried out with numerical and 

experimental results. Water-based nanofluids have Copper, Alumina and Titanium oxide as its nanoparticles, 

separately. This work has two parts. The first part consists of lateral vertical cold walls that have variable heights and 

they are referred to fins, which could be considered to be part of the cooling system to refrigerate electrical 

transformers, for example. Ten heights are studied for these cold walls. Rayleigh number ranges from 10
4
  to 10

6
 and 

the volume fraction from 0 to 0.016, totaling 9 suspension concentrations. By combining all geometrical and physical. 

The second part consists of geometries with variable aspect ratio and variable heat source height and two lateral 

vertical cold wall heights. Just three volume concentrations are studied: 0, 0.01 and 0.015. Just part of the temperature 

and velocity behavior is shown here. The concentrations are chosen to be very small, since they are in agreement with 

the correlations used for thermal viscosity and thermal conductivity. In a general view, nanofluids proved to smoothly 

enhance heat transfer as the concentration increases for the range adopted. However, nanoparticle material plays an 

important role on heat transfer. 
 

Keywords: Natural convection, nanofluid, heat source 

 

1. NOMENCLATURE 

 
FH  Fin height 

h  Heat transfer coefficient 

knf  Nanofluid thermal conductivity 

L  Characteristic length 

Nu  Nusselt number 

P   Dimensionless pressure 

p   Dimensional pressure 

Pr  Prandtl number 

q”  Dimensionless heat flux 

Ra  Rayleigh number 

Ri  Richardson number 

T  Dimensional temperature 

t   Dimensional time 

u  Dimensional velocity on x-direction 

v  Dimensional velocity on y-direction 

U and V Dimensionless velocities in the X and      

Y directions, respectively 

u and v  Dimensional velocities in the x and y 

directions, respectively 

 

Greek symbols 

αnf  Balancing diffusion or nanofluid  

thermal diffusivity 

∆  Increment 

   Dimensionless temperature 

nf   Nanofluid dynamic viscosity 

   Kinematics viscosity 

nf   Nanofluid density 

(ρβ) nf Nanofluid thermal expansion 

(ρCp) nf   Nanofluid heat capacitance 

Ø  Nanoparticle concentration 

τ  Dimensionless time
 

 

Subscripts 

c, h  Cold and hot surfaces, respectively 

hs  heat source 

f  Pure fluid 

nf  Nanofluid 

p  Particle 

2. INTRODUCTION 

 
 Nanofluids have been scenery of quite a number of publications for the past decade due to its importance. Wen et 

al. (2009) presented a critical and extensive review of nanofluids for heat transfer applications. They came to the 

conclusion that the scientific understanding is still limited, since that many challenges are still alive which are the 

formulation, practical application, controlled particle size and morphology for heat transfer applications. There are some 

controversies in literature that may be due to uncertainties on the content of nanofluids, not to mention the solid and 

fluid phases. They said that not only thermal conductivity, but also other properties such as viscosity and wettability, 
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must be seriously considered in future research. Problems with buoyancy induced flow play an important role in a 

variety of engineering systems due to their applications in electronic cooling, heat exchangers, etc. Ostrach (1998) made 

a review on these applications. Since low thermal conductivity of conventional fluids, for instance water and oils, 

impairs a better heat transfer performance and is a constraint of equipment compactness, an innovative technique to 

help enhance heat transfer, and hence decrease the size of equipment, is the use of nanoparticles in the base fluid. Such 

suspension composed by a base-fluid and nanoparticles was firstly named nanofluid by Choi (1995). Some numerical 

and experimental works on nanofluids concern thermal conductivity (Kang et al. (2006), convective heat transfer 

(Maiga et al.(2005), Abu-Nada (2008), boiling heat transfer and natural convection (Xuan and Li (2000). One can find a 

detailed review, as also mentioned in Oztop and Abu-Nada (2008), in Putra et al.(2003), Wang et al.(2006), Xuan and 

Li (2000), Trisaksri and Wongwises (2007), Daungthongsuk and Wongwises(2007), and Wang and Mujumdar (2007). 

Aminossadati and Ghasemi (2009) studied natural convection in a square cavity with a heat source placed at the 

bottom insulated surface. Nanofluid was composed of water-based fluid and Copper, Silver, Alumina and Titanium 

oxide as for its solid particles. The authors used the nanofluid thermal conductivity for spherical nanoparticles 

according to Maxwell (1904) and which was also cited by other researchers such as Ho et al. (2008) and Oztop and 

Abu-Nada (2008) . The effective dynamic viscosity was given by Brinkman (1952). Aminossadati and Ghasemi (2009) 

used the volume control method as for the numerical method and the Simple algorithm to handle the pressure-velocity 

coupling. A 60x60 uniform grid was found to meet grid independency and CPU requirements.  They studied the 

influence on heat transfer of volume fraction that ranged from 0 to 0.20, Rayleigh number (Ra) from 10
3
 and 10

6
, and 

heat source size from 0.2 to 0.8, for Copper, Silver, Alumina, and Titanium dioxide nanoparticles. They found that Cu 

and Ag nanoparticles provided the highest cooling performance, where for low Ra, the addition of 20% of these solid 

particles resulted in 42.8% reduction of heat source maximum temperature. Öğüt (2009) studied numerically the heat 

transfer by natural convection in an inclined square enclosure with a constant flux heater placed on the left vertical wall. 

All walls were thermally isolated, but the right vertical one, which was cooled. The heat source length was taken as 

0.25, 0.50, and 1.0 (whole wall). Ra ranged from 10
4
 to 10

6
. The work presented the effect of volume concentration (0 

to 0.2) for Copper, Silver, Copper oxide, Alumina and Titanium dioxide. As for the numerical method, polynomial-

based differential quadrature (PDQ) was applied. According to the author, PDQ produces accurate numerical results, 

small number of grid points and, thus, requires small CPU time. The effective thermal conductivity adopted was the one 

proposed by Yu and Choi (2003), which is a modified version of Maxwell equation for a solid-liquid mixture that 

includes the effect of a liquid nanolayer on the surface of a nanoparticle. He found that the presence of nanoparticles 

caused substantial increase in heat transfer rate. The behavior of the average Nu was nearly linear with the volume 

fraction. Heat transfer rate started to decrease for smaller inclination angles as source length ranged from 0.25 to 1.0. 

The maximum and minimum Nu’s were localized at inclinations 30
o
 and 90

o
, respectively. Oztop and Abu-Nada (2008) 

conducted a study in which there was a heater under uniform temperature in an rectangular enclosure. The heater was 

placed on the left vertical wall. The opposite vertical wall was cooled, being that the remaining walls were isolated. The 

enclosure aspect ratio and also the heater size and position on the wall were investigated. The governing equations were 

approximated by the finite volume approach (Patankar(1980) and Versteeg and Malalasekera). The existing 

nanoparticles were Copper, Alumina and Titanium dioxide for a water-based nanofluid. In general, the use of 

nanofluids and also the increasing volume fraction increased Nu. The effect of the heater size depended mainly on the 

kind of nanofluid being used. For rectangular enclosures, heat transfer was more pronounced for vertically elongated 

enclosures. Tiwari and Das (2007) investigated the convection behavior inside a two-sided lid-driven differentially 

heated cavity filled with nanofluids. The vertical moving walls were isothermal and the remaining ones isolated. Results 

for Richardson number (Ri) ranging from 0.1 to 10 were presented. The transport equations were numerically 

approximated by using the finite volume technique and the SIMPLE algorithm. Water was used as the base-fluid and 

mixed with copper nanoparticles in some concentrations, such as 0.0%, 8%, 16%, and 20%. The effective viscosity was 

the one presented by Brinkman (1952) and the effective density and heat capacitance as the ones found in Xuan and Li 

(2000). The effective thermal conductivity of fluid was determined by the one of Maxwell-Garnett’s model for 

spherical-particle suspension. They presented an extensive number of graphics containing streamlines and isotherms. It 

was observed that nanoparticles were able to change the flow pattern from natural to forced convection regime. When 

the walls had ascending movement, Nu was reduced compared to the other cases from the work.  For Ri < 1, which 

features forced convection, with walls moving in opposite directions, Nu enhanced significantly regardless which side 

moved upwards. Gosselin and Da Silva (2004) performed a study on the maximization importance of thermal 

performance of nanofluid flow when adequate constraints are concerned. Their main objective was to examine the heat 

transfer on a plate from which heat was removed by nanofluid flowing on it.  The mathematical model used was the one 

proposed by Hamilton and Crosser (1962), Xuan and Roetzel (2000) and Brinkman (1952). An analysis of the empirical 

shape parameter was carried out in function of volume concentration. They showed that as long as an appropriate 

constraint is used, heat transfer can be optimized in terms of volume fraction. By constraining the power dissipated by 

friction, an optimal volume fraction can be achieved by balancing low pumping power requirement and the need for an 

enhanced heat transfer rate. 

The objective of this work is to perform an analysis on laminar natural convective heat transfer in a square 

enclosure with an internal heat source. This whole set is built to resemble, approximately, a transversal section of an 



Proceedings of ENCIT 2012           14
th
 Brazilian Congress of Thermal Sciences and Engineering 

Copyright © 2012 by ABCM               November 18-22, 2012, Rio de Janeiro, RJ, Brazil 

  

electrical transformer with lateral solid fins as its cooling external system. In order to roughly simulate a fin attached to 

the enclosure, a cold wall with variable height is located on both vertical sides of the enclosure. In the first part, 9 

heights are studied for Rayleigh numbers (Ra) equal to 10
3
, 10

4
, 10

5
, 10

6
 and Prandtl number (Pr) 6.2 (pure water). 

Copper (Cu), Alumina (Al2O3) and Titanium dioxide (TiO2) are used as nanoparticles to form the nanofluids. Nine 

volume fractions (Ø) are considered: 0 (pure water), 0.002, 0.004, 0.006, 0.008, 0.01, 0.012, 0.014, and 0.016. The 

second part, some geometric parameters are varied: two cold wall heights, three heat source heights, and two cavity 

widths. Three volume fractions (Ø) are considered: 0 (pure water), 0.01 and 0.015. Copper (Cu) is used as the 

nanoparticle. Ra numbers are 10
4
, 10

5
, and 10

6
 and Prandtl number (Pr) 6.2 (pure water). The finite element method is 

used to approximate the conservation equations, together with the Petrov-Galerkin technique to treat the convective 

terms and the penalty formulation to deal with the pressure terms. A linear quadrilateral element is used to discretize the 

spatial domain. The code is thoroughly validated by comparing present results with the ones found in numerical and 

experimental works from literature. In order to verify the mesh independency, two meshes are analyzed. Afterwards, 

results for temperature and velocity behavior will be shown. Also, plots of Nusselt number versus fin height, volume 

concentration, etc, are presented. 

 

3. MATHEMATICAL FORMULATION 

 
 Figure 1 shows a square enclosure whose outer surfaces are considered thermally isolated (hachured part) and 

cooled at uniform temperature Tc (non-hachured part). As for the internal surfaces, they belong to an internal heat source 

whose surfaces deliver a uniform and constant heat flux q” to the inner fluid domain. The inner fluid domain is 

composed by a water-based nanofluid. The nanoparticles that belong to the suspensions studied are Copper (Cu), 

Alumina (Al2O3) and Titanium dioxide (TiO2) whose thermophysical properties are shown in Table 1. This work does 

not consider oil, which is used in most electrical transformers. This may be considered in future works. On the right side 

of Fig.1, one may find the respective surfaces and their dimensionless lengths. For the first part, the geometrical 

parameters are FH (fin height) = 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9 and 1.0 (whole vertical wall), 

CH (core height) = 0.5 and W (width) = 0.5. For the second part, the geometrical parameters are FH (fin height) = 0.5 

and 1.0 (whole vertical wall), CH (core height) = 0.25, 0.5, 0.75 and W (width) = 0.5 and 0.75. This wok also intends to 

study the interaction among the fin heights and the heat source cooling for various Rayleigh numbers. The Rayleigh 

number is the product of buoyancy and viscosity forces within a fluid and Prandtl number, which describes the 

relationship between momentum diffusivity and thermal diffusivity. Throughout this work, half of the geometry will be 

studied, since there is a symmetry line at x=0. This saves CPU time and, hence, enables a more refined mesh on the 

surfaces of interest over which the Nusselt number is calculated.  

 

 
 

Figure 1. Geometry and boundary conditions. 

 

The governing equations are the conservation equations of mass, momentum and energy for a two-dimensional  

laminar and non-steady natural convection in terms of nanofluid physical properties. 

The effective density ρnf  and the thermal diffusivity αnf  of the nanofluid are given as: 
 

 nf f p1      
,       

 nf nf p nf
k C 

 (1) 

The nanoparticles, which will be considered in this study, are Copper (Cu), Alumina (Al2O3), and Titanium dioxide 

(TiO2). The base fluid is water with Prandtl number (Pr) equal to 6.2. Table 1 gives the thermophysical properties of 

water and nanoparticles according to Oztop and Abu-Nada (2008): 
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Table 1 – Thermophysical properties of fluid and nanoparticles 

Physical properties Water Cu Al2O3 TiO3 

Cp (J/kgK) 4179 385 765 686.2 

ρ (kg/m3) 997.1 8933 3970 4250 

K (W/mK) 0.613 400 40 30.7 

β x 10-5 (1/K) 21 1.67 0.85 0.9 

 

The heat capacitance (ρCp) nf  and the thermal expansion (ρβ) nf  of the nanofluid are written as: 

 

      p p pnf f p
C 1 C C      

,         
      

nf f p
1      

 (2) 

The effective dynamic viscosity µnf  of the nanofluid (Brinkman (1952)) is:
 

 

f

nf 2.5
1







  (3) 

The thermal conductivity knf  for spherical particles and based on Maxwell –Garnett’s model (1904), is: 

 

   
   

p f f p

nf f

p f f p

k 2k 2 k k
k k

k 2k k k





   
 
   
 

 (4) 

where kp is the thermal conductivity addressed to nanoparticles (Copper, Alumina and Titanium Oxide), and kf is the 

thermal conductivity addressed to pure fluid (water). The Maxwell-Garnett’s model has been cited by other authors 

such as Aminossadati and Ghasemi (2009), Ho et al. (2008) and Oztop and Abu-Nada (2008). 

 

Since this is a dimensionless study, the conservation equations should be re-written in terms of dimensionless 

parameters, which are as follows:  

 
 

 

32
f fc

2 2
f f f f f fnf f f

g L TT - Tx y uL vL pL t q" L
X ;Y ;U ;V ;P ; ; ;Ra ; T ;Pr

L L T kL /

  
  

      
         


 (5) 

For that being so, the dimensionless governing equations of mass, momentum and energy conservation are: 

 

U V
0

X Y

 
 

 
 (6)

 
2 2

nf

2 2
nf f

U U U P U U
U V

X Y X X Y



  

      
            

 (7) 

 2 2
nf nf

2 2
nf f nf f

V V V P V V
U V Ra Pr

X Y Y x y




    

      
             

 (8) 

2 2
nf

2 2
f

U V
X Y X Y

    

 

     
          

 (9) 

 

The local Nusselt number and the average Nusselt number are, respectively: 

*
hs

hs

1
Nu ( X ,Y )

( X ,Y )


,

*
hs hs

hs

1
Nu ( X ,Y ) Nu

S
   (10) 

4. NUMERICAL PROCEDURE AND CODE VALIDATION 

 

Equations (6) to (9) are approximated by the finite element method with Petrov-Galerkin weighting on the 

convective terms and the pressure terms are approximated by a penalty technique with the penalty parameter equal to 

10
9
. These techniques will be omitted here for a space matter. They can be found in a variety of literature, for instance, 

Heinrich and Pepper (1999). The numerical method is implemented by using a Fortran program. The code is thoroughly 

validated.  Just part of it is shown. Table 2 consists of a comparison with a benchmark problem in which a square 

differentially heated cavity is studied where the vertical wall temperatures are uniform and equal to 0 (cold wall) and 1 

(hot wall). compares the average Nusselt number along the hot wall, the maximum velocities in the X and Y directions 

and their respective positions at Y and X axes, for Ra equal to 10
3
, 10

4
, 10

5
 and 10

6
. However, only comparisons for Ra 

equal to 10
3
 and 10

6
 and shown. Air is the work fluid with Pr = 0.7. Excellent agreement is achieved. 
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Table 2. Comparison table for square differentially heated cavity with wall temperatures 0 and 1. 
 

Ra 
 Present Khanafer et al. 

(2003) 
Barakos and 
Mitsoulis (1994) 

Markatos &Pe- 
ricleous(1984) 

De Vahl Davis 
(1984) 

Fusegi et al. 
(1991) 

 Nu 1.1208 1.118 1.114 1.108 1.118 1.105 

103 Umax (at y/H) 0.1379 (0.8120) 0.137 (0.812) 0.153 (0.806)  - (0.832) 0.136 (0.813) 0.132 (0.833) 

 Vmax (at x/H) 0.1400 (0.1780) 0.139 (0.173) 0.155 (0.181)  - (0.168) 0.138 (0.178) 0.131 (0.200) 

 Nu 8.8363 8.826 8.806 8.754 8.799 9.012 

106 Umax (at y/H) 0.0760 (0.8500) 0.077 (0.854) 0.077 (0.859)  - (0.872) 0.079 (0.850) 0.084 (0.856) 

 Vmax (at x/H) 0.2620 (0.038) 0.262 (0.039) 0.262 (0.039)  - (0.038) 0.262 (0.038) 0.259 (0.033) 
 

One more validation is presented in Table 3 and it is related to nanofluid behavior. The problem is taken from 

Aminossadati and Ghasemi (2009). The problem consists of a square cavity with a heat source with length B placed on 

the middle of the bottom surface. All walls are cooled at temperature zero, but the remaining bottom surface is isolated. 

The base fluid is water with Pr = 6.2 and the nanoparticles used are Copper, Alumina and Titanium Oxide. Results for 

average Nusselt number and maximum temperature on the heat source are obtained for Ra equal 10
3
, 10

4
(not shown), 

10
5
(not shown) and 10

6
. In general, an excellent agreement is observed. 

 

Table 3. Comparison for the case with a heater on the bottom of a square cavity with Ø = 0.1, B = 0.4 and Pr = 6.2. 

  Num  Tmax  

  Present 
Aminossadati and 
Ghasemi (2009) 

Present 
Aminossadati and 
Ghasemi (2009) 

Ra=103 Cu 
5.4681 

(0.30%) 
5.451 

0.205 

(0.00%) 
0.205 

 Al2O3 
5.4075 

(0.30%) 
5.391 

0.207 
(0.00%) 

0.207 

 TiO2 
5.2058 

(0.32%) 
5.189 

0.215 

(0.00%) 
0.215 

Ra=106 Cu 
13.5222 

(2.53%) 
13.864 

0.109 

(1.84%) 
0.107 

 Al2O3 
13.4093 

(1.89%) 
13.663 

0.110 

(1.82%) 
0.108 

 TiO2 
13.1595 

(1.95%) 
13.416 

0.113 

(1.77%) 
0.111 

 

5. RESULTS AND DISCUSSION 

 

A mesh independebcy srudy was carried out ranging grids with 20000 to 40000 elements. Errors ranged from 0% to 

0.1%. In the present section 5, Figure 2 and Table 4 regard part one and other figures and tables concern part two. 

Figure 2 depicts the average Nusselt on the heat source surface in function of the nanoparticle concentrations for 

FH = 1, Ra from 10
3
 to 10

6
, also contrasting the effects of the three nanoparticles (Copper (Cu), Alumina (Al2O3) and 

Titanium dioxide (TiO2)). This is a graphic where one can clearly note the effects of concentration and material by 

keeping Ra and FH fixed. However, it is worth mentioning the importance of verifying Nu ranges reached here by 

looking at its order on the graphic axes. In a general way, Nu gets higher as concentration increases. For all cases, the 

Copper water-based nanofluid is the one that features the highest deviation of average Nusselt number on the heat 

source (Nuhs) (highest curve inclination). It is important to point out that the thermal conductivity of Cooper is about ten 

times the ones of Alumina (Al2O3) and Titanium dioxide (TiO2). Other FH’s present the same behavior. 

Table 4 presents the module values of deviations for Nuhs and θmax on the heat source for Cu nanofluids. The highest 

deviation occur for low Ra, that is, the role of nanofluids regarding cooling of the heat source is more significant when 

the ratio of floatability and viscosity forces and the product of thermal and dynamic diffusivities is smaller. In this case,  

that is, low Ra, the temperature order is lower and, hence, the nanofluid becomes more efficient. The deviation order of 

Nuhs with Ra = 10
3
 and FH = 0.5, is 3% and 4.5% for Ø = 0.01 and Ø = 0.016, respectively. This same order is valid 

for Ra = 10
3
 and FH = 0.7 and 1. When high Ra’s are concerned, the temperature values are also high, thus, the 

nanofluid performance tends to become weaker. In other words, since the correlations for thermal conductivity and 

viscosity of the nanofluid considered in this work depends solely on the small nanoparticle concentration, which means 

that they do not vary with temperature and the nanoparticle diameter, these two properties do not change as Ra 

increases when a case is taken individually with fixed concentration. Hence, these two properties do no change when 

the heat source temperature increases. For that being so, the role of the nanofluid conductivity given by the presence of 

nanoparticles has more effect for lower temperature values. This is a very interesting result, indeed. It is worth pointing 

out that all this work is carried out for very low nanoparticle concentration of the order of 1%. The authors strongly 

suggest other studies using higher concentrations where thermal conductivity and dynamic viscosity correlations take 

into account not only concentration but also temperature and particle diameter. 
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The second part, that is, CH = 0.25, 0.5, 0.75, FH = 0.5, 1.0, W = 0.5, 1.0, Ø = 0, 0.01, 0.015, Ra = 10
4
, 10

5
, 10

6
, for 

Copper only, is presented in Table 5. Since we are dealing in this part with a small order of Nusselt number variations 

regarding nanoparticle concentration by keeping other parameters constant, it is interesting to show data in the form of a  

 

Ra = 10
3
, FH = 0.5


0,000 0,002 0,004 0,006 0,008 0,010 0,012 0,014 0,016

N
u

h
s

2,66

2,68

2,70

2,72

2,74

2,76

2,78

2,80

2,82

Copper

Alumina

Titanium

Ra = 10
4
, FH = 0.5


0,000 0,002 0,004 0,006 0,008 0,010 0,012 0,014 0,016

N
u

h
s

2,70

2,72

2,74

2,76

2,78

2,80

2,82

2,84

2,86

Copper

Alumina

Titanium

Ra = 10
5 

, FH = 0.5


0,000 0,002 0,004 0,006 0,008 0,010 0,012 0,014 0,016

N
u

h
s

3,71

3,72

3,73

3,74

3,75

3,76

3,77

3,78

Copper

Alumina

Titanium

Ra = 10
6
, FH = 0.5


0,000 0,002 0,004 0,006 0,008 0,010 0,012 0,014 0,016

N
u

h
s

6,30

6,32

6,34

6,36

6,38

6,40

6,42

6,44

Copper

Alumina

Titanium

Ra = 10
3
, FH = 0.7


0,000 0,002 0,004 0,006 0,008 0,010 0,012 0,014 0,016

N
u

h
s

3,10

3,12

3,14

3,16

3,18

3,20

3,22

3,24

3,26

3,28

Copper

Alumina

Titanium

Ra = 10
4
, FH = 0.7


0,000 0,002 0,004 0,006 0,008 0,010 0,012 0,014 0,016

N
u

h
s

3,14

3,16

3,18

3,20
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Figure 2 – Nusselt versus concentration for FH = 1 and Ra = 10

3
 a 10

6
. 

Table 4. Module values of deviations for Nuhs and Ømax on the heat source for Cu nanofluids. 

 Nusselt Number Heat Source Temperature 

FH Ra Water Ø=1% |Dev.| Ø=1.6% |Dev.| Water Ø=1% |Dev.| Ø=1.6% |Dev.| 

0.5 

103 2.6688 2.75 3.01 2.80 4.84 0.3647 0.36 2.91 0.3479 4.61 

104 2.7248 2.80 2.72 2.85 4.40 0.3555 0.35 2.62 0.3407 4.16 

105 3.7157 3.75 0.97 3.77 1.56 0.2584 0.26 0.93 0.2545 1.51 

106 6.3134 6.38 1.03 6.42 1.64 0.1528 0.15 1.05 0.1503 1.64 

0.7 

103 3.1154 3.21 3.02 3.27 4.86 0.3217 0.31 2.92 0.3068 4.63 

104 3.1565 3.24 2.79 3.30 4.50 0.3144 0.31 2.64 0.3013 4.17 

105 4.3092 4.35 0.85 4.37 1.37 0.2266 0.23 0.79 0.2236 1.32 

106 7.5598 7.63 0.98 7.68 1.55 0.1295 0.13 1.08 0.1273 1.70 

1.0 

103 3.2953 3.40 3.02 3.46 4.86 0.3104 0.30 2.93 0.2960 4.64 

104 3.3260 3.42 2.82 3.48 4.55 0.3043 0.30 2.66 0.2915 4.21 

105 4.5812 4.62 0.76 4.64 1.23 0.2181 0.22 0.69 0.2157 1.10 

106 8.2724 8.35 0.89 8.39 1.40 0.1191 0.12 0.92 0.1174 1.43 

 

table. Therefore, Table 5 presents the Nusselt numbers and the maximum temperature for all cases, where W, FH and 

CH are geometric parameters referring to width, cold wall height and the heat source height, respectively. The 

deviations shown in the last column refer to the Nusselt number variations for the cases with nanofluid from the ones of 

pure water. One can note that, again, the most significant deviations are found for small Rayleigh numbers, that is, 

Ra = 10
4
. For example, for W = 0.5, FH = 0.5, CH = 0.25, and Ra = 10

4
, the deviations are 2.71% and 4.10%, for 

Ø = 1% and 1.5 %, respectively. For the same geometry just mentioned with Ra = 10
6
, the corresponding deviations are 

0.8%  for Ø = 1% and 1.2% for Ø = 1.5%. This pattern repeats when W = 0.75. The nanoparticle presence seems to be 

more effective when Ra decreases. The aspect ratio also affects the heat transfer. One can compare the cases from the 

left hand side of the table, W = 0.5, with their respective ones from the right hand side, W = 0.75. By doing so, one 

studies the influence of letting the cold wall surface be more distant from the heat source surface, and therefore, more 

space for the fluid to flow between those two surfaces. For Ra = 10
4
 and 10

5
, the geometries with W = 0.5 present Nuhs 

higher than the ones with W = 0.75. On the other hand, Nuhs for Ra = 10
6

 and W = 0.75 are higher than those for 

W = 0.5. As Ra increases in this analysis, the regime turns to be more convective and hence allowing more cold fluid 

flow in the space between the heat source and the cold wall. When Ra is small, the more conductive regime is favored 

when those two surfaces are closer. 

 

7. CONCLUSIONS  
 

In the present work an analysis was carried out to see the influence of nanoparticles in a base fluid (water) on the 

behavior of heat transfer inside a square cavity with a protuberant heat source placed inside it on the bottom surface. 
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Table 5. Isotherms, Nusselt numbers and θmax for the second part. 

 
The Nusselt number variation was not significant when volume concentration was ranged. Nevertheless, the 

material played an important role when volume concentration was kept constant and a fixed Ra and a fixed fin height. 

The authors strongly encourage this same study with other correlations for thermophysical proportions where higher 

concentrations will be possible. 
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