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Abstract. The objective of thiswork is to use the Double Integral Method to solve problems of transient unidimensional
conduction heat transfer in semi-infinite body with a non homogeneous Dirichlet, non homogeneous Neumann and
Robin boundary conditions. The double integral method is a mathematical technique that can be used to obtain
approximate solutions to transient heat transfer problems. This method transforms the non-linear boundary value
problem into an initial-value problem, whose solution can often be expressed in a closed analytical form. In the double
integral method the partial differential equations are integrated twice, the first integration being performed within the
domain and the second along the phenomenological distance. This double integration allows the gradient vector at the
surface to be approximated using the Smple Integral Method. Thus improvements can be attained by changing the
derivative at the boundary by an integral relation, since the process of differentiation amplifies any difference between
the assumed temperature profile and the exact solution. This double integration allows the calculation of the gradient
vector at the surface to be approximated by an integral relationship, thus replacing the calculation of the derivative in
the boundary which amplifies any difference between the exact solution and the assumed profile, by an integral
relationship. In this work, the results obtained were compared with analytical exact solutions found in the literature
and approximate analytical solutions provided by the method of Goodman to show that the temperature profiles
obtained with the double integral method are better than those presented by Goodman, the improved temperature
distribution being closely related to improvements made by the double integral method in the approximation of heat
flow along the body
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1 INTRODUCTION

The proliferation of numerical and computationatheiques and the availability of software packapase
neglected analytical methods for solving heat fiemgroblems. There is no doubt that computer o represent a
breakthrough especially in problems of irregulaometries. However, it is important to study andelep exact and
approximate analytical methods so that computegnaros are optimized demanding less processing timthis sense
this work makes use of the Double Integral Methooppsed by Volkov (1965) to solve boundary layenaipns. In
his work the author conducted a thorough studyhef Karman-Pohlhausen (1921) Simple Integral Methad
proposed a refinement to this method by meanseofituble integration of the boundary layer equation

The results presented by Volkov (1965) are beltan those obtained by Karman-Pohlhausen methodhénéact
encouraged investigators to develop other studs@sguthis method. Tse-Fou (1976) addressed the daoynayer
problem considering large variations of the Prantdinber. EI-Genk &Cronenberg, (1979) presenteddrticles, the
first to test the double integral method to vethg accuracy of the solution in phase change pnubknd the second to
obtain an approximate solution for the growth aiirdtage of an ice thickness on a cold plate in @cintvith a forced
flow. In the present work the double integral methwas applied to transient heat transfer problemsemi-infinite
body with boundary conditions of the first, secamt third kinds. In each case the profiles usedpatgnomials of
degrees two and three. The objective is to showirfiaence of increasing the degree of the polyradnm the
description of the temperature profile and heawfidong the body.

2 APPLICATIONS OF THE DOUBLE INTEGRAL METHOD

In this work, all the applications of the doubléeigral method considered a semi-infinite solid witie geometry
illustrated in Fig.1. A semi-infinite solid has s main characteristic to extend infinitely in dlrections except one in
a way that this solid has a unique identifiablgeste. If a sudden change in the boundary condiidmposed on this
surface, unidimensional transient conduction occiifss type of geometry provides a useful ideairatin many
practical problems, for example, it can be employedhe determination of transient heat transfearrthe earth’s
surface or can be used to approximate the transéspbnse of a finite solid as a thick plate. Tag application is
reasonable for the initial portion of the transieagime, during which the temperature inside ttaepht points distant
from the surface are essentially not influencedhgychange in the boundary conditions.
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Figure 1. Semi—infinite‘solid

2.1Application of the double integral method with loundary condition of first kind

The double integral method will be applied to savenidimensional thermal conduction problem iniradva semi-
infinite body extending along the a%$ 0, having a non-homogeneous Dirichlet type boundamndition atx =0m,
initially at temperature of zero degrees Celsiusug] the physical system is well established aedntlathematical
model is described by the equation of heat condnand the corresponding boundary conditions gbadaw.

T T

o0 @
TO)=Ts @)
T(0,1)=0 )
"—T(J,t):o ()
ﬁ(é =0 (5)
x>

By applying the double integral method in Eq. @3ults:
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and approximating the gradient vector at the booyndaing the simple integral method,
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Substituting Eq. (8) into Eq. (7):
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Assuming cubic and quadratic polynomial profilestfte temperature distribution given by Eq. (10J &g. (11)
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Substituting Eq. (10) and Eqg. (11) in Eq. (9) resin the following ordinary differential equations
do
6a = J(t)— 12
O (12)

100 = J(t)% (13)

Solving both ordinary differential equations witetinitial condition given by Eq. (14) and subsetlyereplacing
the quadratic profile given by Eg. (10) and theicyirofile given by Eq. (11) the temperature dmmttions along the
semi-infinite body is completely determined.

5(0)=0 (14)
Table 1 show the temperature profiles and calcutageheat flux at the surface for similarity methodegral and

double integral single.
Table 1. Comparison of temperature distributiorfifes.

Method Temperature Profile Heat Flux ak =0 Error
T(x1)
Similarity X \/T
T,| 1-erfc —T.k
Jat
Double Integral X 2 2 Tk
(Quadratic Profile) T 1- = Ji2 ° 2.3%
Jat
Double Integral x 3 3 K
(Cubic Prodfile ) T, 1- N J20 s 188%
Jat
Simple Integral x 3 3
(Cubic Profile) T.|1- Tskylo 85%
7 Vaaat 8
Jat

Figure 2 shows the temperature distribution prefidtained by similarity, simple and double intégnathods. It
may be observed that the double integral methodh witadratic profile exhibits better accuracy tocdiee the
temperature distribution when compared with Goodmarethod with cubic profile. This improved accuras related
to the way each of the methods describe the haatdlong the body, as shown in Figure 3.
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Figure 2. DIM quadratic profile Figure 3. DIM flux quadratic profile
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Figure 5 shows the temperature distribution obthibg the methods discussed above, except thaisrctise the
double integral method is used with cubic profi. it is shown in Fig.3, the curve described by degible integral
best fits the exact analytical solution, when coragao the approximation made by the simple integuethod. Figure
4 exhibits the distribution of the thermal flow ass the body. Notice that the approximation madehieydouble
integral method for heat flux at the boundary isitacoarse. However throughout the body this apgnda best suited
to the analytic solution when compared to the metthb Goodman. Thus it is evident that the best mmuin the
description of the temperature profile is closalated to better precision in the description efflow along the body.

— — Double Integral Method — — Double Integral Method
— - — -Simple Integral Method 80 b — - — - Simple Integral Method
Analytic Solution Analytic Solution

=}
o

=)
o
T

e o
>~
T

Flux (Wm?)

=)
s
T T

Temperature (°C)
o
o

I I L = 1 1 1 1 1 = L
0 0.1 02 03 04 05 06 0.7 0 01 02 03 04 05 06 07
Distance Surface (m) Distance Surface (m)

Figure 5. DIM cubic profile Figure 4. DIM flux cubic profile

2.1 Application of the double integral method withboundary condition of second kind
Consider a semi-infinite plate extending along thés x>0 initially at temperature of zero degrees Celsius,
assuming its boundary at a specified heat flux emqaal tof (t) =1000ﬂ2. Thus the physical system is completely
m

determined and the mathematical model is desciilyethe conduction equation and the boundary canitigiven
below.

oT _ o°T

- ka_T = f(t) (16)
0x

or (J,t)=0 (17)

0X

T(5,t)=0 (18)

9°T _

P 0 (19)

Considering the quadratic and cubic polynomial ieeffor the temperature distribution given respety by Eq.
(20) and Eq. (21),

T(xt) :—zi 50~ x)? (20)
f 3
gl = 5_
T =—=-(6-%) -

Applying the double integral method in the heatdwgstion Eq. (15)
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T Yo Prer
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Substituting the temperature profiles given by ) and Eq. (21) into Eq. (22) yields the corresfing ordinary
differential equations

ado

( jdt =a (23)
&o

(%)T'” (24)

The ordinary differential equations Eq. (23) and &4) are solved with the initial condition givbg
5(0)=0 (25)
Table 2 shows a comparison of the solutions forpitediles obtained with the similarity method, simpntegral
method with cubic profile and double integral methwith quadratic and cubic profiles. These solwiarere used to

calculate the temperature at the surface.

Table 2. Evaluation of surface temperature

Method Temperature ProfirE(x t) TO1) Error
Similarity 4at
s f.l— 0%
{\/ ’{ J 2 2\/_ J} N ’
k
Double Integral 2 Jat
. : (484t - x 12 fvat
(Quadratic Profile) oK \/—( ) J12 T 353%
Double Integral f 3 f/at
(Cubic Profile) —Z(V 11428t - X) v 1261t 066%
3/1142&0t "k k
Simple Integral f (m )3 JiE flat
i i -X 15——
(Cubic Profile) ky/24at K 9.0%

Figure 6 shows the approximation of the temperatlistribution performed by both integral methodshwi
guadratic profile compared to the exact analyticdiition. It may be observed that the double irgkegrethod exhibits
higher accuracy for distances shorter thAm . As shown in Fig. 7, better approximation ie thescription of the
temperature profile for distances less tBdm , is linked to the higher accuracy of the doubtegral method in
describing the heat flow in this same distance.
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Figure 8 shows the temperature distribution obthingh the similarity method, as well as the appmetions
performed by the integral methods with cubic peofiBy analyzing this figure it is noticeable thagnsficant
improvement in the temperature profile results whempared with Fig. 5 where the integral methodeewsed for a
guadratic profile. As shown in Fig. 8, the approatian of the heat flux is described by a parabpiigfile when using
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a temperature cubic profile, which is reflectedaisignificant increase in the description of hdavfalong the body
and hence a better precision in the descriptighe@temperature profile.
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Figure 8. DIM cubic profile Figure 9. DIM flux cubic profile

2.3 Application of the double integral method withRobin’s boundary condition

Here the double integral method is applied to saly&oblem involving one-dimensional thermal conitucin a
semi-infinite body which is initially at zero deg® Celsius and with a boundary conditionxat Omof Robin type.
Assuming that initially the boundary condition hitssmost generic form which is convenient when ipatarized, has
the problem has the complete physical descriptéod its mathematical model can be given by heatlwdion
equation and their boundary conditions describéovie

oT _ o°T

TG, t)=0 (27)

‘;_T G.1)=0 (28)
X

‘;—T O,t) = —f (z,t) (29)
X

o°T

Sz @00 =0 (30)

Considering the quadratic and cubic polynomial ifgsffor the temperature distribution given by E8l) and Eqg.
(32)

T(xt) :%(a—x)2 (31)
f(zt
T(x.t) :%(5—@3 (32)

Making a change of variable indicated by Eq. (33) &qg. (34), respectively, and substituting thedyatic and
cubic profile it is possible to rewrite these eduasg as a function of the surface temperature:

z(t) =T(0,t) (33)
2z

ot) = N (34)
_ 3z

ot) = ) (35)

Therefore,
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Applying the double integral method in the heatdwgstion Eq. (26)

o(t) x o(t) oT
.””_" j Ja_d (38)
00 0

After manipulating the previous expression results

o(t) oT a(t) o(t) aT o(t) x oT
J‘ a—(x t)dx + J; _([ p J; OE (39)

Substituting the quadratic profile Eq. (36) and ¢hbic profile Eq. (37) into Eq. (36) yields:

dl 22 )_
d( 9z
_[ f Z(ZZ,I)J - 207 (42)

Considering that the functioi(z,t) given by the boundary condition Eq.(29) is defirmdshown in Eq.(39) and
substituting it in Eq.(40) and Eq.(41) the resalts their ordinary differential equations.

f(z)= (Ej.(zo -2z) (42)
32,12(2) 2201 (2) & 8
=3 (43)
lf (2)]
2 Uz, 3 df dz
[2721 . f2(z)-182° L dt}
=200z (44)

f1 (z)

The above differential equations are separablafmndolution of each one takes the following forms:

2
(L P P S P DR S | PRI P (45)
3Lk o7z | 9|(,_z 9 Z,
% z,

4(h)? 1 z 1
—(—j at=06——= -1/+06In|1--2|+061- (46)
3k z 2 Zy 1_i

1-— z

[ Zo] 0

The exact analytical solution presented by Carslad/Jaeger (1959) is given by:
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h 2
z X - x+h%at X h
— =erf - ek erfc +—+at (47)
z, 2Jat 2Jat K

The equations Eq. (45) and Eq. (46) can be draverins of two of the three dimensionless parameters

X

48
= (48)
o at (49)
up (50)

Figs. (10) and (11) show the graphs of the exaalytinal solution, as well as the solutions obtdity the double
integral and simple integral method. These grapfiewrawn withi versudoglo(E \/Ej withL =0.
Zy

2Jat
In Fig.10 both integral methods are using the caigdiprofiles in their approaches. As it can bensahe of the
double integral method has low sensitivity to thmice of the profile, whereas the approximation endg simple
integral method was found to be a bit coarse wienpared with the other two methods. Fig. 11 shoeth integral
methods using cubic profiles. It may be noticedgaificant improvement in the approximation of thienple integral
method while the double integral method presentely enarginal improvements. It is practically impids to
distinguish each of the integral solutions in figsire.
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Figure 10. DIM quadratic profile

Figure 11. DIM cubic profile
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