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u, v, w

_ $' |!%�+�
/0!#"%��,�4aOQ$7/0�:<G$2"%���S!%$'9� ~Y

x
_ L+Oh,�-'-� �9�"%4�,�-T<G$2"#�	�S!#$29� |Y

y
_ ,I ;<�/#D�,I MOQ$7/0�:<G$2"%���S!%$'9� ~Y

z
_��

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
+ w

∂u

∂z
= −∂p

∂x
+ ∇2u,
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∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y
+ w

∂v

∂z
+

Go2(u2)√
Reh

= −∂p

∂y
+ ∇2v,
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{J$2*�(+"%� ��� /0�	��9� ;<+,I"%3�$2 �/0!%,�1+$'-2$'!
3 � (G!#9�&)(+ ���!#$29� 
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[	\�\ � `
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∂w

∂t
+ u

∂w

∂x
+ v

∂w

∂y
+ w

∂w

∂z
= −∂p

∂z
+ ∇2w,

YZ� _

,� �<�!#�+�f��9� �!#$2 M(+$'!
3F����(�,I!#$29� �

∂u

∂x
+

∂v

∂y
+

∂w

∂z
= 0,

Y ]�_

OQ����"%�
p
$7/h!#���:D+"#�	/#/#(+"%�>,� �< ∇2 = 1

Re

(

∂2

∂x2 + ∂2

∂y2 + ∂2

∂z2

)
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1M3 �

x =
x

L
, y =

y

L
, z =

z

L
, kc =

L

R
, u =

u

U∞

, v =
v

U∞

, w =
w

U∞

, t = t
U∞

L
, Re =

U∞L

ν
,

OQ����"%�
Re

$7/h!#�+�f Q��3M +9�-7<+/h M(+4a1���"	LM!#�+�A!%��"%4j/�OQ$k!%�i,� �9@?���"%-'$2 +�C,�"#�A<G$24��� �/#$'9� �,I-�!%��"%4j/�L
L
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U∞

$7/�!#���A&)"#����Hz/
!%"#�	,I4�?���-'9G��$k!
3�L
ν
$7/�!#���:U�$2 +��4�,I!#$7�>?�$7/%��9�/#$'!
3F,I �<

R
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Go = (kc

√
Re)1/2

` yz |!#�+�	/0�j�	��(;,@!#$29� ;/�Lm!#�+�F!#��"%4
(Go2u2)/(

√
Reh)

$7/:!%�+�
-2��,�<G$2 +*�9�"6<G��"���(+"#?@,I!#(+"%�R!%��"%4dL+OQ�+��"%�

h = 1 − kcy
,� �<

kc
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�����a?�9�"0!%$2��$k!
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∂ωx

∂t
+

∂a

∂y
− ∂b

∂z
+

Go2

√
Reh

∂(u2)

∂z
= ∇2ωx,

YK� _

∂ωy

∂t
+

∂c

∂z
− ∂a

∂x
= ∇2ωy,

Y ��_

∂ωz

∂t
+

∂b

∂x
− ∂c

∂y
− Go2

√
Reh

∂(u2)

∂x
= ∇2ωz,

Y tI_

OQ����"%�
a = vωx − uωy

L
b = uωz − wωx

,I �<
c = wωy − vωz

,I"%�f!%�+�E +9� +-2$2 +��,�"R!%��"%4�/C"%��/#(+-k!%$' �*F&)"%9�4���9� M?�����!#$29� TL
?�9�"#!#��p�/
!%"#��!%�6�+$2 +*�,I �<i?�9�"#!#��pF1��� ;<G$' �* `
�J,IUM$2 +*A!#���R<G��g; +$k!%$'9� F9I&�!#���R?�9�"0!%$2��$k!
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&)9�"Q��,��6��?���-29M��$k!
3���9�4�D�9� +�� �! �

∂2u

∂x2
+

∂2u

∂z2
= −∂ωy

∂z
− ∂2v

∂x∂y
,

Y s�_

∂2v

∂x2
+

∂2v

∂y2
+

∂2v

∂z2
= −∂ωz

∂x
+

∂ωx

∂z
,

Y \�_

∂2w

∂x2
+

∂2w

∂z2
=

∂ωy

∂x
− ∂2v

∂y∂z
.

Y [�^�_
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z = 0

$2 �!#�+�d/0D;,I MOQ$2/#�|Y
z
_ <G$2"#�	�S!%$'9� `
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K
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(u, v, ωz, b, c) =

K
∑

k=0

(Uk, Vk, Ωzk
, Bk, Ck) cos(βkz), (w, ωx, ωy, a) =

K
∑

k=1

(Wk, Ωxk
, Ωyk

, Ak) sin(βkz).
Y [�[	_

OQ����"%�
βk
$7/�!#�+�P/0D�,� MOQ$2/#�AOh,=?��� M(+4a1���"Q*�$'?��� i1M3

βk = 2πk/λz
L;,I ;<

λz
$2/�!%�+�a/#D�,I MOQ$7/0�AO�,=?���-'�� +*I!%��9�&m!%�+�:&)(+ �<�,@H

4��� �!6,I-l/#D�,� �OQ$7/#�>{�9�(+"%$'��"Q4�9M<+� `
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3a!%"%,� �/#D;9�"0!o�	��(�,@!%$'9� �/RYK�:!%9 tI_ ,I �<F$' N!#�+�

?���-29G��$'!
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∂Ωxk

∂t
+

∂Ak

∂y
− βkBk − Go2

√
Re

βk(U2

k )

h
= ∇2

kΩx,
Y [	��_

∂Ωyk

∂t
+ βkCk − ∂Ak

∂x
= ∇2

kΩy,
Y [ � _
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∂Ωzk

∂t
+

∂Bk

∂x
+

∂Ck

∂y
− Go2

√
Reh

∂(U2

k )

∂x
= ∇2

kΩz,
Y [�]�_

∂2Uk

∂x2
− β2

kUk = −βkΩyk
− ∂2Vk

∂x∂y
,

Y [ � _

∂2Vk

∂x2
+

∂2Vk

∂y2
− β2

kVk = −∂Ωzk

∂x
+ βkΩxk

,
Y [���_

∂2Wk

∂x2
− β2

kWk =
∂Ωyk

∂x
+ βk

∂Vk

∂y
,

Y [=tI_

OQ����"%� ∇2

k = 1

Re

(

∂2

∂x2 + ∂2

∂y2 − β2

k

) `
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x = x0

,� �<���pG$k!6/Q,@!�!#���>9�(G!0e;9@O�1;9�(+ �<+,�"#3
x = xmax
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x1

,I �<
x2

` yz j!%�+�R"%��*�$'9� �-'9G��,I!#�	<�1;��!
OX���� 
x3

,I ;<
x4
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Vk(i, 0, t) = A sin3(ε) for i1 ≤ i ≤ i2 and Vk(x, 0, t) = 0 for i < i1 and i > i2,
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Ωk(x, y) = f2(x)Ωk(x, y, t),
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f2(x) = f(ε) = 1 − 6ε5 + 15ε4 − 10ε3,
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