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Abstract. The Peltier effect or thermoelectric cooling is a solid-state method of heat transfer
generated at the junction between two semiconductors made of different materials. The
difference between the conventional refrigeration and thermoelectric cooling is that a
thermoelectric cooling system refrigerates without use of mechanical devices. Heat absorbed
at the cold junction is pumped to the hot junction at a rate proportional to electric current
passing through the circuit. The aim of this paper is an attempt to answer the question of
shape optimization for maximum refrigeration of a convectively cooled thermoelement with
variable circular cross-sectional area. The two-point boundary-value initial problem of
temperature distribution in the thermoelement is converted to an equivalent two initial-value
problem and then numerically integrated. An iterative routine using the Newton’s method is
employed to calculate a better approximation for the temperature distribution. Solutions to
these equations show the effects of various concave and convex geometrical shapes and
convective cooling conditions on the overall performances of a Peltier-effect cooling device.
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1. INTRODUCTION

The method of irreversible thermodynamics promotes a unified treatment of coupled
transport phenomena, where energy and mass transfer interactions simultaneously occur
between systems that are not in equilibrium. Associated with the simultaneous conduction of
thermal and electrical currents through dissimilar conductor materials, the thermoelectric
cooling phenomena is one example of such coupled irreversible-flow phenomena
Thermoelectric cooling, sometimes called “ Peltier effect”, discovered by the French scientist
Jean C. A. Peltier in 1834, represents the release or absorption of afinite heat transfer rate at
the junction between two constant — temperature electrical conductors made by different
materials (Bgjan, 1988).

Since they do not require any moving parts, thermoelectric refrigerators are extremely
reliable. Unlike conventional refrigerators, which employ chlorofluorocarbons (CFCs),
thermoelectric cooling is an environmentally safe method. Therefore, conceptual design and
optimization of thermoel ectric cooling systems are the subject of a growing number of
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Figure 1 — Schematic view of a solid-state Peltier-effect cooling device with
variable circular cross-sectional area arms.

companies that successfully applied them in food service refrigeration for airborne
applications, cooled enclosures systems for electronics assemblies and so on.

Early attempts to optimize the thermoelectric devices have been made by Brandt (1962)
and Rollinger (1965). Brandt (1962) studied a thermoelectric device with semimetal arms of
truncated cone shape and variable properties. He neglected thermal interactions by convection
and conduction, between the active thermoelectric material and the ambient, assuming the
surroundings to be an evacuated space. Rollinger (1965) studied a convectively cooled
thermoelement with variable cross—sectional area. To reduce the differential equation, which
describes the steady state one-dimensional temperature distribution through the device arms,
to a Bessel equation he assumed special analytical functions for the cross—sectional area and
the perimeter of the device arms.

This paper presents a study of the influence of the geometrical shape of active
thermoelectric materials on the performance of the solid-state convectively cooled Peltier-
effect cooling device.

2. MATHEMATICAL MODEL

The two-egs arrangement in Fig. 1 represents a convectively cooled thermoelectric
refrigerator with variable circular cross—sectional areaarms. It is assumed that each one of the
two arms is completely insulated between z = 0 and z = |4, while in thermal interaction by
convection with the surroundings (air at Tg) for |1 < z < |,. Temperature of the cold and hot
junctions are specified constants, Tc and Ty, respectively. Differential equations for the
steady state temperature distribution through each arm can be written:
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withg =0forO0<z<Ii;and g = hlp(z)[(Te —T) for I; < z < |,, where h is the convective heat
transfer coefficient between the thermoelectric material and the cooling air, and p(z) is the
anaytical function describing the variation of the perimeter. In Eq. (1), k is the thermal
conductivity of the active thermoelectric material, A(z) is the analytical function describing
the variable circular cross—sectional area, | is the electrical current and p is the electrica
resistivity of thermoelectric material. The non—dimensionalization of Eqg. (1) is based on
recognizing the following dimensionless variables:

z=1zlr, r=rlr, T=T/T, 2)

where rp isthe radius of columnar arms at the cold junction.
Dimensionless form of Eq. (1) iswritten now:
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where Bi = 2hrg/k is the Biot number based on the diameter of the variable circular cross-
sectional area arms at the cold junction.
Equation (3) is subject to the following boundary conditions:

0 T

z 1 (4a)

l, T

T (4b)

z

To study how the shape of columnar arms generaly influences the performance of a
Peltier-effect cooling device, it is considered the following anaytica form of the
dimensionlessradius T:

F(z)=az’-2alz+1 o<l <l, (5)

where the a and | constants are determined to guarantee positive values of radius T and
constant-volume column arms:

Knrzdz =72, 6)

Such a constraint is often justified by the high cost of the thermoelectric materia that are
employed in manufacture of thermoelectric devices and by the cost associated with the weight
of the columnar arms. To select optimally the shape of the columnar arms means to maximize

the total heat pumping, QC , When the volume of each column arm is known and fixed.
Solving Eg. (6) it is obtained directly:
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Figure 2 - Thefirst law of thermodynamics for the concave (@) and convex (b)
columnar arms of the Peltier-effect cooling device.

The positive values of coefficient a characterize the concave parabolic columnar shape of
the thermoelectric active material in Fig. (2a), while the negative ones are specific for the
convex parabolic columnar shape armsin Fig. (2b).

The heat balance at the cold junction, Z =0, gives the expression for the dimensionless

heat pumping Q.:

_ I 117 dT
Qc =2 i _| (8)
T, -1, T, dz|

where M. represents the Peltier coefficient of thermoelectric active material at the cold
junction, Q =Q/Q,, and Q, =KA (T, - T.)/I,.

The energy balance written at the hot junction, Z =1,, gives the dimensionless heat
interaction QH associated with the isothermal heat sink at Ty:

5, - , i, A, dT| E ©
C




The heat transfer interaction between the columnar arm of the Petier-effect cooling
device and the cooling air, Q. , reads

= LB &o =
Q: = 'TZ —h r(T -Tg)dz (10)
H

Considering each one of the two columnar arms of the solid-state Peltier-effect cooling

device in Fig. 1 as a closed system (see Fig. 2), the first law of thermodynamics can be
written

W, =5 Q (11)

where W, is the dimensionless electrical work transfer interaction, and the right side of Eq.

(11) represents the algebraic sum of all heat transfer interactions experienced by the system.
The coefficient of performance of the Peltier-effect heat pump is given by

cop=c (12)

Wl
3. MATHEMATICAL METHOD

The general formulation of the two-point boundary initial problem in Egs. (3), (4a) and
(4b) is:

d’T/dz’ = f(zT,T');T(0)=1T(,)=T, (23)
where T' =dT/dz.

Let us denote an approximation of T'(0) by Q", so that the corresponding initial-value
problem is given by:

d°T, /dz® = f(Z,T,.T5 ) T,(0) =L T'(0)=Q" (14)

The solution of Eg. (14) is denoted by TQ. Now, the objective is to select Q" so that
To(,) =T, or ®(Q") =Ty(I,) - T, =0. Newton's formulafor the function ® is

Q1 =Q, ~2(Q,)/®'(Q,) (15)

where the subscript n+1 indicates the (n+1)th term of the sequence computed by the Eq. (15).
The derivative @' is calculated by solving the first variational equation corresponding to
Eq. (14)

d®v/dz? =(of /T, Jv +(of /0T, V'; v(0) =0; V'(0) =1 (16)



We recognize Egs. (14) and (16) as an initial-value problem that can be solved by using
the fourth-order Runge-K utta method. We denote by X the column vector:

x=[t, T v v[ (17)
Similarly, we denote by F the column vector with components:
F=[e T v v (18)
The system of differential equations
dX/dz=F(z,X) (19)
is accompanied by the auxiliary condition
Xoo=L @ 0 4 (20)

where Q) is a guessed value for the dimensionless heat flux at the cold junction. For n>1
Q, iscalculated based on Eq. (15).
Attheend (Z =1,), v(l,) will be available, and we have

V(I,)=Ton(l,)=®(Q,) (21)

Equation (21) enables us to use the Newton's method in order to calculate a better
approximation for Q" . When |TQ,n(T2) —TH| < ¢, where € isacertain acceptable error, we get
an approximate solution of the two-point boundary initial problem (13)

T(2)=T,.(2);0<2z5<], (22a)
T'(0)=Q, (22b)

The calculation of the derivative in EQ. (22b) is one of the more complicated issues in
order to evaluate the heat pumping at the cold junction in Eq. (8).

4. NUMERICAL RESULTS

The initial-value problem of Eq. (19) has been solved for a Peltier-effect cooling device
made by Bi,(Se, Te)s as thermoelectric active material. The properties of Biy(Se, Te); are
those indicated in Table 1, and it is assumed to be identical for p and n elements with a sign
change for the Peltier coefficient.

Numerical values of the radius, electrical current, heat sink and load temperatures, and
Biot number are:

r, =0.002m
|, =0.042m



Bi =0.03;0.04;0.05

T. =260K
T, =310K
T. =275K
| =10 A

Iterative calculations of temperature distribution and heat pumping at the cold junction

have been performed considering the same values of parameter | (see Figs. 3a and 3b), for
both, the concave and the convex shape of columnar arms of the Peltier cooling device, and

assuming € =10™, where € is an acceptable error for |TQ’n (1,)- TH| <g.

Table 1. Physical properties of various thermoelectric materials.

Thermoelectric k pll0° nNcio®  zcmo®
material WH'ED @m) (V) (K

AgSbTe, 0.84 7.5 61.62 0.892
(Zn, Cd) Sb+ Sn 110 59 6162  0.865
(Bi, Sh), Tes 117 2.42 62.92 2.068
Ag,Se 0.94 0.78 39.00 3.069
Bi, (Se, T6)3 154 110 5746 2883
PbTe + Na 1.96 142 55.12 1.615
Bi,Tes + CuBr 1.92 0.79 52.78 2.717
PbTe + Bi 2.20 1.02 56.16 2.079

The last column in Table 1 contains the numerical values of the figure of merit,
Z. =NZI(kpTZ), for different thermoel ectric materials.

The results of this calculation, presented in Figs. (3a) - (3f), show an important effect of
the geometrical shape and the convective cooling conditions on the temperature distribution
along the thermoel ectric material. In order to maximize the heat pumping at the cold junction,

Q.. it is needed to minimize dT/dz, calculated at Z =0, sinceit is a positive number in Eq,
(8). Numerical results in Figs. (3b) and (3e) show that numerical values of this derivative
diminish rapidly when increasing the convective cooling.

Figures (3c) and (3f) show the impact of the geometrical shape on the heat pumping, Q..
Graphical results in Fig. (3f) suggest the existence of a optimal convex shape for each value
of the Biot number.

In Figs. (3b) and (3e) it is aso predicted that the derivative dT /dz, calculated at the hot
junction, Z=1,, has positive values for the concave convectively cooled columnar arms,
while it has negative values for the convex ones. Therefore, the heat transfer interaction at the
hot junction, Q,,, islarger for the convex shaped columnar arms (see Figs. 2a and 2b). Based

on the first law of thermodynamics this predicts also that the electrical work transfer, |W,|, is

larger for the convex shaped arms.

At the same time, the temperature distributions shown in Figs. (3b) and (3e) indicate that
the heat transfer interaction is more intense at the hot junction of a convex shaped arm, than
for aconcave one. Graphical results presented in Figs. (4b) - (4f) confirm this prediction,
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Figure 3 — Dimensionless temperature distribution through the thermoel ectric material and
the heat pumping variation for parabolic concave and convex arms, subject to a constant-

volume constraint (f(I )=, or F(I)=T_).
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Figure 4 — Variation of the dimensionless heat pumping and the coefficient of
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showing sharp maximum values of the heat pumping at the cold junction, Q., and the

coefficient of performance, COP, for the convex shaped columnar arms of a Peltier effect
cooling device.

5. CONCLUSIONS

Differential equations, describing the steady state one-dimensional temperature
distribution through the thermoelectric active material of a solid-state convectively cooled
Peltier-effect cooling device, have been presented and numerically solved.

The results of this study suggest the existence of a optimal convex shape of the columnar
arms of the Peltier-effect cooling device and show sharp maximum values of the heat

pumping at the cold junction, Q. , and the coefficient of performance, COP.

REFERENCES

Began, A., 1988, Advanced engineering thermodynamics, John Wiley & Sons, Inc., New
York.

Brandt, J. A., 1962, Solutions to the differential equations describing the temperature
distribution, thermal efficiency, and power output of a thermoelectric element with
variable properties and cross sectional area, Advanced Energy Conversion, Vol. 3, pp.
219- 230.

Gardner, E. E. & Woisard, E. L., 1961, Thermoelectric materials for space cooling, Energy
Conversion for Space Power, Progress in Astronautics and Rocketry, Vol. 3, Edited by
Nathan W. Snyder, Academic Press, New Y ork, pp. 111-121.

Rollinger, C. N., 1965, Convectively cooled thermoelements with variable cross — section
area, Journal of Heat Transfer, Vol. 87, pp. 259-265.



