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Abstract: Petroleum reservoir simulators were, until recently, developed using finite difference schemes in Cartesian grids. Seeking
for generality and flexibility, curvilinear grids and unstructured grids started to be employed in the last decade. The Control Volume
Finite Element Method-CVFEM is one of the technologies employed for unstructured grids of triangular and quadrilateral elements
in 2D and tetrahedral and hexahedral elements in 3D. This procedure is a control volume method whose control volumes are
created adding adjacent sub-control volumes of the elements surrounding a node. When deriving the discrete equations for
multiphase flows, it is common to integrate the governing equations for a single flow and extending them to multiphase flow by
introducing the mobility. This strategy, called herein CVFEM-S, although results in a scheme that facilitates the implementation
into existing simulators, present serious implications which are discussed in this work. Starting the paper, a more rigorous
approach, denoted by CVFEM-M is presented. The concept of transmissibility in structured and unstructured grids, using triangular
and quadrilateral elements, is also discussed. It is shown that a physical meaning for the transmissibility only exists when the flux at
the control volume interfaces can be calculated using only two grid-points. Nevertheless, in a number of situations, where the flux is
calculated using three or even more grid-points the concept of transmissibility is used in a misleading way. It is also shown that
when using CVFEM with triangular elements disobeying the angular restriction mentioned in the literature, the negative coefficients
resulting from the discretization do have physical support, since they are not, in fact, “transmissibilities”, as they are referred in the
literature.

Keywords: reservoir simulation, petroleum, control-volume, finite volume method, finite element method, transmissibility.

1. Introduction

The requirement of solving multiphase flows in petroleum reservoirs with complex geometries and, in general, with
the presence of geological faults, increased the efforts dedicated to the development of methodologies employing
unstructured grids. Several studies have demonstrated the advantages of using flexible grid in terms of results accuracy
and computational time. Quandale (1993), for instance, compared the results obtained by different flexible grids in
some reservoir simulators and concluded that these methods allow a significant computer time saving. The total number
of grid nodes could be reduced by a factor of four or more with a flexible grid, while keeping the simulation results
close to those obtained with regular grids.

The utilization of unstructured grids in conservative methods was proposed, in pioneering works in the area of
computational fluid dynamics for solving the Navier-Stokes equations, by Baliga and Patankar (1983) using triangular
elements and Schneider and Zedan (1983), using quadrilateral elements. In such a method the fluid flow properties are
conserved in each control volume obtained assembling the sub-control volumes belonging to adjacent elements. Thus,
the geometrical flexibility resembles the Finite Elements Method (FEM). It is named CVFEM (Control VVolume Finite
Element Method) because it employs the shape functions used in FEM and the assembling of the equations is
equivalent. However, the denomination CVFEM is misleading and conveys the reader to view the methodology as
being a finite element technique which uses control volumes for the integration of the equations. Actually, it is a finite
volume methodology, whose only similarity with the finite element method is the use of elements for the domain
geometrical representation and the shape functions for the variables interpolation. A better denomination would be
Element-based Finite Volume Method (EbFVM), since it is simply a finite volume methodology that borrows from the
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finite element technique the concept of elements and its shape functions (Maliska 2004). In this paper one is keeping the
CVFEM denomination.

Since the CVFEM-M, the procedure which obtains the discretized equations integrating the appropriate multiphase
flow equations, has not yet considered in reservoir simulation, this paper begins with a shortly description of its
characteristics and potentialities. After that, the CVFEM-S currently used in the petroleum literature is reviewed, as
well as its equations deduced and discussed. Finally, the negative “transmissibility” which appears when obtuse
triangles are used is also discussed and defined in new grounds.

2. The use of the CVFEM-M and its potentialities in reservoir simulation

In the CVFEM the elements (triangle and/or quadrilaterals for 2D) are formed by the information of the node
definition (grid nodes) and the connectivity matrix, as in FEM. To obtain the approximate equations, CVFEM integrates
the divergent form of the partial differential equation over non-overlapping control volumes, what is equivalent to make
balance conservation on those volumes. Figure 1 shows an example of a grid used in this method, where it is depicted
one triangular element (formed by nodes 5-3-2) and one quadrilateral element (formed by nodes 3-4-1-2). In this figure
the control volumes formed around the nodes 3 and 4 are also shown, as well as the integration points (labeled by “x”
located over its boundaries. This scheme of control volume construction belongs to the cell vertex category, since the
center of the control volumes is a vertex of the element. Therefore, the resulting control volumes are formed by portions
(sub-control volumes) of neighboring elements, and all fluxes at one specified integration point can be calculated using
only data from the element where the integration point lies in.

Volume Control
Center

.
. 1

- 532 - Triangular element

3412 - Quadragular element
Figure 1. Example of a grid used in the CVFEM

In the procedure advanced in this paper the porous medium properties, like absolute permeability and porosity are
stored in the center of the elements, differently from other CVFE approaches (Verma, 1997), which store the physical
properties in the control volumes center. With this strategy, since the integration points lay inside the elements, there is
no need of any type of averaging, when non-homogeneous media is considered, to calculate the permeability in these
points, since the elements are homogeneous, i.e. each element has only one value of permeability. On the contrary,
when properties are stored at the center of the control volumes, the integration point lies over a interface between two
different media, requiring interpolation. The problems related to the internodal permeability evaluation shown in
(Desbarats, 1987; Romeu and Noetinger, 1995; Cordazzo et al., 2003a), among others, do not exist in the method
proposed in this paper. The porosity, by its turn, requires averaging in the transient term with the approach present
herein.

There are at least two reasons why one can say that employing a mean value of porosity is not so troublesome as
employing a mean value of permeability. First, often the range of variation of porosity values is lesser than the variation
of permeabilities values in a field. Second, the permeability is a term appearing in Darcy Law, while porosity is not. We
should remember that the Darcy law is the momentum equation for a porous media. These reasons justify the option for
a numerical method that uses an average porosity value in the transient term, instead of an average permeability value
for calculating mass fluxes. Cordazzo et al. (2002) proposed a weighted average porosity as a function of the volume of
each sub-control volume.

Following, the CVFEM method is used integrating the two-phase governing equations, the right procedure to attain
physical consistency.

2.1 The CVFEM-M equations

The two-phase governing partial differential equations to be integrated are given by
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where p is the pressure, A4 is the mobility, ¢ is the porosity, S is the saturation, B is the volume formation factor, l? is
the permeability tensor and ¢, is the flow-rate per unit of volume, at reservoir conditions. For convenience, the gravity

and capillary effects were neglected. The subscript indicating the phase (m = w or o) is omitted from now on for the
sake of simplicity.
The integration of Eq. 1 in time and over the elemental control volume reads

I B)"™t —(45/B)" L =

Vv

where V; is the total volume of the control volume i formed by the sum of the sub-control volumes belonging to the
elements surrounding node i.
Applying the Gauss divergence theorem to Eq. 2, one obtains

(gS/B)™ (¢S ! B);
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where the surface integral is over all the edges of a control volume.

Since in this method the pressure field is evaluated using the nodal values of each element (3 for triangles and 4 for
quadrilaterals), the surface integral given in Eq. 3 will result in different discretized equations, depending on the type of
element chosen. The differences arise on the shape function used, which is linear for triangular elements and bi-linear
for quadrilateral elements. Despite these differences, there are no difficulties in working with these two kinds of
elements in a same grid. In this work, however, only triangular elements are used because the discretized equations
obtained here will be compared with those obtained with the CVFEM-S, which is a method that in reservoir simulation
has been mostly applied with triangular elements. Nevertheless, the CVFEM-M discretized equations using
quadrilateral elements can be seen in details elsewhere (Cordazzo et al., 2003b; Hurtado et al., 2004).

Using the shape functions, the pressure inside the element is given by

3
p=Y N(np, (4)

i=1

where N;are the linear shape functions given by

Ni(€n)=1-¢-n (5a)
N,o(ém)=¢ (5b)
N3(&m)=n (5¢)

where ¢ and # are the local coordinates in the computational domain. The local coordinates allow each element to be
treated identically, no matter how distorted the element may actually be in terms of the global coordinates. Figure 2
shows a triangular element in xy and in & spaces. In standard FEM this kind of element is called the “isoparametric”
element (Hughes, 1987).

Pyl I
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Global a 1 S
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Figure 2 — Triangular element in xy and in &y spaces



Proceedings of ENCIT 2004 -- ABCM, Rio de Janeiro, Brazil, Nov. 29 -- Dec. 03, 2004

The coordinates of any point within the element can be also expressed in function of the element nodal values, as
done with the pressure (Eg. 4). In order to determine the pressure gradient it is necessary to calculate the shape

functions derivatives, ON;/ox and ON,/dy . Using the chain rule

N, _oN, ox N, oy
o0& ox o0& oy o0&
N, N, ox oN, oy
on ox on 0Oy On

(6a)
(6b)

one obtains a system of two equations and two unknowns, where only the derivatives of N; in relation to x and y are
unknowns. Solving this system, one gets

%) {(pz = )3 =31)=(ps = p1) v, yl)} +{(P3 — )y —x,)~(py = 1) _xl)j|j

det(J) det(J)

O

where the subscripts 1, 2 and 3 are the nodes shown in Fig. 2, and det(J) is the Jacobian of transformation, given by

det(J) = (x, —x; )(v3 — y1)— (3 =21 (2 — 1) (8)

To simplify and facilitate the comparison with the equations available in the literature (Fung et al., 1991), the
following change of variables is set

a3 =X3 —Xp dp =X; — X3 az=Xy; =X (9a)

bi=y, -3 by=y3—n by=y1 -y, (9b)

Rewriting the Eq. 7, one can show that

3
Zbl+a] (10)
i=1

where the Jacobian was replaced by twice the triangle area, 4, for convenience.
Substituting Eq. 10 into 3, one obtains

3
J‘ ﬁ.(m?ﬁp]w:ij E (bif+ai})pixll?.d§ (11)
v s =

The permeability tensor k and the area vector are given, respectively, as

i- {"” "xy} (12)
kyx k}’)’
and
d§:dyf—dx}=(%d§+%d ]A—(—fdg%%d j} (13)

and after replacing them in Eq. 11, one obtains
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J‘ﬁ(ﬂzﬁp}ﬂ/: J‘[ﬂ’kxx(blpl +bypy+byps)(badn _b3d§)+ﬂ’kxy (a1p1+aypy+azps)(bydn —byd &)+
v s
—Akyy (blpl +bypy+byps )(a3d§ —azdﬂ)_/“‘yy (alpl tazpytasps )(asdf - azdﬂ)] (14)

One can note that all terms in the right side of Eq. 14, except the mobility A, are constant inside the elements, since
either they depend on nodal values only or they are defined by elements, such as the absolute permeability. The
mobility, of course, is calculated using the nodal values also, but considering the upwind direction. So, the mobility,
instead of other terms, cannot be simply put outside the integral. As already stated, this integral is evaluated over all the
edges of the control volumes, where the integration of all terms, including the mobility, can be approximated as the
product of the mean value and the area at every edge.

The sub-control volumes (Scv), in xy and &y spaces, are presented in Fig. 3. The integration points (“x”) are located
in their inner surfaces, where the integral in Eq. 14 is approximated. The surface integral over the element boundaries,
in contrast, will not be regarded, because it vanishes when the global matrix is assembled as the fluxes across the
element boundaries cancel one another.

Global
Coordinates 1 Local
1 Coordinates
|‘- Mapping A
1 ]
1
1]
1]
1}
3 2 3
0 D 1 -
7
A

Figure 3 — Triangular element, showing its sub-control volumes (Scv) and the integration points (ip)

Thus, in order to obtain the discretized balance equation of Scvl (in the triangular element of Fig. 3), for instance,
the integration of Eq. 14 is approximated over the surface of this sub-control volume, where the integration points 1 and
2 (ip1 and ip2) lie. One can note that the mobility in each integration point multiplies the three nodal values of pressure
according to Eq. 14, which rewritten compactly for this sub-control volume results in

J.ﬁ-(l /? 61??)01 V=01=2, [Tﬁml (Pz - P1)+ beml (P3 4] )]+ A3 [leézcscvl (Pz - P1)+ T};’Cscvl (Ps D1 )] (15)

sevl

where 4,, is the mobility of surface 4B in Fig. 3 that separates the control volumes 1 and 2, and so on. The terms z are

coefficients containing all geometrical and absolute permeability information of the interface. Their superscripts 12 and
13 are utilized to indicate that they are multiplying the terms (p, — p;) and (p; — p;), respectively, while the subscripts
AB and BC indicate that the term is resulted of the flux balance at the interface of sub-control volumes “1 and 2” and “1
and 3”, respectively. Furthermore, it is needed to utilize the subscript Scv! in the Eq. 15, because the terms 7 are not

symmetrical inside the elements, for instance the term 755 calculated by mass balance in the Scv/ can be different from

the term 75> resulted of the mass balance in the Scv3.
Another way of presenting Eq. 15, which will be used further, is

O =164 (Pz - P1)+ 3136, (Ps - Pl) (16)

where
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~ _ 13
136, = 2T "
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3. Considerations about the CVFEM-S procedure

As already mentioned, the CVFEM-S is the application of the general CVFEM ideas to integrate the equations for
single phase flows. The same equations are then expanded to treat multiphase flows by simply adding the mobility term
(Forsyth, 1990; Fung et al., 1991; Gottardi and Dall"Olio, 1992). These CVFEM-S methods are already available and
implemented in some commercial simulators, employing triangular grids (e.g. Quandalle, 1993; Stars User’s Guide,
2002). The CVFEM-M, on the other hand, integrates the multiphase flow equations, as already stated. The discretized
equations using CVFEM-S are now developed.

The flux term of the transport equation for the single-phase problem is given by

J‘ 6.(/?6p)dvz j kVp.dS (18)
4 S

where the pressure gradient can be obtained by Eq. 10.

Substituting the expression of k (Eq. 12), dS (Eq. 13), and the gradient of p (Eq. 10) into Eq. (18), this equation
becomes

=_ 1
J‘V-(k VPJdV: ﬂ[kxx (bupy+bapo+bsps )k (aypy +apo+aspy )] szdﬁ - bsjdf +
14 N N i
1 o
+Z[_kyx(blp1 +b2P2+b3P3)_kyy(‘11P1+02P2+f13p3)] aajdf —a|dn 19)
L 4

S N
Hence, the discretized balance equation for the sub-control volume 1 in Fig. 3, for example, is given by

3 3

Iﬁ(/?%p)dlf = ﬁ Z(kxxbipi +kya;p; )(bz +b3)—Z(kyxbipi +k,,a;p; )(— a, —a3) (20)

Sevi =1 =1

Using the definition of variable @ and b given in Eq. 9, one can show that

by =—(by +b3) and ;= —(a, +a3) (21)
that, when introduced in Eq. 20, results in

3 3

1
0 =7 Z(kmb[ pitkya, pi)(bl)+Z(kyx bipi+k,ap,)a) (22)

i=1 i=1

The above equation can be conveniently written if the same substitution of variables used in Eq. 9 and 10 is
performed

0 = —ﬁ {kel(pa = P+ (ps = 1 )bsl ki [(p — p1)as +(ps — pyJas]) B+
—ﬁ {kyx [(Pz - Pl)bz + (Ps —P1 )b3]+ kyy [(Pz izt )az + (Ps —P1 )aS]}al (23)
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and, after collecting terms, we can obtain the equation written in the desired form, namely

O :le(Pz—P1)+T13(P3—P1) (24)

where

yx Ty oy

44

ko bbb +kab +k, ba +k,a.a;
== J J (25)

in which the subscripts i assumes values 1 and j the values 2 and 3, resulting in the coefficients 7, and 773, respectively.
These terms are often called “transmissibilities” in the literature, denomination considered not appropriated as we shall
see in section 5. However, since this denomination is familiar to the readers, it will be still used in this paper.

Similarly, for the other sub-control volumes of Fig. 3,

0, :le(P1—P2)+T23(P3—P2) (26)

Os :T13(P1—P3)+T23(P2—P3) (27)

After adding the contribution of all triangles that share the same node, the equation for each control volume can be
written as

SIB)"t —(4SIBY'
V;(¢ B) At (¢s15) :szg(Pj_P;)+qV} (28)

where Tl-jg is the global transmissibility between the nodes i and j, and it represents the contributions of the two

elements sharing the same side. When at least one control volume of i or j is on the external boundary, the global
transmissibility is only the transmissibility 7;; of the element composed of these nodes. The total control volume i, 7,

in turn, was already defined in Eq. 2.
The usual way employed in petroleum reservoir simulation techniques to obtain the discretized equations for

multiphase flows is just to use Eq. 28, derived for single phase flows, multiplied by the phase mobility 4, evaluated at

upstream conditions. The resulting equations are given by

O =411, (Pz - Pl) + AsTis (Ps - Pl) (29)

which are correct only for locally orthogonal grids, where the fluxes can be correctly calculated using two grid points.
For triangular grids, however, this procedure is not physically supported, since in these grids the fluxes can be correctly
calculated only if three nodal values are used (cf Eqg. 15), each one being multiplied by two values of mobility. This
conclusion was already pointed out by other investigators (Palagi, 1992; Heinemann et al. 2001). Most probably the
equations for multiphase flows were obtained in this way to keep the computer code simpler.

4. Comparison between the CVFEM-S and CVFEM-M equations

This section is devoted for pointing out the difference in the equations obtained using the CVFEM-S and CVFEM-
M methodologies. The transport equation for the sub-control volume 1 in Fig. 3 is used as example.

Equation 29 represents the mass balance for the sub-control volume 1 according to CVFEM-S. This equation will
be compared with Eq. 16, deduced using CVFEM-M for the same sub-control volume. The clear difference between
these formulations is that in the CVFEM-S equation there is only one value of mobility multiplying the pressure
differences, while in the CVFEM-M, each pressure difference is multiplied by two parameters, as can be seen in the
equations below.
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CVFEM-S: 0, =@(pz -p1) @(Ps -p1) (30)
CVFEM-M: 0 = )(Pz -p+ J(ps- 1) (31)

However, it is easy to show that

13 ) 12
+Tpe and T3 = Typsyer + THCS0et (32)

13
Tio=71
12 = T4p Svel

Svel

Therefore, if in Eq. 31, the mobility A;3, multiplying (p, — p1), is replaced by the mobility A;,, and if the mobility
A2 multiplying (pz — p1) is replaced by the mobility 4;3, Eq. 30, is recovered, but requiring A;, = A3, which only
applicable to single phase flows. Therefore, Eq. 30 is not correct for multiphase flows. In some types of problems the
results of these two methods may give almost the same results, but there are others where the use of Eq. 30 for
multiphase flows increases severely the grid orientation effects. The impact of these differences on practical problems is
demonstrated in a companion paper (Cordazzo et al., 2004).

5. Considerations about the negative transmissibilities in CVFEM

It is often claimed in the literature (Fung et al., 1993; Sonier et al., 1993) that negative transmissibilities arise when
triangles with angles greater than 90° are used in the grid. In such cases it is said that this negative transmissibility has
no physical meaning and it is recommended not to use a grid with those characteristics. To obey the angular restriction
reduces enormously the flexibility of the grid generators and, therefore, is undesirable. It is demonstrated in this work
that the negative coefficients which appear in this situation do have physical meaning and, what is more relevant, they
no longer can be viewed as transmissibilities. In order to put this issue in clear grounds, some important concepts
related to the transmissibilities need to be reviewed. To reach this goal, the transmissibilities in triangular grids are
analyzed.

5.1 The interblock transmissibilities

The transmissibility between two blocks 1 and 2, 77, , is a widely used concept and its origin can be found in the
calculation of the fluxes through the control surfaces in orthogonal structured grids (Heinemann and Brand, 1989;
Maliska et al., 2001; Cordazzo et al., 2002), as shown in Fig. 4a. By definition, 7,, when multiplied by a physical

parameter at the interface and by the pressure difference of these two control volumes, gives the total mass flux crossing
that interface. As a consequence of the definition, transmissibility is only defined for locally orthogonal grids, as shown
in Fig. 4a. Nevertheless, this concept is also used even when the total flux through a surface requires the calculation of
the gradient in two directions, as in locally non-orthogonal grids, as depicted in Fig. 4b. In this case, to use the concept,
one of the gradients must be neglected. The remaining term now fits the definition, but the flux calculated is, of course,
not the correct one.

@

Figure 4 — Orthogonal (a) and (b) non-orthogonal control volumes

Most reservoir simulation models use two-point flux approximation for any grid and, therefore they use the concept
of transmissibility. Again, it should be stressed that the fluxes are not correctly calculated. In the other hand, using only
two grid points in the flux calculation avoids complex stencils and reduces the computational effort, at the expenses of
precision, when the grid is not locally orthogonal.

In these schemes, the mass flow-rate of a component between two adjacent grid-blocks i and j in the discrete form
of the conservation equations is given by
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P
Q; = (%),,-(%AJ (q’j - )p (33)
ij

p=l

where 4, is the mobility of phase p, P is the number of phases; k is the absolute permeability; @ is the phase potential,

Ay and hy; are, respectively, an area where the mass flows through and a suitable length for the gradient determination in
the surface, both of them determined by the rules of grid construction employed. In Eq. 33, the terms independent of
pressure and saturation can be grouped in the form

P

0, -1, ) (1), (0, -0/, @

pr=1

where Tj is called transmissibility which is, therefore, defined as

=

A

_ J
=i
g

(35)

The transmissibilities depend only on block geometry and permeability, being therefore independent of either
pressure, or saturation, or any other variable. They need to be calculated only in the beginning of a simulation if the grid
is fixed. Their utilization in field scale problems has several advantages, like the easy numerical representation of
geologic faults. For instance, a sealing fault can be modeled simply setting the transmissibility between the two blocks
separated by the fault to zero value. Sealing fault constitutes an impermeable linear barrier that will prevent the fluid
from flowing in reservoir. The transmissibility concept has been also used in different fields of engineering, for instance
the heat transfer (Bejan, 1993).

2

Figure 5 — Triangular element composed of three sub-control volumes (Scv)

5.2 The transmissibilities in triangular grids

As already stated, the transmissibility applies when two-point flux approximation schemes are used. For triangular
elements, as in non-orthogonal grids, the flow-rate must be calculated using the gradients in two directions (involving
three grid points), as discussed in section 2.1. For instance, the mass flow- rate in the interface between the sub-control
volumes 7 and 2 in Fig. 5, is given by

Op = ﬂﬂz[fﬁ?ml (Pz - 1171)’L Tf}?scvl (p3 - plﬂ (36)

— /
YT

Mass flow-rate through the face 4B
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and the mass flow-rate between the sub-control volumes 7 and 3 is given by

O13 = A3 [Tf’cscvl (Pa —-D1 )+ THC sent (pZ - pl)} 7

— _/
Y

Mass flow-rate through the face BC

Hence, the mass flow-rate through the face 4B cannot be calculated using only the grid-nodes 1 and 2 and,
therefore, Tﬁ and Tifg in Eqg. 36, and z‘ffc and rffc in Eq. 37 are not transmissibilities. If Tﬁg in Eq. 36 is neglected,

TZ may be viewed as a transmissibility but, as in non-orthogonal grids, the mass flow is not correctly calculated.

Opposed as to what happens in non-orthogonal grids, in which quasi-orthogonal situations may occur, allowing neglect
the cross-derivative term, in regular triangular grid the two terms in Eq. 36 and 37 are always very similar.

The total mass flow-rate through the inner interfaces of the sub-control volume 1 in Fig. 5 can be obtained by
summing Eq. 36 and 37. Since the mass fluxes in the areas AB and BC both depend on (p, — p;) and (p; — p,), one

can write the total mass flux as

O = (38)

- -

This is NOT the This is NOT the

mass flow-rate mass flow-rate

through the face through the face

AB BC
where

~ _ 12 12 ~ _ 13 13
St2g,q = M2 Tabg,, + M3TBCg,, and S13gq = A2 Tpg,, A3 TBC, 4 (39)

Writing the total mass flow-rate as in Eq. (38) may lead to the interpretation that the right hand terms are the mass
flow rate through face AB and BC, respectively. This induces the definition of transmissibilities 3., . and 3,5, ,

but, in fact each term mixes up portions of these fluxes in each face. Therefore:

~ o~
\513Svc1 and \Slevcl

H_/H_/

are NOT
TRANSMISSIBILIDADES !

It is important to note that the above conclusion applies for single as well as multiphase flow, since even in a
single-phase case, when the mobility is reduces to unity in Eq. 36 and 37, the fluxes can be correctly calculated only
using three grid-points. Therefore, there is no physical impediment for the coefficients in Eq. 38 to be negative.
Actually, when using triangles disobeying the angular restriction mentioned claimed in the literature, these negative
terms must appear (Cordazzo et al., 2004). The true transmissibility factor, when it applies, is always a positive number.
As already mentioned it is not corrected to interpret these negative coefficients as transmissibilities.

10
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After these considerations, therefore, it is clear that the process of deriving the discretized equations based on the
single-phase equations and then extending them to multiphase formulations, as done by the CVFEM-S, is wrong. The
procedure of adding the mobilities in the discretized equations is not correct because the terms le(pz —pl) and

Tls( D3— pl) are not fluxes between the volumes ‘1 and 2” and ‘1 and 3’, respectively, as already shown.

In order to illustrate the conclusions obtained here, some practical problems are solved in the companion paper
(Cordazzo et al., 2004).

3. Conclusions

In this paper several aspects related to the conservative approach of discretizating the equations using triangular
grids were addressed. Initially, the process of discretizing the CVFEM-M equations for triangular elements was
performed, which consists on the integration of the conservative differential equations considering the existence of
more than one phase. Even though the equations for quadrilateral grids are not deduced here, the process of obtaining
them is quite similar. It was also shown that this method has several advantages, the most important being the no
requirement of any permeability averaging properties, since they are storaged in the center of the elements and the
variables in the center of control volumes.

These equations were compared with the ones deduced for the Control Volume Finite Element Method (CVFEM)
as it is found in the petroleum literature, called here CVFEM-S. Based on an analysis of the differences between the two
methods, we conclude that the procedure used in CVFEM-S is physically not suitable for unstructured grids, though this
procedure results in straightforward equations that are easily implemented in existing simulators. The impact of
utilizing each one of these methods in several practical cases is discussed elsewhere (Cordazzo et al., 2004).Finally, the
concept of transmissibility in structured and unstructured grids was also discussed. It was shown that a physical
meaning for the transmissibility only exists when the flux in the volume interfaces is calculated using only two grid-
points values. Nevertheless, the transmissibility is, in a number of situations, used in a misleading way, since in that
cases the flux is calculated using three or more grid-points values. It was shown that when using triangles disobeying
the angular restriction mentioned in the literature, the negative coefficients resulting from the discretization do have
physical support, once they are not, in fact, “transmissibilities”, as they are often referred.

4. Acknowledgements

The authors are grateful to CENPES/Petrobras, Agéncia Nacional do Petréleo (ANP), through a scholarship for the
first author, and FINEP for the financial support of this work.

5. References

Baliga, B. R. and Patankar, S. V., 1983. “A Control Volume Finite-Element Method for Two-Dimensional Fluid Flow
and Heat Transfer”, Numerical Heat Transfer, vol. 6, pp. 245-261.

Bejan, A., 1993. “Heat Transfer”, John Wiley & Sons, New York

Cordazzo, J. Maliska, C. R. and Romeu., R. K., 2003a. “Considerations about the Internodal Pemeability Evaluation in
Reservoir Simulation”, The 2nd Brazilian Congress on R&D in Petroleum and Gas, Rio de Janeiro, June 15-18.

Cordazzo, J., Hurtado, F. S. V, Maliska, C. R., and Silva, A. F.C., 20035. “Numerical Techniques for Solving Partial
Differential Equations in Heterogeneous Media”, CILAMCE - XXIV Iberian Latin-American Congress on
Computational Methods in Engineering, Ouro Preto, Minas Gerais, Brazil.

Cordazzo, J., Maliska, C. R. and Silva, A. F. C., 2002. “Interblock Transmissibility Calculation Analysis for Petroleum
Reservoir Simulation”, 2nd Meeting on Reservoir Simulation, Universidad Argentina de la Empresa, Buenos Aires,
Argentina, November 5-6.

Cordazzo, J., Maliska, C. R., Silva, A. F. C., and Hurtado, F. S. V., 2004. “The Negative Transmissibility Issue When
Using CVFEM in Petroleum Reservoir Simulation — 2. Results”, Proceedings of the 100 Brazilian Congress of
Thermal Sciences and Engineering -- ENCIT 2004, Braz. Soc. of Mechanical Sciences and Engineering -- ABCM,
Rio de Janeiro, Brazil, Nov. 29 -- Dec. 03.

Desbarats, A. J. “Numerical estimation of effective permeability in sand-shale formations”, Water Resour. Res., v. 23,
n. 2, p. 273., Feb. 1987.

Forsyth, P .A., 1990. “A Control-Volume, Finite-Element Method for Local Mesh Refinement in Thermal Reservoir
Simulation”, SPE paper 18415, (Nov.): 561-566.

11



Proceedings of ENCIT 2004 -- ABCM, Rio de Janeiro, Brazil, Nov. 29 -- Dec. 03, 2004

Fung, L. S. K., Buchanan, W. L. and Sharma, R., 1993. “Hybrid-CVFE Method for Flexible Grid Reservoir
Simulation”, SPE paper 25266 presented at the 12th SPE Symposium on Reservoir Simulation, New Orleans, LA,
February 28-March 3.

Fung, L. S., Hiebert, A. D. and Nghiem, L., 1991. “Reservoir Simulation with a Control-Volume Finite-Element
Method”, SPE paper 21224 presented at the 11th SPE Symposium on Reservoir Simulation, Anaheim, California,
February 17-20.

Gottardi, G. and Dall"Olio, D., 1992. “A Control-Volume Finite-Element Model for Simulating Oil-Water Reservoirs”,
Journal of Petroleum Science and Engineering, 8, 29-41, Elsevier Science Publishers B. V., Amsterdam.

Heinemann, G. F., Ganzer, L., Amado, L. C. N., and Heinemann, Z. E., 2001. “Finite Volume Discretization of the
Fluid Equations”, paper prepared for the Sixth International Forum on Reservoir Simulation, September 4-8,
Salzburg/Fuschl, Austria.

Heinemann, Z. E. and Brand, C. W., 1989. “Gridding Techniques in Reservoir Simulation”, 1st/2nd Stanford Univ. &
Leoben Mining Univ. Reservoir Simulation Inf. Forum (Alpbach, Austria, Sept/1998-Sept/1989).

Hughes, T. J. R., 1987. “The Finite Element Method, Linear Static and Dynamic Finite
Element Analysis”, Prentice Hall, New Jersey.

Hurtado, F. S. V., Maliska, C. R, Silva, A. F. C., Cordazzo, J., Ambrus, J. and Contessi, B. A., 2004. “A Parameter
Estimation Approach Based on a Two-Dimensional Flow Model for the Determination of the Relative Permeability
and Capillary Pressure Curves”, CILAMCE — XXV Iberian Latin-American Congress on Computational Methods in
Engineering, Recife, Pernambuco, Brasil.

Maliska, C. R., Silva, A. F. C., Cordazzo, J., Silva, R. F. A. R, Mendes, R. e Cemin, A. Jr., 2001. “Malhas
Volumétricas para Simulacdo de Reservatorios de Petroleo”, 1°. Relatério, Projeto 652077013 — SINMEC/UFSC,
CENPES/Petrobras, ESSS, Junho, Laboratério de Simulagdo Numérica em Mecanica dos Fluidos e Transferéncia de
Calor.

Maliska, C.R. 2004. “Transferéncia de Calor e Mecanica dos Fluidos Computacional”, 22 Ed., Livros Técnicos e
Cientificos Editora, Rio de Janeiro, RJ.

Palagi, C., 1992. “Generation and Application of Voronoi Grid to Model Flow in Heterogeneous Reservoir”, Doctor
Thesis, Stanford University, California.

Quandalle, P., 1993. “Eighth SPE Comparative Solution Project: Gridding Techniques in Reservoir Simulation”, SPE
paper 25263 presented at 12th SPE Symposium on Reservoir Simulation, New Orleans, LA, U.S.A., February 28-
March 3.

Raw, M., 1985. “A New Control Volume Based Finite Element Procedure for the Numerical Solution of the Fluid Flow
and Scalar Transport Equations”, Ph.D. Thesis, University of Waterloo, Waterloo, Ontario, Canada.

Romeu, R. K. and Noetinger, B. 1995. “Calculation of internodal transmissibilities in finite difference models of flow in
heterogeneous porous media”, Water Resour. Res., v. 31, n. 4, p. 943-959, Apr. 1995.

Schneider, G. E. and Zedan, M., 1983. “Control-Volume-Based Finite Element Formulation of the Heat Conduction
Equation, in Spacecraft Thermal Control”, Design, and Operation, Prog. Astronaut. Aeronaut., vol. 86, pp. 305-327.

Sonier, F., Lehuen, P. and Nabil, R., 1993. “Full-Field Gas Storage Simulation Using a Control-Volume Finite Model”,
SPE paper 26655 presented at the 68th Annual Technical Conference and Exhibition of the Society of Petroleum
Engineers, Houston, Texas, 3-6 October.

Stars User’s Guide, 2002. “Advanced Process and thermal Reservoir Simulator”, by Computer Modelling Group Ltd.,
Alberta Canada.

Verma, S. and Aziz, K., 1997. “A Control Volume Scheme for Flexible Grids in Reservoir Simulation”, paper SPE
37999 presented at the Reservoir Symposium held in Dallas, Texas, 8-11 June.

12



