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Abstract. Radon-222 is a radionuclide exhaled from phosphogypsum by-produced at phosphate fertilizer industries. Alternative
large-scale application of this waste may indicate a material substitute for civil engineering provided that environmental issues
concerning its disposal and management are overcome. The first part of this paper outlines a steady-state two-dimensional model
for Rn transport through porous media, inside which emanation (source term) and decay (sink term) exist. Boussinesq approach
is evoked for the laminar buoyancy-driven interstitial air flow, which is also modeled according to Darcy-Brinkman formulation. In
order to account for simultaneous effects of entailed physical parameters, governing equations are cast into dimensionless form.
Apart from usual controlling parameters like Reynolds, Prandtl, Schmidt, Grashof and Darcy numbers, three unconventional
dimensionless groups are put forward. Having in mind ***Rn transport in phosphogypsum-bearing porous media, the physical
meaning of those newly introduced parameters and representative values for the involved physical parameters are presented. A
limiting diffusion-dominated scenario is addressed, for which an analytical solution is deduced for boundary conditions including
an impermeable phosphogypsum stack base and a non-zero fixed concentration activity at the stack top. Accordingly, an expression
for the average Sherwood number corresponding to the normalized **’Rn exhalation rate is presented.
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1. Introduction

Phosphogypsum is a by-product from phosphate fertilizer industries. Since it has presently little or maybe no
economic value, it has been simply disposed in stacks. In view of that, huge demands for fertilizers with high P,Os
concentration have yielded several piles of such waste material worldwide (Rutherford er al., 1994). Alternative
commercial exploitations of phosphogypsum have been sought (Mazzilli et al., 2000). In agriculture, it can be used as
soil amendment although only in small amounts. In contrast, its large-scale utilization as a substitute material for civil
engineering (e.g., building component, embankment filling and road base) still has to cope with environmental issues,
notably as far as ***Rn exhalation rates are concerned.

Along with its short-lived decay products, ***Rn responds to most of human exposure to radiation from natural
sources (UNSCEAR, 2000). Such radioactive gas is the most important radon isotope because it is able to reach the
environment thanks to its half-life of 3.824 days. If inhaled, its progeny is likely to decay to *'°Pb (half-life = 22.3
years) before being removed by lung clearance mechanisms. Although higher lung cancer risk is assigned to the
radiation released by those short-lived decay products (Nero, 1988), radiation exposure assessment and radiological
protection design are based on 22Rn exhalation rates. In USA for instance, such rates from inactive phosphogypsum
stacks are restricted to a maximum of 0.74 Bq~m_2~s_1 (US Government, 1998).

Radon-222 belongs to the *U chain and it results from the o-decay of *°Ra. This latter radionuclide is commonly
found in phosphogypsum as an impurity. Hence, 26Ra present in phosphogypsum-bearing material may decay to 22Rn,
which is able to travel through the layers, reach up the open atmosphere and finally be inhaled by nearby humans.
Consequently, “?Rn entry rates into local air depend intimately on its concentration within some distance from the free
surface of the porous matrix. Because many physical factors are involved (e.g. emanation rate, material porosity and
permeability, moisture content, temperature and 2Rn diffusivity), analysis of phosphogypsum environmental issues
should rely on comprehensive knowledge of “?Rn generation and transport within porous media.

Added risk of lung cancer related to exposures to “2Rn decay products was first recognized in the 1950s among
uranium miners while concerns towards indoor *’Rn concentration were brought into light in the 1970s. Several
investigations have been conducted to measure such concentrations and to correlate them to known physical parameters.
Initial results pointed to soil as a major source of naturally occurring high indoor concentrations though building
materials can play an important role (Nero, 1988). This may particularly be true if phosphogypsum is used as an
alternative material. Either way, **’Rn transport takes place inside a porous matrix.
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Transport phenomena in porous media find many engineering applications (Kaviany, 1994; Nield and Bejan, 1999).
Models for *’Rn transport in porous media have considered both diffusion and convection but early models have
basically taken into account air flow driven by pre-defined pressures differences and Darcy’s law (Loureiro, 1987). This
trend has been followed until present day (Andersen, 2000) as it yields a Poisson (transient transport) or a Laplace
(steady-state transport) equation to be solved for pressure which may simplify the numerical implementation of the
transport equations in a computational program.

Recent contributions include a theoretical study on **Rn transient diffusion and decay in activated charcoal
(Nikezic and Urosevic, 1998) and a simple model for *Rn and *'’Pb transient transport through the atmosphere
(Piliposian and Appleby, 2003). Analytical solutions for steady-state diffusion including both decay and emanation
processes within phosphogypsum stacks were presented by Rabi and Silva (2002; 2003) for two different boundary
conditions prevailing at the top free surface. In order to account for concomitant effects of controlling parameters, their
first preliminary analysis was cast into dimensionless form (Rabi and Mohamad, 2004).

The first part of this paper intends to broaden that last mentioned analysis by coupling flow and temperature fields
through the inclusion of natural convective effects. Depending on external air flow condition, distinct dimensionless
variables can be put forward. An analytical solution for a limiting physical scenario (namely, diffusion-dominated) is
presented and discussed.

2. Model assumptions for *’Rn transport in porous media

A representative elementary volume (REV) lying inside a phosphogypsum-based stack may comprise solid grains
and interstices filled up with air and water (if wet stack is considered). The vertical cross-section of a stack usually
assumes a trapezoidal shape, as sketched in Fig. 1(a). Nonetheless, for modeling purposes, it is approximated by a
rectangle of (half) width L (m) and height H (m) as depicted in Fig. 1(b), which also shows the related Cartesian
coordinate system. In this work, the stack is regarded as a porous medium sufficiently large in the direction normal to
the plane of Fig. 1, whose porosity € and permeability K (m?) are allegedly constant, the latter being further assumed to
be isotropic, i.e., it presents no directional dependence.
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Figure 1. (a) Sketch of a phosphogypsum-bearing stack and a representative elementary volume (REV) inside it; (b)
schematic diagram of a vertical cross-section and coordinate system.

Neglecting internal heat sources (e.g. due to chemical reactions or radioactivity), local thermodynamic equilibrium
can be evoked so that the temperature of all phases (phosphogypsum grains, air and water) are the same, i.e., T, = T, =
Ty, = T (K). All thermo-physical properties are considered constant with the exception of air density p, (kg~m’3) in the
buoyancy term. In other words, incompressible flow and Boussinesq approximation are assumed to hold and a linear
dependence of p, on local temperature 7T is supposed

1 (dp
(D) =poll =BT -Ty) ) h =——]| == (D
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Density p, and temperature T, are reference state values and B (K™) is the coefficient of thermal volumetric expansion.
The outstanding feature of *’Rn transport in porous media containing **°Ra particles is the fact that there exist both
source and sink terms. They are respectively related to emanation and decay processes and should be properly
accounted for in the species concentration equation. This paper assumes that ***Ra impurities are evenly distributed
throughout the stack, residing inside phosphogypsum grains only.
Local sinks are directly proportional to the total mobile **Rn activity d&.., (Bq) within the volume element dQ
(m®) of the REV. The proportionality factor is the *?Rn decay constant A (s™) so that the sink term becomes
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)\‘dgmob = )\‘accadg (2)

where the dimensionless coefficient €, is the so-called partition-corrected porosity (Andersen, 2000) and c, (Bq~m_3) is
the *Rn activity concentration in the interstitial air.

Internal ***Rn activity sources refer to the *°Ra concentration cg, (Bq-kg™), supposedly uniform and expressed on a
mass basis. If p, is the phophogypsum density, it has been shown elsewhere (Andersen, 2000) that the 22Rn activity
concentration source term within the REV is given by

LE(1-¢)p,dQ = eGdQ (3)

where E (Bq'kg™") is the number of *’Rn particles emanated from ***Ra radionuclides per unit of time and per unit of
phosphogypsum-grain mass (on a dry basis) whereas the quantity

G=ME"%p @
€

is interpreted as the **Rn activity generation rate per unit of interstitial volume (Bq-m-s™").
It is common to express E in terms of an emanation coefficient f, also known as emanating fraction or emanating
power (Nazaroff et al., 1988), and the concentration cg, as

E=fcg, 5)
With the help of Eq. (4) and if ﬁdry =(1-¢)p,, is the REV bulk density on a dry-basis, the *22Rn activity generation rate
per unit of REV bulk volume G (Bq:m™-s™") can be defined as

G=€G=\f cp,Pay (6)

3. Governing equations for *’Rn transport in porous media
3.1. Primitive variables formulation

Under the aforementioned model assumptions and adopting Darcy-Brinkman-Boussinesq formulation including
convective inertia terms, the steady-state 2-D Cartesian governing equations for bulk air mass, momentum, energy and

species (**?Rn activity) concentration inside the porous matrix can be expressed respectively as
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where u and v are the velocity components (m-s™') respectively in x and y directions, p (Pa) is the pressure, v (m*s™") is
the kinematic viscosity (REV bulk values wherever needed), g (m-s™) is the gravity acceleration, & (m*s™") is the REV
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bulk thermal diffusivity and D (m*s™) is the Rn REV bulk mass diffusivity. It is worth noting that ***Rn activity
sources and sinks are accounted for in the species equation, Eq. (11).

At this point, comments about the nomenclature are meaningful. The bulk diffusivity D is to be used whenever the
2R flux refers to the geometric (bulk) cross-sectional area. If Fick’s law of diffusion is set up in terms of the pore
system cross-sectional area, the so-called “interstitial” diffusivity should be used (Nazaroff et al., 1988; Yu et al.,
1993). In these two last references, such coefficient is also called “effective” diffusivity, although such terminology
may bring about confusion with the usual meaning attributed to the term “effective” in the literature on porous media.
Accordingly, “interstitial” diffusivity should be preferred as it is unique.

3.2. Dimensionless governing equations and parameters: laminar external flow

The previous governing equations can be written in dimensionless form as an attempt to deal with concurrent
effects of physical parameters influencing the ***Rn transport. As far as pressure p and velocity components u and v are
concerned, different dimensionless variables may be defined depending on the condition of the external air flow.

One possibility is external air flowing in laminar regime (e.g. breeze or mild wind). It may be further assumed that
the incoming flow is parallel to the ground, i.e. the x axis in Fig. 1(b), so that u, (m-s™") is the free stream velocity. The
following set of dimensionless variables is put forward:

. r=2 ==L v=_" p=-L o=T"To =20 (12
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Scaling reference values AT and Ac can be properly defined depending on the physics of the problem.

Moreover, a dimensionless parameter n can be introduced to indicate whether the flow takes place inside or outside
the porous matrix. In line with (Mohamad, 2003), n = 1 corresponds to flow within porous medium whereas n = 0
indicates flow in a region without porous material. Insertion of Eqgs. (12) into the governing equations, Eqgs. (7) to (11),
yields the following set of dimensionless equations:
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Dimensionless groups typically encountered in natural-convective heat-mass transfer in porous media arise as
expected, like Reynolds, Darcy, Grashof, Prandtl and Schmidt numbers:

H K AT H?
Re:uo_ s Da:—2 S C}r:gl?)—2 s Pr:ﬂ S SC:l (18)
L} H v o Do

Further dimensionless parameters characterizing heat and mass transfer in porous media are bulk-to-fluid property
ratios, in this case for kinematic viscosity I'=70/v, thermal diffusivity A =0d/o and mass diffusivity ¥ =D/ D, .

With respect to the last of Eqgs. (12), the dimensionless activity level ¢, in Eq. (17) corresponds to the value of ¢ when

the *’Rn activity concentration in air is ¢, = 0, i.e. 0, = —c,/Ac , where ¢, is the local outdoor activity concentration.

Apart from the usual controlling parameters above, Eq. (17) puts forward two unconventional dimensionless groups
R and S directly related to decay and emanation processes. They are defined according to
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While R measures the relative importance of decay in relation to diffusion, S is here referred to as an emanation-to-
diffusion ratio. A surrogate dimensionless group M can be proposed as
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which can be interpreted as an emanation-to-decay ratio. Although this parameter is still sensitive to the reference value
Ac for activity concentration, it has the advantage of being independent from both the open-air diffusivity D, and the
characteristic length H. In terms of R and M, Eq. (17) is readily recast as follow
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3.3. Dimensionless governing equations and parameters: negligible external flow

Another possibility refers to the situation when wind effects are disregarded, so that u, is comparatively small.
Having in mind such boundary condition, the set of dimensionless variables is:
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where U, V and P are properly redefined. In this case, after introducing Eqgs. (22) into Egs. (7) to (11), the dimensionless
governing equations become:

Clo + WV _ (23)
0X oY

E)U oP U

U=— = - —n— 24
ox [ Yz] X "Da (24)

vy [ OV OV PV g (25)
X 8X oY2 | oY Da

09 aze

U—+V— — 26
X aY Pr YZJ 26)
9% ., 00 ¥ 91,1 n

—+V—= — S—-¢eR 27
x oy [ax2 Y] SoSTER(O- %)] 7

while Eq. (21) is replaced by
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It is worth mentioning that Nazaroff er al. (1988), analyzing transient pressure-driven “*?Rn migration in soil,
likewise introduced two dimensionless groups in the species (**’Rn activity) concentration equation. They defined a
Péclet number Pe for mass transfer in porous media and a convection-to-decay ratio N. Bearing in mind that the Péclet
number measures the relative importance of convection with respect to diffusion, it is interesting to verify that
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Pe _ convection/ diffusion _ decay Pe - (29

N convection/ decay B diffusion N
as confirmed by recalling the proposed definitions for Pe and N.
4. Radon transport within phosphogypsum
4.1. Representative values of entailed physical parameters

The number of physical parameters concurrently influencing the 2Rn transport in porous media, particularly in
phosphogypsum, is quite large. As far as boundary conditions are concerned, a further parameter for 2-D domains is
introduced — the aspect ratio A = L / H — while initial conditions are needed if problems are set in transient formulation.
The analysis can be simplified if governing equations are written in dimensionless form and physical parameters are
conveniently grouped. Still, it is impractical to address systematically the effects of each controlling dimensionless
group. Conversely, values for some parameters can be inferred for particular physical scenarios.

The **’Rn decay constant is A = 2.098 x 10° s™' (UNSCEAR, 2000) and its mass diffusivity in open air is reported
as D, = 1.2 x 107 m*s™" (Nazaroff er al., 1988) and as D, = 1.1 X 107> m*s™" (Yu et al., 1993). Correlations to evaluate

D from D, are also found in these two references. A somewhat lower bulk value D is expected inside porous media

and typical values for 2Rn transport in soil are of the order D =10 m>s™! (Nazaroff et al., 1988; Andersen, 2000;
UNSCEAR, 2000).

If air is the saturating fluid, Pr = 0.71 and v = 1.5 X 107 m*s™" are representative values if room temperature is
considered (Kays and Crawford, 1993). A simplifying assumption concerning bulk-to-fluid property ratios is to assume
I' = A =1 (Mohamad and Bennacer, 2001; Mohamad and Bennacer, 2002; Bennacer et al., 2003) but the same cannot
hold for W, as discussed in the previous paragraph.

If €, and €, are the air-based and the water-based porosities, the partition-corrected porosity €. is defined as

€. =€, +KyEy T KPypry (30)

where ¥ and k,, are referred to as radon surface sorption coefficient and Ostwald partitioning coefficient respectively
(Andersen, 2000). The latter is temperature dependent, ranging from 0.5249 at 0°C down to 0.1797 at 35°C. For a dry
medium (g,, = 0) without grain sorption (¥ = 0), it follows that the partition-corrected porosity reduces to €. = €, = €.

In general, quite low permeability values are reported for phosphogypsum stacks (May and Sweeney, 1982; Braz et
al., 2002) but they may depend upon the deposition process. Braz et al. (2002) determined the phosphogypsum density
pp from two distinct samples as 2270 and 2330 kg~m_3, both within the range presented by Rutherford et al. (1994).
Based on their figures, they estimated the phosphogypsum stack porosity as € ~ 0.5. For soil applications, permeability
and porosity may show some variation, mainly the former (Kaviany, 1994; Nield and Bejan, 1999).

Braz et al. (2002) also determined the *’Rn emanation coefficient as f = 0.035, consistent with values shown by
Rutherford et al. (1995) but lower than the range 0.245 — 0.340 obtained by Hartley and Freeman (1986). Mazzilli et al.
(2000) measured the *°Ra activity concentration cg, within different phosphogypsum samples and results ranged from
22 to 695 Bq-kg™ while references suggesting an appreciably higher range for cg, are cited by Stranden (1988). Recent
outdoors ***Rn concentration measurements estimate co=10 Bq~m_3 (UNSCEAR, 2000).

Nevertheless, it is worth bearing in mind that local physical conditions (e.g. temperature, humidity and pressure)
may alter the values of parameters presented above. This adds more complexity to the problem and the solution process
is likely to rely on numerical methods.

4.2. Limiting scenario: diffusion-dominated **’Rn transport

Apart from possibly varying physical parameters and the presence of source and sink terms in the species equation,
a comprehensive model for “’Rn transport within porous media may include natural convective effects, transient
phenomena and be extended up to 3-D domains. Such **Rn transport model does not render itself a simple formulation
since bulk mass, momentum and energy equations are inevitably evoked. Nazaroff et al. (1988) already pointed at two
distinct approaches to this problem: approximate analysis and numerical modeling. In the second part of this paper, a
test case for ***Rn transport in a phosphogypsum stack is numerically solved with the help of an existing simulator for
heat and mass transfer in porous media.

Analytical solutions are only feasible for limiting physical scenarios. Nonetheless, they can play a major role as far
as numerical validation is concerned. A common simplification is to neglect one of the transport processes (diffusion or
convection) with respect to the other. Given the low permeability of phosphogypsum stacks, one possibility is to
disregard interstitial air flow, U = V = 0. In other words, the interstitial 222Rn transfer becomes diffusion-dominated.
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As a first approach, external air is supposed to be at rest, uy = 0. In view of that, it is readily seen that Eq. (27), or
equally Eq. (28), is the single governing equation whose left-hand side reduces to zero. For a stack having its horizontal
width L much larger then its vertical height H, in connection with Fig. 1(b), it is reasonable to suppose that the most
significant *’Rn transfer rates occur along the direction normal to the top free surface. It is implied that

9% 9
oy >> X 31

The same rationale can be applied for porous media vertically stratified with respect to the ***Rn activity concentration
so that larger ¢ gradients are established in the Y direction. Either way, Eqs. (27) and (28) simplify to

2 2
%+S—80R(¢—¢0)=0 & %+R[M—sc(¢—¢o)]=0 (32)

Next, an analytical solution is deduced for the first form of the above linear second-order non-homogeneous O.D.E.
(the one in terms of S and R). A variable change of the form & =S—R_(¢—¢,), where R, = € R, converts the first of

Egs. (32) into the following homogeneous O.D.E.:

2
quz’ ~R®=0 (33)

With reference to Fig. 1(b), boundary conditions adopted are impermeability at the stack base (¥ = 0) whereas the top
(Y = 1) is subjected to fixed **’Rn activity concentration c,. These two conditions are expressed respectively as

d_(]) =0 = do =0 and 0y =0 = &y, =S+R_0, (34)
dy Y=0 dy Y=0

The solution of Eq. (33) subjected to the previous boundary conditions is

CI>:<I>(Y):(S+RC¢O)M (35)

cosh(\/R_C )

or, back in terms of the dimensionless activity concentration,

0= o) = [ +0, j:l—COSh(Y1,8 R)‘| (M Y j:l_cosh(YJecR)jl (36)
e.R cosh(4/e .R) € cosh(y/e.R)

This problem can be further simplified assuming null external concentration, i.e., co =0 = ¢ = 0.

C

4.3. ’Rn exhalation rates

As mentioned, *’Rn exhalation rates are essential for radiation exposure assessment and radiological protection
design. Yet, care should be exercised when presenting and analyzing results since radiological impact concerns not only
with diffusive fluxes jq (Bq~m’2~s’1) but also with *’Rn activity advected out of the stack j.,,y (Nero, 1988; Andersen,
2000). Local **’Rn exhalation rate from the phosphogypsum stack top corresponds to the total flux jy, which can be
given as a product of a **Rn activity transfer coefficient Y, (m-s™') and the activity concentration reference value Ac as

jx = jconv,x + jdiff,x = YXAC (37)

Dimensionless mass transfer rates are usually expressed via Sherwood number and Aj = DAc/H can be a scale for
the previous fluxes. Evoking Fick’s law, a normalized local diffusive flux Jy  from the stack top is evaluated as

] diff,x 1 aC aq)
7 - = Jy.= 38
diffx = A Aj{ ( PR J 1 diffx = [aY JY 1 (38)
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Conversely, with the help of Eqs. (18) and (22) and recalling that ¢, = —c,/Ac , a normalized local convective flux
Jeonv.x from the stack top can be inferred as

Jeonv, 1 Sc
vl CUSTIL A A L ) (39)

Having in mind the definition for Aj, insertion of (38) and (39) into (37) leads to

D D| Sc tel0)
=—\ +J gy )J=—| =V (0— - 40
Yx H ( conv,x diff,x ) H l:ly (¢ ¢0 ayily_l ( )
or, in terms of the local Sherwood number Sh,,
XYy Sc o
Sh, =—2=X|—V(d- - 41
X D l: W (¢ ¢O aY v ( )

It can be readily verified that the average Sherwood number Sh is given by

L A
1 Hy 1°7[Sc aﬂ

=—|ydx = Sh="=—||ZV©0-0))-—=—=| dX=J . +Jy 42
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In other words, the average Sherwood number encompasses both average advective and diffusive ***Rn activity fluxes.
Finally, the analytical solution ¢(Y) for the phosphogypsum stack analyzed in the preceding section, Eq. (36), can
be introduced in the above expression. Recalling that interstitial fluid flow was neglected (so that U = V = 0), the

expression to be integrated no longer depends on X so that the average Sherwood number related to the average
dimensionless “**Rn exhalation rate from the stack top results to

Sh = (sSR +0, I\lscR tanh(,/e R) = [SM +0, "\}ECR tanh(y/€.R) (43)

5. Concluding remarks

The first part of this paper presented the dimensionless model equations for steady-state 2-D **’Rn transport within
porous media including natural convection according to Darcy-Brinkman-Boussinesq formulation. Depending on the
external air flow condition, dimensionless variables can be defined distinctly as far as pressure and velocity components
are concerned. Apart from usual controlling dimensionless groups like Re, Pr, Sc, Gr and Da numbers, three
unconventional dimensionless parameters were put forward, namely, a decay-to-diffusion ratio, an emanation-to-
diffusion ratio and a surrogate emanation-to-decay ratio.

Diffusion-dominated “**Rn transport is a limiting physical scenario in which negligible interstitial air flow is a
reasonable assumption. Accordingly, an analytical solution was deduced for boundary conditions including non-zero
fixed concentration activity at the top of the phosphogypsum stack and no-flux condition at its base. For this particular
case, it is possible to infer a formal expression for the average Sherwood number, which is a measure of the normalized
22Rn exhalation rate from the stack top.

Numerous physical parameters are involved in the **?Rn transport within porous media, as for instance inside
phosphogypsum-bearing materials. As shown in this paper, a promising way to account for their concurrent effects is to
cast the governing equations into dimensionless form. Yet, analogous to many heat and mass transfer problems in
porous media, a comprehensive approach for **?Rn transport in phosphogypsum stacks is likely to rely on numerical
simulation.
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