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Abstract: In order to evaluate the operational conditions of a direct-connect supersonic combustion research facility, it was
necessary to study the flow behind the shock waves over cones and wedges considering the effects of high velocities and high
temperatures. The facility consists basically of a vitiated air unit and a nozzle directly coupled to the supersonic combustor to be
tested. The flow at the combustor inlet should simulate the conditions of the air behind the oblique or conical shock waves over
wedges, cones or other axially symmetric bodies used to compress the free stream flow in supersonic combustion air breathing
systems like scramjets or ram accelerators. The nozzle is designed to generate the desired Mach number and the high air
temperature is obtained in the vitiated air generator by combustion. The condition at the exit of the nozzle (the entrance of the
combustor) should be the same as the flow behind the shock wave formed in front of the edge of wedges or the vertex of cones, flying
in supersonic or hypersonic velocities. In this paper will be presented the analyses of the flow field over a cone at zero angle of
attack, flying with hypersonic velocity, using three gas models: a calorically perfect, a thermally perfect and an equilibrium high-
temperature one. The resulting system of ordinary differential equations is solved numerically by a Runge-Kutta method.
Comparisons between the results provided by the three models will be discussed in order to evaluate the influences of high Mach
numbers on the main flow variables.
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1. Introduction

Supersonic combustion researches and hypersonic flow studies require ground test facilities such as shock tunnels,
light gas guns (LGG) and supersonic combustion ramjet (scramjet) test benches (Dunsworth, 1979). Among these
facilities the Institute for Advanced Studies (IEAv) of the Aerospace Technological Center (CTA), in Sdo José dos
Campos, has a hypersonic shock tunnel, which has been used, since 1992, for many experiments where the simulation
of hypersonic flow conditions have been necessary. To complete the set of ground test facilities for the supersonic
combustion studies the Combustion and Propulsion Laboratory (LCP) of the National Institute for Space Research
(INPE), in Cachoeira Paulista, is assembling a scramjet combustor test bench with a vitiated air generator (VAG)
coupled to a nozzle, for the testing of supersonic combustors and their components, as shown in the schematic drawing
in Fig. (1).

Figure 1: Schematic drawing of the supersonic combustion research bench.

The scramjet test facility, which is now being assembled in LCP/INPE, with the IEAv/CTA, is a continuous flow
direct-connected type, providing combustor inlet flow conditions corresponding to flight Mach numbers ranging from 6
to 8. The flow at the combustor entrance must simulate the conditions of the air behind the oblique or conical shock
waves formed at the nose wedge, one of the shapes of the body used to compress the free stream, or in front of the nose
cone of ram accelerators, operating in the super detonative mode (Hertzberg, 1988).



Proceedings of ENCIT 2004 -- ABCM, Rio de Janeiro, Brazil, Nov. 29 -- Dec. 03, 2004 — Paper CIT04-0079

As it is well known, the air (hypersonic flow) entering the intake of a scramjet is slowed to supersonic speeds, by
compression of the air against an oblique or conical surface in the entrance of the combustor (Heiser, 1994). Fuel (H, or
a hydrocarbon) is injected into the supersonic stream, where it mixes and burns in a combustion region downstream of
the fuel injector strut. The expansion of hot gases through a supersonic nozzle at the back end of the engine, after fuel
injection and combustion, accelerates the exhaust gas to a velocity higher than that of the inlet, generating thrust. The
scheme of a scramjet combustor is shown in Fig. (2).

Air intake

Combustion
chamber

Figure 2: Scramjet combustor scheme.

To simulate the same conditions of the air in the entrance of a scramjet combustor, in a ground test facility shown in
Fig. (1), oxygen enriched air should be heated, by combustion, inside the vitiated air generator and then accelerated
through the nozzle, thus feeding the combustor, under testing, with a “vitiated air” containing the desired flow
properties, plus the combustion products, generated in the heating process, while keeping the desired atmospheric
oxygen content.

The heart of the direct-connected scramjet combustor test facility is the vitiated air generator (VAG). It consists of
an axisymmetric cylindrical chamber where the air is first enriched with oxygen and then heated by the combustion of a
fuel, yielding the desired stagnation temperature before passing through a nozzle to be accelerated to the desired Mach
number. Figure (3) shows the complete scheme of a VAG. The fuel injection plate and the enriched air diffuser are
assembled in one side of the combustion chamber. On the other side there is a nozzle, which will be directly connected
to the scramjet combustor to be tested. Early work in this field was done in Brazil during the nineties, dealing with a
preliminary vitiated air generator with 200.00 mm of diameter and 900.00 mm long (Guimardes et al, 1993; 1996;
jul/1997 and dec/1997). This first equipment allowed the evaluation of the efficiency of the whole system and the
validation of design concept of the injection plate for liquid fuel.

The results obtained with the first system led to the construction of a second one, which has a larger diameter
(310.00 mm), is longer (1,500.00 mm) and is water cooled, as shown in Fig. (3), to assure the mechanical integrity of
the material during longer and more frequent tests.

©, @ ©O) o

1: Intake air

@ ” 2: Fuel inlet of the pilot light
{ (methane)
’/@ 3: Fuel inlet to heat the air
@ (benzene, kerosene or hydrogen)

@ 33/ 4: Atomization gas chamber

5: Fuel injectors with swirlers
(™) 6: Pilot light cone

7: Inlet air opening

U 8: Combustion chamber

9: Water-cooling jacket

10: Supersonic nozzle

Figure 3: Schematics of the vitiated air generator.
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In order to control the combustion products and to better evaluate the desired temperature and the proper fuel to
oxidizer (air plus O,) ratio, in the vitiated air generator, a study was done using the packages PSR and PLUG of the
software CHEMKIN III, for benzene (C¢Hg) and hydrogen (H,), for comparison purposes (Leite, 2003). With this study
it is possible to estimate the desired flow properties (temperature and composition) at the exit of the nozzle, calculating
the most suitable stagnation conditions and composition of the vitiated air inside the combustion chamber of the VAG,
only changing the equivalence ratio and the adjusting the proportion of the air and O, in the oxidant.

As it was said before, these conditions of the flow at the exit of the supersonic nozzle of the VAG must simulate the
same conditions of the air behind oblique or conical shock waves. Therefore, the purpose of the present work is to
obtain the conditions of the air behind a conical shock wave, considering a cone flying with high Mach numbers from 6
to 10, to have the necessary conditions of the vitiated air that will be generated inside the VAG for the tests in the LCP
scramjet combustor test bench facility.

In this paper will be presented the analyses of the flow field over a cone at zero angle of attack, flying with
hypersonic velocity, using three gas models: a calorically perfect, a thermally perfect and an equilibrium high-
temperature one. The resulting system of ordinary differential equations is solved numerically by a Runge-Kutta
method. Comparisons between the results provided by the three models will be discussed in order to evaluate the
influences of high Mach numbers on the main flow variables.

2. Hypersonic flow over a cone

Supersonic or hypersonic flow around an infinite sharp cone, aligned with the free stream flow direction, generate,
when the cone angle and the upstream Mach number fall within certain limits, a conical shock wave attached to the
vertex of the cone. Such model is called a Taylor and Maccoll flow (Zucrow, 1977 and Anderson, 1990), as shown in
Fig. (4). This is conical flow, which is defined as where all the flow properties are constant along the rays from a given
vertex.

CONICAL SHOCK
WAVE

Figure 4: Supersonic flow over a symmetrical cone at zero angle of attack.

The theoretical analysis of a supersonic or hypersonic flow over a cone at zero angle of attack involves solving the
equations for steady two-dimensional axisymmetric flow. Numerical solutions of the differential equations have been
obtained for a limited numbers of cases and theoretical results are shown to be in good agreement with the experiment
(Taylor, 1933 and Sims, 1964).

Figure (4) shows that, as the flow is axisymmetric, the properties are independent of the azimuthal angle @ and that
the ray from the vertex r and the spherical angle & are the two independent variables. At any point e in the flowfield, the
radial and normal components of the velocity are V, e Vy, respectively. The semivertex angle of the cone and the shock
wave angle, related to g-axis of symmetry, are defined by 6, and & respectively.

To solve the conical flowfield between the body and the shock wave it is convenient to express the governing
equations in the spherical coordinate system r, 8 and @.
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2.1. The Taylor-Maccoll equation
The continuity equation for the steady flow is given by:
V-(pV)=0. ¢h)

In terms of spherical coordinates, Eq. (1) becomes:

~ 1 0 (., 1 0 , 1 0(pVy)
Vi(pV)=——\r'pV, |+ —\pVysin0 )+ —————==10 2
(PV) r? 6r( P r) rsind 66’(/) osin0) rsind 0@ @

Evaluating the derivatives, and applying the conditions, given in Egs. (3) and (4), for axisymmetric conical flow,

0
—=0 3
Y 3)

0
—=0 4
or “)

the Eq. (2) becomes:
ov, op

20V, + pVycotd+ p—2+V,~E=0. 5

PV, + pVocot0+ p—L+Vy— ®)

Equation (5) is the continuity equation for axisymmetric conical flow.
For steady, inviscid flow with no body forces, Crocco’s theorem (Anderson, 1990), is represented by the equation

TVs =Vh, -V x(VxV). ()

Throughout the conical flowfield Vs = 0. Moreover, the flow is adiabatic and steady, and hence it can be obtained
by the energy equation that A4k, = 0. Therefore, Crocco’s equation (Eq. (6)) gives that V x V =0, i.ec., the conical flow

field is irrotational. Since Crocco’s theorem is a combination of the momentum and energy equations, then V x V=0
can be used in place of either one. In spherical coordinates,

e, rey (rsinH)eq,
7 1 |0 © 0

rzsinﬁg % %
vV, rV, (rsin Q)V(p

=0 )

where e,, egand e are unit vectors in the r, 8 and @ directions respectively.
Expanding Eq. (7), it becomes

) | e, [i(ersin 6’)—i(rV0 )} - reg[%(rVd,sin 6’)—%(V, )} +

00 oD
VXV =—— P 5 oy ®)
r’sin
+\rsinf0)ey,| —\rVe0)-—+
(sin0)eq| =rv0)- 2|
Applying the axisymmetric conical flow conditions (Egs. (3) and (4)), Eq. (8) simplifies to
ov, dv,

Vy=—2" - Vy=—2L. 9

Y °” a6 ©

Equation (9) is the irrotationality condition for axisymmetric conical flow.
A special form of Euler’s equation, which holds for any direction throughout an irrotational inviscid flow with no
body forces, is given by Eq. (10) (Anderson, 1990), where p and p denotes the pressure and density respectively:

dp = —pvdVv - vi=v}+vi). (10)
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Evaluating the derivative, Eq. (10) becomes
dp=—p(V,dV, +VydV, ). (1D

For isentropic flow, the speed of the sound (a) is given by Eq. (12), where the subscript s denotes constant entropy

@ _(d) - )
dp \0p),

So, Eq. (11) can be written as

d 1
_/’z_a_z(V,dVﬁV{,dVe) (13)

P

Defining a reference velocity (V,.) as the maximum theoretical velocity obtainable from a fixed reservoir
condition (when V = V., the flow has expanded theoretically to zero temperature, hence 7 = ), and as the total
enthalpy (h,) is constant along a given streamline we can have the following equation

v:i vz
hy =const =h +7=% = Vnae =20y - (14)

For a calorically perfect gas that is defined as a gas for which the values of specific heat at constant pressure (c,)
and specific heat at constant volume (c,) are constants, so the ratio of the specific heats yis constant, Eq. (14) becomes

2 2 2
Vv V -1 -1
ya_1+7=% = azzyT(Vriax_Vz)zyT(Vriax_Vrz_VGZ)' (15)

Substituting Eq. (15) into Eq. (13)

dp 2 [V,dV, +V,dV, ] 6

P Y=LV, -V;-V;

Equations (5), (9) and (16) are three equations with three dependent variables (p, ¥, and Vj). Due to the
axisymmetric conical flow conditions, there is only one independent variable (6). Hence, the partial derivatives in the
three equations are more properly written as ordinary derivatives.

Combining the three equations (Egs. (5), (9) and (16)) and considering that if

dav av, d*v
Vy=—" =  —ft=—r 17
do do  46?
we have
2 2 2
- dv dav d dv av, av,(d
-1 Vi o—vi-|=—r 2V, +—Lcot0 + Ve |4V, V, —L 4 I Vell=o. (18)
2 do do do’? do do  do | do?

Equation (18) is the Taylor-Maccoll equation for the solution of conical flows. It is an ordinary differential
equation, with only one dependent variable (V). Its solution gives V, = f{6) and Vycan be found by Eq. (9).
To expedite the numerical solution, it is better to define a nondimensional velocity (F”) as

V
V

max

e (19)

so Eq. (18) can be written in the form given by Eq. (20), where the value of y, for the air is constant and equal to 1.405
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\2 ' ' ' ' ' '

- , dv . dv d? av.| .av. av.(d*v,
r=1 70 R A P Ve | 4V, |y 4V, | 4V, rll=0 20)

2 do do do’? do do  do | 4o?

2.2. Conical flow formulation for a thermally perfect gas

For any diatomic or polyatomic gas the value of ¢, (specific heat at constant pressure) and ¢, (specific heat at
constant volume) actually varies with temperature and can only be approximated as a constant for a relatively narrow
temperature range. At some point as the temperature increases, the ¢, and ¢, values begin to increase due to the
excitation of vibrational energy of the molecules. For the air, this phenomena occurs around 800 K. Thus above 800 K,
the use of y = 1.405 in the calorically perfect gas equations will yield incorrect results. The variation of ¢, and ¢, with
temperature (and only with temperature) continues up to approximately 2000 K, for air at 1 atm pressure (Anderson,
2000). Above this value of temperature the dissociation of the molecules of the air starts to occur. In this temperature
range, where the value of ¢, and ¢, is a function only the temperature, air is considered a thermally perfect gas.

A set of thermally perfect gas equations is derived for the specific heat as a polynomial function of temperature to
be used to calculate the properties of the flow behind the conical shock wave. These results will be compared with the
ones obtained with the Taylor-Maccoll equation for conical flow for calorically perfect temperature regime.

2.2.1 Polynomial curve fit for c,

The selection of a suitable curve fit function for ¢, is the starting point for the development of thermally perfect
compressible flow relations. The form chosen for this work was the eight-term, fifth-order, polynomial expression given
by Eq. (21) in which the value of ¢, has been nondimensionalized by the species gas constant (Witte, 1994).

D[ L)L)t b ad bl alet) S
j=1

For a given temperature range, A; to Ag are the coefficients of the curve fit. This is a functional form for ¢, (Rate,
1990), which provides values of 4, to A4 for 15 different gas species. McBride (1963) provides similar ¢,/R coefficient
data for over 200 different gas species for a five-term, fourth-order polynomial curve fit equation (4; to 4;). Equation
(21) is also valid with these coefficients provided that 4;, A, and Ag are set equal to zero. In Eq. (21) R denotes the
specific gas constant.

The ¢, of a mixture of gases is given by

n
Cpmix = 2 YiCp (22)
i=1

where ¥; is the mass fraction of the i gas species. The value of ¢p,i is determined from Eq. (21) for each component
species. The following example of the standard air, consisting of the four major component gas species: Np, O, A; and
CO,.

Cpair =YN,€pN, TY0,¢p.0, *Y4r€p.ar +Yco,€p,co, - (23)
Equation (23) can be fully expanded with the use of Eq. (21) in the form
1 1 5
cp,air = YNZRNZAI,NZ F + YNZRNZAZJNZ 7 + e t+ YNZRNZAs’NZT +
1 1 5
+ Y02R02A1_02 F + Y02R02A2_02 T + ot YozRozAs,ozT +
7 7 24)
+ Y4 Ry A 4, (F] + Y4 R4 Az 4 (?] tot YArRArAs,ArT5 +

1 1 s
+Yco,Rco,41,co, (F] +Yco,Rco,4:,c0, (?j + e+ Yoo, Reo, A3 co, T

Combining like terms in Eq. (24), a resultant ¢, curve fit for gas mixture, i.e. for air, is generated. For convenience,
the specific heat at constant pressure for thermally perfect gas will be represented by E[, .
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~ 1 1

cp,air = Al,air (Fj + AZ,air (7) + A3,air + A4,air (T)+ A5,air (TZ )+ A6,air (T3 )+ A7,air (T4 )+ A8,air (T5 ) (25)
where

Ajair =YN,Rn,Ajn, +Yo,R0,Aj 0, + Y4 R4y Aj ar +Yco,Rc0,4j co, - (26)

2.2.2. Isentropic relations

If the flow is assumed to be adiabatic, then the energy equation for two separate points in the flowfield is

Vi Vi
o+ —L=h, + 2 27
Ity 7727, 7

Using the definition of & reference to 0 K, where h = J.c pdT represents the enthalpy, it gives

T; 2 T, V2

jEpdT+—’ = jEpdT+—2. 28)
2 2

0 0

If point 2 is selected to represent the stagnation condition, then ¥, =0 and T, = T, . Then Eq. (28) reduces to

vi T s T
= ojcl,dT— [¢,ar = [¢,ar = V=2 ["¢,dr 29)

0 T,

T,
where for the selected fifth-order curve fit for Ep (Eq. (25)), the factor _[EpdT becomes
T,

T,

. T, A A

[¢,ar = -4, ERNES +A21n—’+A3(T,-T,)+ﬂ(T,2-T,2)+—5(T,3-T,3)+—6(T;’-T,")+

i T, T, T, 2 2 2 0)

+%(T,5 - T,5)+ %(Tf - T;’)

With knowledge of 7 (ratio of the specifics hearts for the thermally perfect gas) that can be calculated using the

value of 'E[, obtained from Eq. (25) in the relation

- C
V== ”R 31)
Cp—

and with the knowledge of the speed of the sound for thermally perfect gas (@;) given by the relation

i, = 7R, (32)

the Mach number can be obtained along with V; from Eq. (29).

An expression for the static to total pressure ratio (py/p,) is obtained through the use of the first law of
thermodynamics, the definitions of enthalpy and entropy, the equation of state, and the assumption of isentropic flow

(Witte, 1994).
dTJ

Pr

! (33)
P exp{l TJ£
R

~ |
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For the selected fifth-order curve fit for E[, , the integral in Eq. (33) becomes

Tz T, A A
j—”dT:-ﬂ iz—iz —A{i-ij AyIn—+ A,(T, —T1)+—5(T,2—T12)+—6(T,3 —T13)+
7, T 2\1° T, T, T, T, 2 3 (34)

2.2.3. Conical flow for thermally perfect gas

As it was said before, for a thermally perfect gas, the specific heat at constant pressure (E[,) is a function only the

temperature and is given by Eq. (25). The ratio of the specific heats (7') and the speed of the sound (& ) for thermally

perfect gas are defined by Eqgs. (31) and (32) respectively. Following the same development of the Taylor-Maccoll
equations, for calorically perfect gas, it is possible to write the thermally perfect gas conical flow equation, considering
the relations defined in section 2.2.2., as

- 2 2 2
y-1| , 2 (dV, dav, a<v, dav, v, dv,|d°v,
—\V, . V- 2V, + cotl + - V + =0. 35
2 { max T [d& " de do? do| " doe  do | a6? )

where the value of ¥ is given by Eq. (31) and then the value of ¥, can be found by Eq. (9).

2.3. Conical flow formulation for a gas in equilibrium

For the air at 1 atm, when the temperature reaches about 2000 K, the dissociation of O, begins (Anderson, 2000).
At 4000 K, the O, dissociation is essentially complete, most of the oxygen is in the form of atomic oxygen O and the
dissociation of N, begins. If the pressure is increased the dissociations of the O, and N, begin at higher temperatures
and for lower pressures it the dissociation occurs also at lower temperatures. For this case, considering the gas in
equilibrium, the chemical composition is a unique function of both the temperature and the pressure. For a
thermodynamic system in equilibrium (including an equilibrium chemically reacting system), the state of the system is
uniquely defined by any two states variables.

2.3.1 Equilibrium thermodynamic properties of high-temperature air
A particularly convenient method of entering high-temperature equilibrium air properties into the flowfield

calculation is by way of polynomial correlations of the calculated and tabulated data (Tannehill, 1972 and 1974).
In terms of specific enthalpy as a function of pressure and density, i.e., = h( p,p) we have

n=L_1_ (36)
Ply—-1

where

= +ces+c,Z+cY Z

(37
1+exp[c9(X +c,0Y+c,,)]

and where Y=log10(%292j, X=10g10(%013x105) and Z=X-Y.

The unit for p is N/mz, the unit for p is kg/m3 and the coefficients ¢;, ¢,, ..., ¢;; are tabulated in reference
(Anderson, 2000).

The ratio of the specifics hearts for the gas in equilibrium is represented here by 7 to be distinguished from 7 for
the thermally perfect gas and from y for the calorically perfect gas.
In terms of temperature as a function of pressure and density, we have

dy+d,Y +dgZ +dyY Z +d ) Z°
I+ exp[d,,(Z+ dj; )]

jzd,+d2Y+d3Z+d4YZ+d5Z2+ (38)

lo L
810\ 751,78
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where Y = logm(%zgz) , X = log,o(%013x105) and Z = X —Y . The coefficients d;, d,, ..., d;, are tabulated in

reference (Anderson, 2000).
A correlation for the equilibrium speed of sound in high-temperature air is given by (Tannehill, 1974)

- - Pz
~ = oy oy
a=|e K1+(7/—I)) 7+K{alze] +K3[ Y ] . (39)
P e

The coefficients K;, K, e K; are tabulated also in reference (Anderson, 2000) and 7 is defined by Eq. (37).

2.2.3. Equilibrium conical flow

Consider the equilibrium high-temperature supersonic or hypersonic flow over a cone at zero degrees angle of
attack. The classical model of conical flow, Taylor-Maccoll, can be considered.

The governing equations, for axisymmetric conical flow, of continuity and r direction momentum are the same
obtained in section 2.1. So, for conical flow in spherical coordinates, the continuity equation is given by Eq. (5) and the
r-direction momentum equation is given by Eq. (9).

The @-direction momentum equation, in spherical coordinates, is given by

Vo VodVy ViVo_ 1p

40
“or r 00 r pr 00 @0
and applying the conical flow assumption, Eq. (40) becomes
dv,
Vo—24v,v, __ 1o (41)
do p do

Equation (41) is the & -direction momentum equation for conical flow.
Considering isentropic the flow between the shock and the cone, any change in pressure, dp, in any direction in the

flowfield is related to a corresponding change in density, dp, via the speed of sound relation given by Eq. (12).
With Eq. (12), Eq. (5) can be written as

dv, V, d

W, +Vycot0+—0 + 20 P _y 2)
do pa2 do

Equations (41) and (42) are two equations in terms of the derivatives dV% P and 9P 0 Solving Egs. (41) and (42)

for these derivatives, it gives

dv, 2 A%
To_ 4 Vw +V,cotd- 10 (43)
a9 vji-a’ a’

and
d_p__—pVaaz (V +V, cot@) “4)
do Va_ag r g

Equations (9), (43) and (44) constitute three coupled ordinary differential equation in terms of the five unknowns,
Vg V, p, p and a. This system is completed by adding the equilibrium high-temperature thermodynamic properties in
the form of p = p(p,h), given by Egs. (36) and (37) and a =a(e,p) given by Eq. (39) and that system of five
equations represent the governing equations for equilibrium flow over a cone.
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3. Numerical solution of the conical flow equations

The present study was performed to find the conditions behind the conical shock wave formed over the vertex of a
circular cone with 15-degree semi angle flying at Mach numbers from 6 to 10. These conditions, specially the values of
temperature and Mach number, are the ones that should be generated at the exit of the nozzle of the vitiated air
generator (VAG). These generated conditions, at the exit of the nozzle, should be the most similar as possible to the
conditions, in the real flight, at the entrance of the scramjet combustors, where the supersonic combustion will take
place. The conditions to be simulated should also account for the flight altitude since, at low pressures, the O, and N,
dissociations begin to occur earlier, i.e., the lower is the pressure, the lower is the temperature that the dissociation of
the air begin to occur, and when it happens the properties of the flow have to be calculated, considering the equilibrium
flow model.

To illustrate the variation of the specific heat ratios (y) with temperature and pressure, Fig. (5) shows y =¢, /¢, ,

immediately behind an oblique shock wave, as a function of the shock wave angle and the Mach number, for two
different altitudes conditions, one at the sea level (H = 0 m) and another for H = 10000 m (NASA/NOAA/USAF, 1976).

T=288.15K p = 101325 NIm2 T=22315K p = 26436 Nim2
14 14 ’
138k RN, | e L H=0m_____ i e ;;';3“1 o H.= 10000.m
136F---------- 1 = = Ty gy s e - P - - - E ___________3 _________ - 1.36 %%m
: i | ‘%’Qb%q%;:%e@e B O
| - _— e 134 “ﬁ%
g - 3
- : 3 Sorang
STt Y S E ,,,,,,,,,,, reee___ | © 132 hy ottagace;

E&k;

13F- — --3----- “ :-',-',;___' H R 13F-| — MachBb e
— ' —=— Mach 7
] «— Mach 8
128f-{ = Mach9 |--------- e 1.28[-| —=— Mach 8 s
—=+— Mach 10 i —+— Mach 10
1.26 L i i 1.26 i
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Figure 5: Ratio of specific heats for two different altitudes.

For the numerical solution of the supersonic or hypersonic flow over a circular cone, for the three models
(calorically perfect, thermally perfect and in equilibrium), it was employed the inverse approach, where assuming a
shock angle, the particular cone that supports the given shock is calculated. This is a contrast to the direct approach,
where the cone angle is given and the flowfield and the shock wave angle are calculated.

For each one of the three flow models it was assumed a value for the shock wave angle (6) and the conditions of
the flow immediately behind the shock were found from the oblique shock relations: for calorically perfect (Anderson,
1990), for thermally perfect (Tatum, 1997) and for equilibrium gas (Anderson, 2000). Using the values found for the
component of the velocity in r direction (¥,) and in @ direction (V) and for the sound speed (a;) and pressure (p,),
immediately behind the shock wave, as initial values, Eq. (20), for the calorically perfect flow, Eq. (35), for thermally
perfect flow and Eqgs. (43) and (44), for the flow in equilibrium were solved numerically in steps of €, marching away
from the shock to the cone surface. The flow field between the shock and cone was divided into incremental angles A6
and the equations were solved by a Runge-Kutta method.

At each increment in 6, the value of ¥ is calculated, for a given free stream Mach number M,,. At some value of &
we have that the value of the normal component of the velocity related to the shock wave is ¥, = 0. When it happens

0 =0,, where 6, represents the angle of the surface of the particular cone, which supports the shock wave of a given

shock wave angle (6,) at a given Mach number (M,,). So, &, is the cone angle compatible with the M, and 6 given. The
value of the component of the velocity in r direction (V}) at 6. gives the Mach number along the cone surface. With this
process, the complete flowfield between the shock and the body can be obtained.

The process described above was used for the three flow models: calorically perfect, thermally perfect and in

equilibrium. Some of the results obtained for the semi angle of the cone, 6, = 15, were plotted below as a function of the
free stream Mach numbers. For these calculations it were used the free stream conditions relative to the sea level

altitude where the temperature is 288.15 K, the pressure is 101325 N/m” and the density is 1.225 kg/m3.

Figure (6) shows the comparison between the conditions behind the conical shock wave for the three flow models:
the calorically perfect, where y is considered to be constant and equal to 1.405, the thermally perfect, where 7 is a
function only of the temperature and the equilibrium flow model, where 7 is a function of the temperature and the

pressure.
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Figure 6: Comparison of the flow conditions behind the conical shock wave for the three models:
calorically perfect, thermally perfect and equilibrium for p.,= 1 atm and 7., = 288.15 K.

To solve the equations it was developed, for the three models, an algorithm using the mathematic software tool
MATLAB. The results obtained for the calorically perfect model were compared with the ones tabulated in Sims (1964)
with excellent agreement, as shown in Tab. (1). The values were calculated for a cone with 15-degree semi angle flying
at Mach numbers from 6 to 10 and were presented on Tab. (1), on the left column of each Mach number, where the
subscript oo refers to the free stream conditions, the subscript 2 refers to the flow behind the conical shock wave and s to
the shock.

Table 1: Comparison between calculated values (using a calorically perfect model) and tabulated values (Sims, 1964)
for a cone with 15-degree semi angle flying at Mach numbers 6, 7, 8 and 10.

M,=6 M,=7 M,=8 M,=10

Calculated | Tabulated | Calculated | Tabulated | Calculated | Tabulated | Calculated | Tabulated
Values Values Values Values Values Values Values Values
o 19.0070 19.0072 18.3640 18.3643 17.9330 17.9339 17.4120 17.4126
M, 4.4446 4.4542 4.8871 4.8997 5.2604 5.2758 5.8378 5.8586
P2/ Poo 2.5895 2.5981 2.9465 2.9586 3.2738 3.2895 3.8275 3.8503
P2/Po 4.2932 4.2883 5.5143 5.5078 6.9209 6.9128 10.2940 10.2810
T,/T, 1.6579 1.6506 1.8715 1.8616 2.1140 2.1014 2.6895 2.6702

For the others two models it is difficult to have tables to compare the calculated values because for the thermally
perfect model we have a different value for each temperature and for the equilibrium flow model we have, for the same
temperature, a different value for each pressure, but the procedure of calculation for the these two last models was the
same used for the calorically perfect one, changing only the equations relative to each model, showed in sections 2.2
and 2.3.
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4. Conclusions

The main goal of this work was to obtain the values of temperature and Mach number behind the conical shock
wave, so with this, we can have the conditions to be generated at the exit of the nozzle of the vitiated air generator
(VAG). With the value of the temperature it is possible to predict, for each experiment using the VAG, the equivalence
ratio between the oxidant and fuel, to obtain the stagnation temperature, in the combustion chamber of the VAG, before
passing through the nozzle (Fig. (3)). Also with the value of the temperature we can calculate the composition of the air
for that temperature and with that estimate the composition of the oxidant, i.e., the proportion between the air and
oxygen (O,) used to enrich the air inside the combustion chamber of the VAG, to keep the same composition of the air
after the combustion at the exit of the nozzle. With the values of the Mach number behind the conical shock wave,
calculated in this work, it is possible to design the nozzles necessary for the experiments.

Figure (6) shows, for cones with 15-degree semi angle, that for experiments where the free stream Mach numbers

(M) are below 7, at sea level pressure, it is possible to consider the flow behind the shock as calorically perfect. For
values of the free stream Mach numbers higher than 7 it is better to consider the flow behind the shock as a thermally
perfect or in equilibrium one, taking into account the temperature and also the pressure of the flow behind the shock
wave.
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