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Abstract The mass, heat and momentum transfer through a rare�ed gas con�ned between

two coaxial rotating cylinders is investigated. The evaporation and condensation of the

gas on the cylinder surfaces is assumed. The state of equilibrium is perturbed by small

deviations of pressure, temperature and angular velocity on the inner cylinder. The �elds

of the pressure, temperature, velocity, heat 
ux vector, and stress tensor are calculated

in the wide range of the Knudsen number. In the free molecular and transition regimes

the kinetic model of the Boltzmann equation has been solved numerically by the discrete

velocity method. Further, the Onsager reciprocity relations between the cross-e�ects are

tested.
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1 Introduction

The transport phenomena, i.e. mass, heat and momentum transfer, through a 
uid con-

�ned between two coaxial cylinder is a classical problem of mechanics of 
uids, which is

of a great scienti�c and practical interest. In our previous papers Sharipov & Kremer

(1995a, 1995b, 1996a, 1996b) this type of 
ow was used to test the principle of material

frame indi�erence, the validity of which is discussed by many authors. It was shown that

the rotation creates an anisotropy and changes qualitatively the transport properties of

the 
uid. The anisotropy induces the following e�ects: (i) A radial temperature gradi-

ent causes both radial and tangential heat 
uxes, see the papers by Sharipov & Kremer

(1995a, 1995b). In other words, the thermal conductivity becomes a second-order tensor.

(ii) The diagonal components of the stress tensor are not equal to zero but signi�cantly
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depend on the rotation frequency [Sharipov & Kremer (1996a, 1996b)].

In our other paper [Sharipov & Kremer (1999)], a strong non-equilibrium Couette 
ow,

i.e., when the cylinders have a large temperature di�erence and a large velocity di�erence

simultaneously, was studied. Here, under the term "Couette 
ow" we imply all transport

phenomena through a gas con�ned between two coaxial cylinders. From the analysis of

the numerical solution based on the kinetic equations we found that the temperature

di�erence a�ects the stress tensor without changing the velocity pro�le, while the velocity

di�erence a�ects the heat 
ux without changing the temperature pro�le.

The above mentioned papers consider the heat and momentum transfer only. In order

to take into account the mass transfer, one has to assume that the coaxial cylinders can

absorb and emit 
uid particles. One of the mechanisms of mass exchange between the gas

and the cylinders is the evaporation and condensation on the cylinder walls. Gas 
ows

with evaporation and condensation on the boundary have a very complicated solution

even in systems at rest, i.e., without rotation. This type of 
ow was investigated by

many authors on the basis of the kinetic theory and an extensive list of the corresponding

publications can be found in the paper Sugimoto & Sone (1992).

The 
ow becomes more complex if the cylinders - that con�ne a gas in which processes

of evaporation and condensation are taking place - rotate. A numerical solution of this

problem was presented in our paper Cumin et al. (1998) for a wide range of the Knudsen

number. It was assumed that the cylinders have the same temperature and rotate with

the same velocity, but there, the gas evaporates with weakly di�erent pressures. Some

analytical results for the Couette 
ow with evaporation and condensation in the continuum

regime can be found in the paper by Sone et al. (1996), while interesting results for the

non-linear Couette 
ow with evaporation and condensation are presented in the paper by

Sone et al. (1999) where it was pointed out that a bifurcation of the 
ow is possible.

The aim of the present paper is to solve a more general problem than those that

were considered in our previous papers. Namely, we assume that the rotating cylinder

can evaporate and condense the gas. Like the paper by Cumin et al. (1998), here we

consider that a number of evaporated molecules on the inner cylinder is di�erent from

the number of condensed molecules. But besides this we assume that the cylinders have

di�erent angular velocities and di�erent temperatures. So, we consider the mass, heat and

momentum transfer jointly. This problem allows us to calculate many new phenomena

that were not present in the previous papers. They are the so-called cross e�ects. What

are they?

When we assume the di�erence between the number of evaporated and condensed

molecules, we admit a radial mass transfer. But besides the mass transfer, this di�erence

causes a heat transfer (even without the temperature di�erence) and a momentum transfer

(even if the cylinders rotate with the same angular velocity). When we apply a temper-

ature di�erence between the cylinders, a heat 
ux appears. But mass and momentum

transfers also appear. And, �nally, the angular velocity di�erence between the cylinders,

besides a momentum transfer, also causes a mass and heat transfer. So, considering the

three thermodynamic driving forces, i.e. the three types of equilibrium perturbations, the

six cross phenomena can be calculated. A general analysis of these phenomena was carried

out in the paper by Sharipov (1998), where the Onsager-Casimir reciprocity relations for

them were obtained.

The solutions presented in this paper may be used to optimize the centrifugal separa-

tion of gases.
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2 Statement of the problem

Consider a rare�ed gas con�ned between two coaxial cylinders with radii R0 and R1

(R0 > R1) where the axis of the cylinders coincide with the z-axis. The cylinders may

rotate around the z-axis and are assumed to be so long that the end e�ects can be

neglected, i.e., the solution does not depend on the z-coordinate.

If both cylinders, which are at the same temperature T0, rotate with the same angular

velocity 
0, and each of them evaporates the same number of molecules that condenses,

then the temperature of the gas is constant and equal to T0, the radial bulk velocity u0
r

of the gas is zero, and the tangential bulk velocity u0
'
is equal to

u0
'
= 
0r

0; (1)

where r0 =
p
x2 + y2 is the radial coordinate, i.e. the gas rotates as a solid substance. The

number density n0(r
0) of the gas under this conditions will have the following distribution

n0(r
0) =

n00(1� R2
1=R

2
0)(�
0R0)

2

exp[(�
0R0)2]� exp[(�
0R1)2]
exp[(�
0r

0)2] (2)

where

� =

�
m

2kT0

�1=2

;

k is the Boltzmann constant, m is the mass of a gas particle, and n00 is the number

density when the cylinders are at rest (
0 = 0). This distribution is easily obtained from

the static equilibrium analysis. The equilibrium pressure distribution P0(r
0) is obtained

from the state equation, which is valid for any rare�ed gas

P0(r
0) = n0(r

0)kT0 (3)

In this equilibrium state there are neither heat 
ux nor stress tensor.

Let us consider three factors that weakly disturb this equilibrium state:

(i) The outer cylinder evaporates the particles with the equilibrium pressure P0(R0),

while the pressure of evaporated particles from the inner cylinder P1 is slightly

di�erent from the equilibrium pressure at its surface, i.e.,

P1 = P0(R1) + �P;
j�P j
P0(R1)

� 1: (4)

(ii) The outer cylinder rotates with the angular velocity 
0, while the angular velocity

of the inner cylinder 
1 slightly di�ers from 
0, i.e.


1 = 
0 +�
; �R1j�
j � 1: (5)

The smallness of �
 means that the di�erence between the velocities of the surfaces

is smaller than the speed sound of the gas. Note, there is no restriction on the value

of the angular velocity 
0.

(iii) The outer cylinder is at the equilibrium temperature T0, while the temperature of

the inner cylinder T1 slightly di�ers from T0, i.e.

T1 = T0 +�T;
j�T j
T0

� 1: (6)
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We are going to calculate the �elds of the bulk velocity u(r0), heat 
ux vector q(r0)

and stress tensor �ij(r
0) between the cylinders.

There are three main parameters that determine the solution of the problem:

(i) The rarefaction parameter, i.e. the inverse Knudsen number, de�ned as

Æ =

p
�

2

R0

�00
; (7)

where �00 is the molecular mean free path at the density n00 and at the temperature T0.

Here we will cover a wide range of this parameter.

(ii) The dimensionless angular velocity !, de�ned as

! = �
0R0: (8)

This parameter has the physical meaning of the Mach number based on the surface velocity

of the outer cylinder. Here, we will cover the range of ! from 0 to 1. Nevertheless, applying

the method used here it is possible to extend the range of !.

(iii) The ratio of the radii of the cylinders, de�ned as

a = R1=R0: (9)

Since the solution does not change qualitatively with the variation of the ratio a, here we

restrict ourselves by the value a = 0:5.

For the problem in question it is convenient to introduce the three small parameters

for the linearization:

XP =
�P

P0(R1)
; X
 = �R1�
; XT =

�T

T0
: (10)

Due to the constraints (4), (5) and (6) we have that jX�j � 1 (� = P;
; T ). Since the

forces are small, the pressure P , the radial u0
r
and tangential u0

'
component of the bulk

velocity, the temperature T , the heat 
ux vector q0 and the viscous stress tensor �0
ij
can

be written as

P (r0) = P0(r
0)

"
1 +

X
�

�(�)(r)X�

#
; (11)

u0
r
(r0) = ��1

"X
�

u(�)
r
(r)X�

#
; (12)

u0
'
(r0) = 
0r

0 + ��1

"X
�

u(�)
'
(r)X�

#
; (13)

T (r0) = T0

"
1 +

X
�

� (�)(r)X�

#
; (14)

q0
i
(r0) = P00�

�1

"X
�

q
(�)
i (r)X�

#
; i = r; '; (15)

�0
ij
(r0) = 2P00

"X
�

�
(�)
ij (r)X�

#
; i; j = r; '; (16)
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where �(�); u(�)
r
; u(�)

'
; � (�); q

(�)
i ; �

(�)
ij are dimensionless quantities. Moreover, the dimension-

less radial coordinate r = r0=R0 has been introduced.

In the work Sharipov (1998) it was shown that (Onsager-Casimir relations)

2�(P )
r'

(a) = �n0(a)u
(
)
r

(a); q(P )
r

(a) = n0(a)u
(T )
r

(a); 2�(T )
r'

(a) = �q(
)
r

(a);(17)

where the dimensionless equilibrium density n0(r) has been introduced

n0(r) =
n00(r

0)

n00

: (18)

Note, that the relations (17) are valid only at the inner cylinder surface, i.e. at r = a.

The physical meaning of the coe�cients for the cross e�ects satisfying the relations

(17) is the following:

The coeÆcient �(P )
r'

describes the momentum transfer between the cylinders caused by

the pressure di�erence �P . This coeÆcient is coupled with the radial mass 
ux n0u
(
)
r

caused by the angular velocity di�erence �
. Since the stress tensor �P
r'

and the radial

velocity u(
)
r

are odd functions of the angular velocity !, we conclude that in the state of

rest (! = 0) �(P )
r'

= 0 and u(
)
r

= 0, i.e., the phenomenon exists in rotating systems only.

The coeÆcient q(P )
r

describes the radial heat 
ux caused by the pressure di�erence

�P . It is related to the radial mass 
ux n0u
(T )
r

caused by the temperature di�erence �T .

These phenomena exist in the state of rest too.

The coeÆcient �(T )
r'

describes the momentum transfer between the cylinders caused by

the temperature di�erence �T . This coeÆcient is coupled with the radial heat 
ux q(
)
r

caused by the velocity di�erence �
. Since �T
r'

and q(
)
r

are odd functions of !, these

two phenomena exist only in rotating systems. It should be noted that the analogous

phenomena exist in polyatomic gases in the presence of magnetic �eld. Scott et al. (1967)

showed that there is a torque between two cylinders con�ning a polyatomic gas if they

have di�erent temperatures, i.e. there exist a momentum transfer �(T )
r'

. This e�ect is

coupled with the heat 
ux between the cylinders if one of them rotates Sharipov (1999).

The only di�erence is that in the phenomena considered here the rotation creates the

anisotropy, while in the polyatomic gases the magnetic �eld plays the same role.

Below, the Onsager-Casimir reciprocity relations will be used as a criterion for the

numerical accuracy.

3 Kinetic Equation

To solve the problem in question the linearized Boltzmann equation should be applied.

This equation provides reliable numerical data but it requires great computational e�orts.

Since the models of the kinetic theory allow us to reduce essentially the computational

e�orts, they still continue to be a good tool for practical calculations. The question that

remains is: What model equation one should apply to obtain reliable numerical results?

It was shown in the review by Sharipov and Seleznev (1998) that the S-model [Shakhov

(1968)] is the most suitable for non-isothermal gas 
ows because it provides reliable nu-

merical results in the whole range of the gas rarefaction Æ.

For a stationary gas 
ow in cylindrical coordinates (r0; '; z0) the S-model for a distri-

bution function that does not depend on the coordinates z0 and ' reads

vr
@f

@r0
+
v2
'

r0
@f

@vr
�
vrv'

r0
@f

@v'
=

P

�

(
fM

"
1 +

8�4

15nm
q0 �V

�
�2V 2 �

5

2

�#
� f(r0;v)

)
;(19)
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where fM is the local Maxwellian distribution (Maxwell Velocity Distribution)

fM(r0;v) = n(r0)

 
m

2�kT (r0)

!3=2

exp

"
�

mV2

2kT (r0)

#
; V = v � u0(r0); (20)

v = (vr; v'; vz) is the molecular velocity in cylindrical coordinates. The shear viscosity �

is related to the mean free path �00 through

� = n00�00

 
2mkT

�

!1=2

; (21)

that corresponds to the molecular model of rigid spheres.

The number density n, the bulk 
uid velocity u0, the temperature T , the heat 
ux

vector q0 and the viscous stress tensor �0
ij
are de�ned in terms of the distribution function

as

n =
Z
fdv; (22)

u0 =
1

n

Z
vfdv; (23)

T =
m

3nk

Z
V2fdv; (24)

q0 =
Z

1

2
mVV2fdv; (25)

�0
ij
= PÆij �m

Z
ViVjf dv; P = nkT: (26)

We assume a complete condensation of the gas on the cylinder surfaces, i.e. the surfaces

condense all incident molecules. The distribution function of molecules evaporated from

the inner cylinder (r0 = R1 and vr > 0) is given by

f =
P1

kT1

�
m

2�kT1

�3=2

exp

8<
:�

m
h
v2
r
+ (v' � (
0 +�
)R1)

2
+ v2

z

i
2kT1

9=
; ; (27)

while the distribution function of the molecules evaporated from the outer cylinder (r0 =

R0 and vr < 0) reads

f =
P0

kT0

�
m

2�kT0

�3=2

exp

8<
:�

m
h
v2
r
+ (v' � 
0R0)

2
+ v2

z

i
2kT0

9=
; : (28)

The kinetic equation (19) was linearized and then solved by the discrete velocity

method. For more detail one is referred to Cumin et al. (1998). The calculations were

carried out for the radius ratio a=0.5 in the range of Æ from 0.01 to 50 for �ve values of

! = 0, 0.25, 0.5, 0.75 and 1.

The numerical error depends on both parameters Æ and !. For a �xed value of Æ the

largest error was observed at ! = 1. That is why the accuracy estimation was made only

for this value, since for the smaller value of ! the numerical error is smaller. Three criteria

for numerical accuracy were used:
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Table 1: Velocity, heat 
ux vector and stress tensor caused by the pressure di�erence at

the mid-point (r = 0:75) vs Æ and !.

Æ ! u(P )
r

u(P )
'

q(P )
r

q(P )
'

�(P )
r'

�(P )
''

0.01 0 0.1881 0 -0.0939 0 0 -0.0373

0.5 0.1739 -0.0541 -0.0720 0.0479 0.0356 -0.0475

1 0.1376 -0.0806 -0.0236 0.0450 0.0526 -0.0624

1. 0 0.1934 0 -0.0861 0 0 -0.0578

0.5 0.1757 -0.0788 -0.0648 0.0521 0.0333 -0.0683

1 0.1342 -0.1127 -0.0198 0.0500 0.0483 -0.0816

10. 0 0.2061 0 -0.0438 0 0 -0.1271

0.5 0.1706 -0.1894 -0.0318 0.0225 0.0204 -0.1296

1 0.1088 -0.2311 -0.0089 0.0232 0.0559 -0.1253

20. 0 0.2078 0 -0.0277 0 0 -0.1446

0.5 0.1606 -0.2721 -0.0190 0.0121 0.0157 -0.1480

1 0.0924 -0.3008 -0.0050 0.0119 0.0189 -0.1426

50. 0 0.2081 0 -0.0130 0 0 -0.1573

0.5 0.1355 -0.4585 -0.0071 0.0041 0.0112 -0.1686

1 0.0647 -0.4173 -0.0011 0.0035 0.0106 -0.1671

(i) Test calculations were carried out for Æ = 0.1; 1; 10; 20 and 40 with doubling of

every grid parameter.

(ii) The conservation laws of mass, energy and momentum, which are expressed by

the equalities

n0u
(�)
r
r = const; (29)h

q(�)
r

� n0u
(�)
r
(!r)

2
i
r = const; (30)

�
�(�)
r'

� !n0u
(�)
r
r
�2

= const; (31)

respectively, were veri�ed.

(iii) The relations (17) were veri�ed.

An analysis of the test calculation, the conservation laws and the reciprocity relations

showed that the numerical error does not exceed 1%.

4 Numerical Results

4.1 Flow caused by the pressure di�erence

In Table 1 the values of the velocity, heat 
ux and stress tensor caused by the pressure

di�erence at the mid-point (r=0.75) of the cylinders are presented. One can conclude

that: i) The radial velocity u(P )
r

and the radial heat 
ux q(P )
r

are a�ected by the rotation

signi�cantly; ii) The tangential velocity u(P )
'

is negative, i.e. the gas rotates with a smaller

angular velocity than the cylinders. This is a consequence of the Coriolis force action; iii)

The tangential heat 
ux q(P )
'

and the stress tensor �(P )
r'

decrease for large values of Æ; iv)

The stress tensor �(P )
''

increases with increasing Æ. For the state of rest !=0 we have that

u(P )
'

, q(P )
'

and �(P )
r'

are zero.
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Table 2: Velocity, heat 
ux vector and stress tensor caused by the velocity di�erence at

the mid-point (r = 0:75) vs Æ and !.

Æ ! u(
)
r

u(
)
'

q(
)
r

q(
)
'

�(
)
r'

�(
)
''

0.01 0 0 0.1112 0 0 -0.1253 0

0.5 0.0001 0.1107 -0.00007 0.0010 -0.1139 0.0528

1 0.0001 0.1031 -0.00004 0.0127 -0.0841 0.0854

1. 0 0 0.1414 0 0 -0.1179 0

0.5 0.0076 0.1351 -0.0058 0.0027 -0.1059 0.0556

1 0.0099 0.1179 -0.0034 0.0136 -0.0763 0.0866

10. 0 0 0.2772 0 0 -0.0681 0

0.5 0.0446 0.2153 -0.0104 0.0055 -0.0592 0.0182

1 0.0472 0.1249 -0.0333 0.0170 -0.0419 0.0291

20. 0 0 0.3220 0 0 -0.0443 0

0.5 0.0532 0.2230 -0.0070 0.0046 -0.0377 -0.0018

1 0.0543 0.1024 -0.0040 0.0107 -0.0272 -0.0049

50. 0 0 0.3213 0 0.0003 -0.0223 0

0.5 0.0519 0.1774 -0.00284 0.00182 -0.0166 -0.01961

1 0.0478 0.0342 -0.0009 0.0035 -0.0118 -0.0419

4.2 Flow caused by the velocity di�erence

In Table 2 the results on the 
ow �elds caused by the velocity di�erence are presented.

An inspection of the results shows that the tangential velocity u(
)
'

is weakly a�ected by

the rotation for small values of Æ, while for large values of Æ the velocity u(
)
'

depends

signi�cantly on the angular velocity. Note that �(
)
''

changes its sign with increasing Æ.

The �elds u(
)
r

, q(
)
r

, q(
)
'

and �(
)
''

are zero for !=0.

It would be interesting to compare these results with that obtained by Sharipov &

Kremer (1996a), where the same problem was solved with the only di�erence that there

was no evaporation and condensation. Comparing the values of the stress tensor given in

Table 2 with that presented in Table I of the paper by Sharipov & Kremer (1996a) one

can see that at the small values of the angular velocity the evaporation and condensation

does not a�ect the non-diagonal term of the tensor �r', while at the large values of ! this

term essentially di�ers from its value without evaporation. The diagonal term �'' is also

strongly a�ected by the evaporation at the large angular velocity !.

4.3 Flow caused by the temperature di�erence

In Table 3 the results on the 
ow �elds caused by the temperature di�erence are given.

From this table we conclude that q(T )
r

and u(T )
r

decrease with increasing ! and Æ, while

�(T )
''

increases with !. The tangential velocity u(T )
'

is positive, i.e. the gas rotates more

rapidly than the cylinders. It is observed that for !=0 the values of the quantity u(T )
'
,

q(T )
'

and �(T )
r'

are zero.

These results should be compared with that obtained in the paper by Sharipov &

Kremer (1995b), where the same situation was considered without the evaporation and

condensation. Comparing the values of the heat 
ux vector qr and q' given in Table 3
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Table 3: Velocity, heat 
ux vector and stress tensor caused by the temperature di�erence

at the mid-point (r = 0:75) vs Æ and !.

Æ ! u(T )
r

u(T )
'

q(T )
r

q(T )
'

�(T )
r'

�(T )
''

0.01 0 -0.0939 0 0.4227 0 0 0.0001

0.5 -0.0869 0.0530 0.3777 -0.1262 -0.0178 0.0134

1 -0.0682 0.0743 0.2642 -0.1521 -0.0263 0.0340

1. 0 -0.0861 0 0.3817 0 0 0.0083

0.5 -0.0796 0.0652 0.3456 -0.1175 -0.0142 0.0186

1 -0.0635 0.0915 0.2500 -0.1497 -0.0222 0.0357

10. 0 -0.0438 0 0.1989 0 0 0.0064

0.5 -0.0457 0.0613 0.1924 -0.0299 -0.0048 0.0083

1 -0.0437 0.1106 0.1651 -0.0534 -0.0101 0.0147

20. 0 -0.0278 0 0.1288 0 0 0.0026

0.5 -0.0320 0.0591 0.1269 -0.0115 -0.0028 0.0047

1 -0.0344 0.1204 0.1160 -0.0225 -0.0066 0.0114

50. 0 -0.0129 0 0.0613 0 0 0.0006

0.5 -0.0177 0.0649 0.0612 -0.0024 -0.0013 0.0037

1 -0.0213 0.1442 0.0590 -0.0051 -0.0033 0.0137

with that given in Table 3 of the paper by Sharipov & Kremer (1995b) one can see that

the radial heat 
ux qr increases up to 10%, while the values of the tangential heat 
ux q'
increase up to 25% of their corresponding values without evaporation and condensation.

5 Conclusions

The mass, heat and momentum transfer through a rare�ed gas con�ned between two

rotating cylinders has been calculated numerically in a wide range of the gas rarefaction

and of the angular velocity. Three types of the equilibrium perturbation have been con-

sidered: the di�erence between the pressures of evaporated and condensed particles on

the inner cylinder, the temperature di�erence between the cylinders and the di�erence of

the angular velocities of the cylinders. Numerical calculations based on the S model of

the Boltzmann equation have been carried out. The �elds of the bulk velocity, heat 
ux

vector, shear stress, pressure and temperature have been calculated. It has been showed

that the numerical results satisfy the reciprocity relations within the numerical error.

Some of the present results have been compared with that obtained earlier without the

consideration of the evaporation and condensation. The range of the parameters, where

the evaporation and condensation a�ect the 
ow�eld, has been indicated.
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