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Abstract. A fully coupled simulation of three dimensional problems involving fluid structure interactions is the most 
accurate way to predict the behavior of high aspect ratio cylinders in cross flows. The main interest in this kind of flows 
are due the great number of applications in the oil and gas industry (especially as related to the modeling of risers used for 
oil exploitation in deep seas), however there are inherent difficulties in the simulation of the fluid structure interaction of 
long and thin cylinders, as examples the high computational cost due the fact that a cylinder is moving across the 
computational domain associated with the necessity of the structural model be able to deal with high displacements. 
In this work we circumvent these difficulties by the joint of two methodologies: the combination of the Cosserat theory 
applied to slender beams, and the Immersed Boundary methodology, which is used to represent the interactions between 
the structural and fluid domains. The main features of the proposed methodology are evaluated by means of a number of 
numerical simulations, both in static and dynamic regimes, regarding the structural model, in a first step and the complete 
fluid-structure model, in a second step. The results obtained enable to evaluate the accuracy and the main advantages and 
shortcomings of the methodology, especially regarding the numerical aspects. Also, they enabled to put in evidence some 
relevant phenomenological aspects related to the dynamic behavior of cylindrical structures with various levels of bending 
flexibility, subjected to transverse flows characterized by different values of the Reynolds number. 
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1. INTRODUCTION 

 
The flow past a cylindrical structure can be the source of vibrations generated by vortex shedding. Such vibrations can 

induce to an increase of the drag coefficient, thus leading to an increase of the efforts over structure. The vibrations can lead 
also to the failure of a structure due fatigue. This is especially important when these cylinders are risers of oil exploitation 
subject to waves and/or maritime currents. According to Baarholm et al. (2006), two approaches have been adopted for 
solving fluid-structure interactions (FSI): empirical models and methodologies based on numerical simulation of governing 
equations (for both fluid and structure)  

The present work describes the research work carried-out with the aim of developing, implementing and evaluating a 
three-dimensional modeling procedure of fluid-structure phenomena involving slender structures, such as beams, bars and 
cables. The novel approach adopted consists of the combination of the Cosserat theory (Argyris et al., 1978) applied to 
slender beams, which accounts for geometrical nonlinearity, and the Immersed Boundary methodology (Lima e Silva et al., 
2003), which is used to represent the interactions between the structural and fluid domains. The study is included in the 
scope of Vortex-Induced Vibrations, which is a topic of great interest in the oil industry, especially as related to the 
modeling of risers used for oil exploitation in deep seas. According to the Cosserat theory, the deformed configuration of 
the structure is described in terms of the displacement vector of the curved formed by the cross-sections center of area, and 
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the orientation of a vector bases fixed to each cross-section, with respect to an inertial reference frame. The main advantage 
of this theory is that is geometrically exact. The finite element method is employed for discretization of the equations of 
motion for the structure. 

Through the Immersed Boundary methodology, the solid-fluid interface forces are evaluated by enforcing momentum to 
the fluid particles over the interface fluid-solid. Such a methodology is particularly suitable for problems involving fluid-
structure interactions, once the difficulty of re-meshing the computational grid is circumvented by the use of two 
independent domains. The governing equations of fluid flow are solved in an Eulerian domain (fixed, cartesian for 
instance), while the immersed geometry (or geometries) is (are) represented by a set of Lagrangian points. The coupling 
between both domains is made by the utilization of interpolation/distribution functions, which are based on discrete versions 
of a Dirac delta function. 

The main features of the proposed methodology are evaluated by means of a number of numerical simulations, 
both in static and dynamic regimes, regarding the structural model, in a first step and the complete fluid-structure model, in 
a second step. The results obtained enable to evaluate the accuracy and the main advantages and shortcomings of the 
methodology, especially regarding the numerical aspects. Also, they enabled to put in evidence some relevant 
phenomenological aspects related to the dynamic behavior of cylindrical structures with various levels of bending 
flexibility, subjected to transverse flows characterized by different values of the Reynolds number. 

 
2. Mathematic modeling for FSI 

 
The FSI numerical approach adopted is named partitioned, i.e. in the same time step (Δt) the coupling between the fluid 

and the structure is separated in two parts, first it is solved the transport and conservation equations of the fluid medium 
(Navier-Stokes equations), after that the equations for the motion of the structure equations (Cosserat Theory) are solved, as 
is shown in Figure 1. 

 
Figure 1. Partitioned approach for FSI. 

 
 The follow sections provide the detail of the formulation retained for the fluid, structure and the coupling between. 
 
2.1. Mathematic model for the fluid 
 

The flow is governed by conservation momentum equation (Eq. 1) and the continuity equation (Eq. 2). The information 
of the fluid/solid interface (domain Γ) is passed to the eulerian domain (Ω) for addition of the term source to Navier-Stokes 
equations. This term plays a role of a body force that represents the boundary conditions of the immersed geometry. The 
equations that govern the problem are presented in theirs tensorial form: 
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where p is the static pressure; ui are the velocity, fi are the IB term source in, ߩ is the density, µ is the kinematic viscosity; xi 
and t  are the spatial component the time respectively.  

The algorithm under consideration for the simulation of the fluid motion is based on a classical predictor-corrector time 
integration scheme that employs a projection method for the momentum equations. The finite volume spatial discretization 
of the Navier-Stokes equations (N-S equations henceforth) is based on a staggered framework with velocity and scalar 
quantities evaluated in different grids to avoid the rise of checkerboard pressure patterns. Regarding the temporal integration 
of the N-S equations, the schemes retained are essentially controlled by the Courant criterion ( ) ; 1,2,3iCo u t x u= Δ Δ = . 
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Explicit schemes exhibit numerical stability issues when using Courant number values larger than unity. However, such 
a numerical limitation does not apply to implicit or semi-implicit discretizations. The temporal integration schemes retained 
in the present work are fully implicit, in such a manner that it is possible to reach statistically steady regimes faster than by 
resorting to explicit time integration techniques (Vedovoto, 2009). To ensure regarding the robustness of a numerical 
method for solving the problems of interest, another important aspect analyzed in this revision is the choice of the temporal 
integration scheme. Here, besides the use of an fully implicit scheme permitting the use that allows to reach statistically 
steady regimes faster than by resorting to explicit time integration techniques, we show a formulation that allows the use of 
different methods of temporal integration, e.g. the Crank Nicolson method, a modified Crank Nicolson method, the Leap 
Frog and the backward difference formula methods. 

The source term if , defined in all domain Ω, is null, excepting the regions where the control volumes coincide with the 
immersed geometry, enabling  the Eulerian field to perceive the presence of solid interface. Eq. (3) displays its behavior. 
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where ݔ is the position of the particle in the fluid and ݔԦ  is the position of a point in solid interface, (Mariano et al. 2010). ௞

Through Eq. (3) it is possible to conclude that the field ௜݂  is discontinuous, and hence can be evaluated only when 
there is a coincidence between the points that compose the interface immersed boundary-fluid domain. It is rarely the case 
when there is a coincidence between the Lagrangian points and the control volumes. If a staggered framework of 
discretization is retained for the fluid equations, such a coincidence never happens once the primary variables of the fluid 
are positioned in different locations. When the flows of interest have complex geometries within the computational domain 
(Ω) it is necessary to distribute the function ݂  on its neighborhoods. This is achieved by replacing the Dirac delta 
function by a discrete interpolation/distribution function. There are numerous forms of such a function. A detailed study of 
the form and efficiency of then can be found in Griffith and Peskin, (2005). 
 
2.2. Mathematic model for the immersed interface 
 

The lagrangian force field is evaluated by the direct forcing methodology, which was proposed by Uhlmann (2005). One 
of the characteristics of this model is that ad-hoc constants are not necessary; therefore the modeling of non-slip condition 
on immersed interface is physically more consistent. The Lagrangian force ( ),i kF x tr  on the point k is evaluated by a balance 
of momentum over a particle of fluid coincident with the fluid-solid interface: 
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The values of ( ),i ku x tr  and ( ),kp x tr  are provided by interpolating of velocities and pressure respectively from Eulerian 

values of control volumes near the immersed interface. For the Lagrangian point xk at the immersed boundary, we have: 
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where u* is a temporary parameter (Wang, et al. 2008) and ( ),i kRHS x tr . Is the sum of the advective, pressure and diffusive 
contributions of Eq. (5). The latter equation is decomposed and solved by Eqs. (6) and (7) in same time step: 
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where  is the immersed boundary velocity at the interface. ( ),k UFIu x t t =+ Δ

r
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Equation (6) is solved on the Eulerian domain by the methods described in the section of mathematical and numerical 
methods for solving the fluid governing equations. ( )* ,iu x tr  is interpolated for Lagrangian domain, became ( )* ,i ku x tr  and it 

is computed on Eq. (7). Then ( ),i kF x tr is smeared on the Eulerian grid. Finally, the velocity is update by Eq. (8): 
 
( ) ( )*, ,i iu x t t u x t t f= ++ Δ Δ
r r . .i

, ሻݐ
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Therefore, for each point on th

 

 

Figure 2. Schematic model of an element of Cosserat. 

For convenience, we adopt that ࢊଵ  section and, consequently, 
,ݏଷሺࢊ  .ሻ results perpendicular to that planeݐ

sser strain 
u(s). Th called shear strain and v3(s) is named elongation. While u1(s) and u2(s) are 
describ e torsion strain. 

is given in terms of torsion angles and rot tion of th cross 

he local dynamic behavior of a beam element of Cosserat with density ߩሺݏሻ and cross-sectional area A(s), as shown by 
l equations:  

 

         (8) 

 
2.3. Mathematic model for structure 

 
One of the most important features of this theory is how the beam is spatially defined in terms of movement of the line 

passing through their cross sections centroids, defined by the vector ࢘ሺݏ in a Cartesian fixed (inertial) base represented by 
 with unit vectors ࢋ௜, and a set of orthogonal unit vectors attached to the cross section, forming the basis 
ଶሺݏ, ,ሻݐ ,ݏଷሺࢊ  .ሻሽ, where the variable S represents the position of the cross section along the line of centroidsݐ

e curve formed by the centroids there is a orthonormal moving frame, formed by the unit 
vector ࢊ௜ሺݏ, ,ݏሺ࢘ ሻ, that are defined externally to the position vectorݐ  ሻ. In Figure 2) we have the schematic representationݐ
of a segment of Cosserat beam, which are represented in the two bases mentioned previously. 

ሺݏ, ,ݏଶሺࢊ ሻ andݐ ሻ are contained in the plane of crossݐ

According to the beam theory of Co at, the are classified in two groups: linear strain v(s) and angular strain 
e components v1(s) and v2(s) are 

ed as bending strain, u3(s) is called th
The relationship between linear and angular deformation, which is subject to a segment of Cosserat beam, and the fixed 

and moving bases is established to provide a complete description, that is, the spatial position of the centroids as the rotation 
of the cross-section. Thus the vector of linear deformation a e 
section, and these relations are used later in the dynamic analysis. In this work we chose to omit these deductions but the 
mathematical details are found in the work of Borges (2010). 

 
2.3.1. The governing equations of motion 
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It is observed that Eqs (3.24) - (3.25)

element of the beam. In these equations, ࢔
ontact moment (internal), the angular momentum, the external force and external moment, all per unit of length. 

    (10) 

 are resulting from the application of the principles of Newton-Euler differential 
ሺݏ, ,ݏሺ࢓ ,ሻݐ ,ݏሺࢎ ,ሻݐ ,ݏሺࢌ ,ሻݐ ,ݏሺࡵ ሻ andݐ  ሻ are respectively the contact force, theݐ

c



Proceedings of ENCIT 2010                                                                                 13th Brazilian Congress of Thermal Sciences and Engineering 
Copyright © 2010 by ABCM                 December 05-10, 2010, Uberlandia, MG, Brazil 

In the Cosserat theory of beams, unlike the classical theory of beams discretized by the method of finite elements, the 
shape functions can be obtained from differen static equilibri and therefore take into account all the 
nonlinearities of system. As a consequence, we can increase the precision of the dynamic response by dividing th
into

tial equations of um, 
e structure 

 a few elements, whose number is usually much smaller than traditional methods of finite elements. However, the 
advantage provided by the Cosserat theory is obtained at the cost of more complex analytical and numerical procedures. 

The shape functions of the beam, depending on the nodal displacements and rotations, are obtained from solving the 
equation of static equilibrium. In literature, the static equilibrium is understood as the absence of external forces, and from 
Eq. (10), is that the contact forces shall meet: 
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And yet, from Eq. (9), the contact moments satisfy: 
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Thus, using the constitutive relations for linear Kirchhoff materials, the forces and moments of contact are given 

according to the linear and 
stem in terms of forces and moments of contact. Note that this system of equations can not be solved through direct 
t

angular deformations, respectively (Cao et al., 2006). Thus, one can obtain a highly nonlinear 
sy
in egration. Therefore, the perturbation method was employed to obtain an approximate solution (Arfken et al., 2000). 
Importantly, these shift functions obtained from the static equilibrium are then used in dynamic analysis, which eliminates 
one of the major problems commonly found in classical techniques of finite elements, which is conveniently define the 
shape functions. 

By associating the shape functions with the extended Hamilton principle is possible to find the Lagrange equations, 
which constitute a very elegant way to obtain the equations of motion of dynamical systems. In this work, we chose to omit 
the mathematic demonstration of these relations, which was presented in a straightforward manner, by Eq. (13), elementary 
equation of motion.  The contour conditions, as well as the global equations of the systems, are mounted using they are 
mounted the similar form the classic theory of finite elements. More details about this implementation and the construction 
of the global matrix of the system can be found in the work of Cao (2005). 
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where ࡹሺ௘ሻ is the mass matrix, ࡷሺ௘ሻ is the linear stiffness matrix, ࢍሺ௘ሻሺࢗሺ௘ሻሻ is a nonlinear vector with quadratic an cubic 
rms on the components of ࢗሺ௘ሻand ࢗሺ௘ሻis the nodal displacement vector. The integration method used in the simulations is 

the Newmark method with imposition of conservation of mechanical 

te that the mesh in 
 illustrated in Figure 4), which states the mesh discretization of the fluid in rectangular 
 of a cylindrical structure and the mesh discretization of the structural domain, that the 

cc

the concepts of kinematics and dynamics of three-dimensional 

te
energy, proposed by Bathe (2007). 

 
2.4. Fluid-structure interaction 
 

This section has been defined the methodology used to coupled the fluid and structural domain. No
these two domains is different, as
lements arranged on the surfacee

a ording to the theory of Cosserat formed by nodes positioned about a line. 
A major problem faced in this stage is how to transfer forces and moments applied by the fluid on the surface of the 

cylinder, calculated by immersed boundary method, to the nodes of the mesh structure. This issue must also be resolved in 
the opposite direction, thus transferring the displacements, velocities and accelerations are calculated using the theory of 
Cosserat beam to the surface of the cylinder that will be in contact with the fluid. 

The procedure adopted is to consider "slices" of the cylindrical mesh, in the length direction of the immersed cylinder, 
composed of a row of elements in the direction "z" and attach it to a given nodal point of the mesh structure, so that the 
force as well as the moment applied on the node of the structure mesh, are the result of demands imposed on all nodes in the 
mesh of fluid on the surface of the "slice" of the cylinder. 

In Fig. (4), the red point represents the Lagrangian point of the submerged structure and the green point represents the 
node of the mesh structure. To accomplish the transfer of information between the two domains becomes necessary to use 
auxiliary axis of references. In this modeling were used three axes, which are shown in Figure 3), two of them mobile 
(Axyz) and (Ax1y1z1) and a fixed (OXYZ). Thus using 
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The eulerian domain has dimensions 30x20x10 in directions X,Y,Z, respectively, the base of cylinder is positioned in 
10x

 
Figure 5. Eulerian and lagrangian domains. 

 
The boundary conditions for the Eulerian domain flow in the plane X=0 is a uniform inlet pro ile ܷஶ=1.0 [m/s] and at 

plane X=30 the advective boundary conditions is imposed. For other boundary conditions (planes Y=0, Y=20, Z=0 and 
Z=10) no-slip boundary conditions is im rm mesh divided in three parallels sub 

omains, (Vedovoto, 2009).  

3.1. Ri

t and Strouhal numbers are compared with the data provided by White (1991) and shown in 
able 1). The differences between Strouhal number present in Table 1) is probably due the proximity of boundary 

der and the length of cylinder. 

10x0, in relation to coordinate axes OXYZ. For all simulations carried in this work the cylinder has a diameter D=1.0 
and a length L=10.0, as show in Figure 5). 

 

 

f

posed. All simulations used a cartesian unifo
d
 

gid structure 
 
In order to validate the flow solver, the first simulations are performed without move the cylinder at different Reynolds 

numbers. Drag (Cd) coefficien
T
conditions of the cylin

 
Table 1. Comparison among different Reynolds numbers for drag coefficient and Strouhal number. 

 
 Re=100 Re=500 Re=1000 

Cd St Cd St Cd St 
White (1991) 1.40 0.18 1.30 0.21 1.10 0.21 
Present work 1.51 0.14 1.31 0.16 1.30 0.16 

 
3.2. Flexible structure 
 

The flexible structure is m o th f T r ic forces required by such a 
methodology are provided by  b ry od e n ynolds number were studied 

e= 100, 500 and 1.000). The physical and geometrical properties of the flexible cylinder are given in Tab. (2). 

Table 2. Physical and geometrical properties of the flexible cylinder. 

odeled by the C sserat eory o slender beams. he hyd odynam
 the immersed ounda  meth . Thre differe t values of Re

(R
 

 
Properties Values 

Aspect ratio (L/D) 10 
Density 7850 [Kg/m ] 3

Axial stiffness(EA) 5,014x104 [N] 
Bendi I) 907, 2] ng stiffness(E 53 [Nm
To 682,5 ] rs GJ) ion stiffness ( 5 [Nm2/rad
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As boundary conditions for the structure revolute joints a d hence displacements both the 
extremities and the torsional degrees-of-f ed, allowin tion in the directions x and y. The 
immersed structure is discretized using qually spa des and 6 degrees of freedom by 
node.  

he fig.(7) displays two snapshots of the flow past a flexible cylinder ate t= 860s (left) and t=875 s (right) ate Re=1000. 
Du

exc

    
 

Figure 6. Coherent fluid structures downstream the immersed cylinder. Iso-surfaces of  Q=0.25. 
 
For a quantitative evaluation of the flows here simulated Fig. (8) shows the drag and side coefficients. Although the 

movement of the flexible structure is not visibly notable considering the characteristic dimensions involved in the 
simulations its influence is undeniable when drag and side coefficients are analyzed. 

 

        
 

Figure 8. Drag (left) and side (right) coefficients of the flexible structure. 
 

In Fig. (8) is noteworthy the effect of the Reynolds number in the quantitative coefficients. Since a higher Reynolds 
number implies in higher efforts over the structure is natural an increase in the values of displacements of the flexible body. 

his phenomena promotes thus a higher oscillation of the sig ecially for Reynolds number higher than 500. 
Considering the anal g. (9) suggests that the 

affirmation of the last paragraph is physically consistent. In t figure the evolution in time of the displacement of a nodal 
poi

g is due 
ent

 model, re adopted an
reedom were eliminat g however, rota

50 Cosserat elements e ced, with 51 no

T
e to structural stiffness, and the magnitude of hydrodynamic forces imposed by flow, was not observed a visual 

deformation of the structure in this case, however, as will be shown in later figures, there is a variation in structural position 
within the flow, although not sufficiently to affect the large fluid structures of the flow around. 

It is observed in Fig. (7) the Von Karman wake, characterized by the periodic vortex shedding (which is responsible for 
iting the structure in the direction transverse to the flow).  
 

T nals, esp
ysis of the data provided by the structural model by the simulations, Fi

his 
nt positioned at the Z= 4.80 m from the bottom of the domain can be observed.  
 It is observed in Fig. (9) (left), in which all values of Reynolds numbers are considered, the shift toward normal 

direction shows an exponential decay, typical of viscous damping. It is worthy to note that the observed dampin
irely to the fluid-structural interaction, because the structural model was not considered any damping inherent in the 

material. 
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Figure 9. Flexible Structure subject to flow at different Reynolds numbers: Time history of displacement in direction (left) 
X, (right) Y. 

 
In Fig. (9) (right) we show the evolution of the disp the same nodal point in the transverse direction Y. One 

can note that the transverse displacement increased significantly for Re = 1000 due a higher influence of turbulence, i e. an 
i  
hydrodynamic forces that structure are submitted. 

Fig. (10) presents the structural shifts of the line of centroids of the flexible structure subject to flow for Re = 1000. 

 
 

Figure 10. Displacements of the centroid line. 
 
In Fig. (10) one notices the differences between the structural shifts in the longitudinal and transverse direction. The 

longitudinal displacement due to drag force causes the structure to move up to certain position and oscillate around it. 
Unlike the lateral force, this causes the structure to oscillate around zero, according to the vortex shedding in a combination 
of frequencies. As previously reported, t ced Vibration). It is noteworthy also 
that the longitudinal displacement was larger than the cross for this simulation. 
 

 large deformations. It is a major area of 
terest of the oil industry. 

  

lacement of 

ncrease of the vortex shedding downstream of the cylinder, that consequently, alters the pressure field and hence the

 

his phenomenon is known as VIV (Vortex-Indu

4. CONCLUSION 
 

We present a new approach for FSI problems applied to flexible cylinders. This promising approach is better detailed in 
work of Borges (2010) and Vedovoto (2009), allowing to solve problems with
in
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The Cosserat theory and immersed boundary method enabled to simulate a full FSI problem, which the structure 
mov
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