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Abstract. For most liquids the specific heat and thermal conductivity are almost independent
from temperature, but the viscosity decreases significantly with it. A fully developed laminar
water flow in a curved duct with temperature-dependent viscosity is analyzed in this work.
The mass, momentum and energy conservation equations are numerically solved by the finite
element method. Both heating and cooling of the water flow is studied. The secondary flow
induced by the curvature effects increases the heat transfer rate in comparison with the
straight ducts but the velocity and temperature profiles are distorted when the effects of
temperature-varying viscosity are included. The Nusselt number obtained when the fluid is
cooled with variable viscosity assumption are lower than the constant properties results due
to the increase of the viscosity values at the inner points of the curved tube that reduces the
secondary flow effect. The friction factor results also show a marked dependence on the
viscosity variations in the coil tube cross-section.
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1. INTRODUCTION

Laminar flow heat transfer in straight circular ducts with constant fluid properties was
extensively investigated by Shah and London (1978). The temperature-varying property
problem is complex due to the fact that fluid properties behave differently with temperature.

For gases, the density varies inversely with the first power of the absolute temperature but
the specific heat varies only slightly with temperature. Furthermore, the viscosity and thermal
conductivity increase as about 0.8 power of the absolute temperature. The Prandtl number,
however, is practically independent from the temperature.

On the other hand, for most liquids the specific heat and thermal conductivity are almost
independent from temperature, but the viscosity decreases significantly with it. Besides, the
Prandtl number of liquids (oils, water) varies markedly with the temperature.

In the previous literature (Herwig, 1985; Etemad and Mujumdar, 1995), the effect of
temperature-varying properties is often analyzed by approximate concepts like “property ratio
method” or “reference temperature method”. These two schemes provide a correction for the



constant-property results but according to Herwig and Klemp (1988), these methods were
proposed for standard cases as pipe and boundary layer flow problems.

Harms et al. (1998) reviewed different models used to account the temperature-varying
behavior of viscous liquids. The authors showed that these correlations provide reasonable
predictions for many fluids but they are not valid over a large range of heating and cooling
conditions or different geometries.

The effects of temperature-dependent viscosity variations were primarily focused on the
circular tube geometry by Bergles (1983), neglecting the curvature effects. The first analytical
investigation on flow in a coil tube was performed by Dean (1927), considering only constant
properties. These results showed that the centrifugal forces induce a secondary circulation,
represented by two vortices perpendicular to the main axia flow.

At this context, the purpose of this work is to analyze the influence of temperature-
dependent viscosity variations on fully developed laminar forced convection considering the
curvature effects. Both heating and cooling of the water flow in a coil tubeis studied, showing
that the friction factor and the Nusselt number results are dependent of the temperature-
varying viscosity.

2. PROBLEM FORMULATION

Steady-state laminar incompressible water-flow in a curvedduct is analyzed using a
toroidal coordinate system showed in Fig.1. The flow is both hydrodynamically and thermally
fully developed, with negligible viscous dissipation and axial conduction. All fluid properties
are considered constant, with the exception of the viscosity in the coil tube cross-section. The
temperature-varying viscosity p (T )of the water is calculated by an extension of the

Arrhenius model (Harms et. al, 1998) as follow:
IN(U)=Cg +CyT +CyT2 +CaT3+CT# +CsTO L)

where T is the temperature field and C, (n = 1, 2, 3 4, and 5) are constants determined by a
polynomial over the water-viscosity data provided by Incropera and DeWitt (1981).
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Fig. 2 shows the water-viscosity distribution as a function of temperature resulting from Eq.1.

The fully developed flow and the constant axial temperature gradient assumptions result in
the following conditions for velocity and temperature profiles are:

az_az_ az_ ’az dz dz

where: z is the horizontal axial coordinate (main flow), w is the velocity component in the z
direction, u and v are the velocity components in the transversal section (secondary flow), Ty,
is the wall temperature and Ty, is the bulk mean temperature. The total pressure field P (X, y, 2)
is decoupled in an axial contribution and in a part corresponding to the transversal one as:

P (x,y,2)=P(2)+P(xy) )

The governing equations (continuity, energy, X, y and z momentum equations) are
represented by:
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with R equal to the duct curvature radius, p the fluid density, p the fluid viscosity, C, the

fluid constant pressure specific heat and k the fluid thermal conductivity. Starting from the
fluid properties the Prandtl number (Pr) can be defined as:

Pr = —u Ep (8)

The boundary conditions for the problem are:

u=v=w=0 and T:Twatw/x2+y2:a(seeFig.1) 9)



After numerically determining the axial velocity (w) and the temperature field (T), the
average velocity (Wy,) and the Reynolds number (Re) were calculated as:

Wiy, = %J-WdA and Re:WE, (10)

where A isthe duct cross-section area and Dy, is the hydraulic diameter given by:

Dh =2a (11)

The Dean number (De) and the duct curvature ratio (RC) are calculated as follows:

De=Re Dn and Rczﬂ (12
'R Dy,

The Nu (Nusselt number) and fRe (friction coefficient and Reynolds number product) are:

Nu = hﬂ and f Re= H_ZDh(dﬁz/dz) HRe (13)
k H pwa)? H

where the convection coefficient h is defined as:
(14)
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In the case of a straight tube, some studies using the property ratio method (Kakag, 1987)
established a correlation for the Nusselt number and friction factor to correct the temperature-
dependent viscosity variations. For laminar flow of liquids these correlations are:

14
’ (15)
NUyar = NUcteEﬁng and  fygr = fcte%g
tw tw

with m =-0,58 for heating and m =-0,50 for cooling condition. The subscripts “var” and “cte’
refer to variable and constant-viscosity, respectively. The sub-indices “tb” and “tw” are related
to the absolute bulk mean and wall temperatures.

3. NUMERICAL SOLUTION

Firstly, by combining Eq. (4) and Eq. (5) a Poisson equation was derived to impose a mass
conserving flow. So, the system of partial differential equations represented by the equations
(4) to (7) and the Poisson equation were discretized applying the Galerkin finite elements
technique. An unstructured mesh with triangular elements of six nodes and second-degree
interpolation polynomials were used in the numerical solution. The system of resultant
algebraic equations was solved by an iterative procedure in a non-segregated way, combining



the Conjugated Gradient and Newton-Raphson methods. It was also used the PDeasell
program that provides an adaptive scheme with successive mesh refinement. This resource
was applied in the more intense gradient regions and to capture the secondary flow effects (see
Fig. 3b) induced by the centrifugal force. Fig. 3a presents the curved duct cross-section and an
intermediary mesh in the solution process.
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Figure 3a. Computational domain and an Figure 3b. Secondary flow in the curved
intermediary mesh in the solution process tube cross-section at Dean number = 30

4. RESULTSAND DISCUSSION
4.1 Straight tuberesults

To calibrate the numerical code, the Nusselt number and the friction factor results obtained
with variable-viscosity were compared with the literature correlations indicated by Eq. 15. In
this method, the viscosity variations are corrected by the following ratio: Wi /Ky (Viscosity

at the mean bulk temperature to viscosity at the wall temperature). These comparisons are
presented in Figs. 4 and 5 for the case of laminar water flow in a straight tube.
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It is verified that in the range 0.3 < pypy [Mew < 3.0 (liquid water) the property ratio method

and the solution of thiswork have a good agreement for both Nu and fRe results.
Figs. 4 and 5 show that for the isothermal condition (p /My = 1), the Nusselt number and

friction factor results coincide with the constant property values (Nu = 4.364 and fRe = 64).

When water is cooled, the wall temperature (T,,) is smaller than the bulk mean temperature
(Tp). Then, the viscosity value at the wall temperature is greater than the mean bulk
temperature one and the Nu value decreases (Fig. 4) in comparison with the constant property
value. On other hand, Fig. 5 shows that, under cooling conditions, the friction factor elevates
because the viscosity decreases with the fluid temperature elevation increasing its viscosity
close to the wall.

At heating-water (T,, > Tp,) the viscosity value at wall temperature is smaller than the bulk
mean temperature one. So, the Nusselt number increases (Fig. 4) and the fRe (Fig. 5) decaysin
comparison with the constant-properties values.

4.2 Curved duct results

The numerical simulations with constant-properties and variable-viscosity assumptions
were carried out varying the Dean number in the range 2 < De < 200. The duct curvature ratio
(Eg. 12) was maintained constant. Both heating and cooling of the laminar water flow in a
curved duct were considered, with T,, = 350 K. The dT,/dz value (see Eq. 7) was adjusted to
obtain a bulk temperature T, = T,, + 35 K for cooling-water and Ty = Ty, - 35 K for heating-
water conditions. In this temperature range, water still isin aliquid state.

The Dean number (De) influence on the temperature distribution at the curved tube cross-
section is shown in Fig. 6, under cooling condition (Ty < Tp).
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At smal De number (Fig. 6a), the curvature effects are little accentuated and the fluid
temperature maximum value is located near the tube central region. As the De number
increases (Fig. 6b), the temperature field acquires an “inverted-C” configuration induced by
the centrifugal force, with the temperature gradients (thermal boundary layer) more intense in
the curved duct external wall.

Fig. 7 shows the dimensionless axial velocity at the curved tube cross-section (De = 30),
under cooling and heating conditions in comparison with the isothermal flow (pyy [Haw = 1).



2.5

w/wm
wiwm

water flow - De = 30

—==— cooling

isothermal

—H— heating

water flow - De = 30

—af=— cooling

isothermal

—— heating

-1.0 -0.5 0.0 0.5 1.0 -1.0 -0.5 0.0 0.5 1.0
horizontal mid-plane vertical mid-plane

Figure 7a. Axial velocity profile at the Figure 7b. Axia velocity profile at the
horizontal mid-plane of the curved tube vertica mid-plane of the curved tube
Cross-section Cross-section

At the horizontal mid-plane, the axia velocity profile is displaced towards the duct external
wall (Fig. 7a) due to the curvature effects, and this displacement is more accentuated in the
water-cooling case. However, in the region close to the wall, the effect of the variable
viscosity results in w/iwm values is more intense under heating condition than in the cooling
one.

At the vertical mid-plane distribution (Fig. 7b), the w/w,, profiles also exhibit higher values
close to the wall and smaller at the central region of the curved duct when water is heated (T,
> Tp). Under cooling conditions (T, < Ty,) the influence of dependent-temperature viscosity is
to increase the w/wy, values at the central region of the coil tube due to smaller viscosity
valuesin this area.

Fig. 8 and Fig. 9 presents the temperature and viscosity distributions at the curved duct
cross-section. At the horizontal mid-plane, Fig. 8a shows that the minimum (heating-water)
and the maximum (cooling-water) temperature values are displaced towards the duct external
wall because of the centrifugal force influence. As the viscosity depends on the temperature
distributions, these curves aso affect the viscosity profiles shown in Fig. 9a. When water is
heated, appears a minimum value in the temperature profile (Fig. 8a) that is linked with a
maximum in the viscosity distribution (Fig. 9a). Similarly, under cooling conditions (T, < Ty
and > ) the temperature exhibits a maximum (Fig. 8a) that is related with a minimum in
the viscosity distribution. However, in the cooling-water case (Fig. 9a), the viscosity profileis
smoother than the heating one due to the little temperature-varying viscosity shown in Fig. 2.

At the vertica mid-plane, Fig. 8b presents two minimum values in the temperature
distribution under heating conditions (T,, > Ty and Yy < Mp). Consequently, the viscosity
variation profile for heating-water (Fig. 9b) is also more accentuated in comparison with the
cooling one. This fact is due to a more intense gradient in the temperature-dependence
viscosity (see Fig. 2).

Fig. 10a and Fig. 10b present the Nusselt number as a function of the Dean number for
heating and cooling-water, respectively. By comparing, Fig. 4 and Fig. 10 it is verified that the
Nu values obtained for the curved ducts are greater than the straight tube ones. This fact
occurs because in the cail tube there is a increase in the momentum and energy transfers
caused by the secondary flow (see Fig. 3b).
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It is also verified that the Nu values are higher in the heating-water (Fig. 10a) than in the
cooling case (Fig. 10b), even if the viscosity variations aren’t taken into account (constant-

properties case corresponds to the dashed-line).

Besides, a comparison between the constant-properties and variable-viscosity results shows
that under heating conditions the temperature-dependent viscosity assumption elevates the Nu
value (Fig. 10a). On the other hand, when water is cooled, the Nusselt number is lower than
the correspondent constant properties for al De number range analyzed. For example, this
difference reaches ailmost 10%, at De = 80 (Fig. 10b). When the fluid is cooled considering
variable-viscosity, the bulk mean temperature is lower than in the constant-viscosity case.
This fact causes an increase of the viscosity values at the inner points of the curved tube
section that reduces the secondary flow effect, and consequently the heat transfer rate.
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Fig. 10 also shows the Nu-correction obtained from Eq. 15 (symbol-line in Fig. 10) with
the necessary constant-properties Nu-values provided by the present work numerical data
(dashed-line in Fig. 10). The property ratio method and the curved tube Nu-results are in good
agreement in the cooling-water condition (Fig. 10b). In the heating case, however, the
differences are more significant: the straight tube correction provides smaller Nu-values in
comparison with the coil tube present work results (continuous-line in Fig. 10a) for De < 20.
In the case of bigger Dean numbers the straight tube correction leads to overestimation when
compared with the present study.
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The fRe results for the curved duct are presented in Fig. 11. Under heating conditions (Fig.
113) the variable-viscosity numerical data are lower than the constant-viscosity fRe-values. At
this case, when the temperature-dependent viscosity is considered, the bulk mean temperature
Is greater than in the constant-properties case. This fact results in a lower viscosity that also
reduces de friction factor in comparison with the constant-viscosity simulation. Nevertheless,
when water is cooled, the fRe value with variable-viscosity is greater than the constant-



properties ones, as shown in Fig.11b. This difference is more accentuated in the friction factor
results than in the Nu-values (Fig. 10b), reaching 16% at De = 80 (Fig. 11b). Fig. 11 aso
presents the fRe-results based on the straight tube correction (Eq. 15 with m = -0,58 for
heating and m = -0,50 for cooling case) for variable viscosity. Under both heating and cooling
conditions, this method (symbol-line in fig. 11) exhibits a good agreement with the curved
duct results (continuous line in Fig. 11) only for De < 20. As the Dean number increases, the
property ratio method provides lower fRe-values (Fig. 11a) in comparison with the coil tube
results. When water is cooled, the application of Eqg. 15 overestimates the curved duct values
(Fig. 11b).

5. CONCLUSIONS

A fully developed laminar water flow in a curved duct with temperature-dependent
viscosity was analyzed under both heating and cooling conditions. The secondary flow
induced by curvature effects increases the heat transfer rate in comparison with the straight
ducts but the velocity and temperature profiles are distorted when the effects of temperature-
varying viscosity are included. The Nusselt number and the friction factor results also show a
marked dependence on the viscosity variations in the coil tube cross-section.

Under cooling conditions, the Nu values with variable-viscosity are lower than the
constant-properties results due to the increase of the viscosity at the inner points of the curved
tube section, that reduces the secondary flow effects and the heat transfer rate. The opposite
case occurs when the water is heated.
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