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$EVWUDFW� $Q LQYHUVH KHDW FRQYHFWLRQ SUREOHP LV VROYHG IRU WKH HVWLPDWLRQ RI D QRQXQL�

IRUP ZDOO KHDW oX[ LQ D WKHUPDOO\ GHYHORSLQJ� K\GURG\QDPLFDOO\ GHYHORSHG WXUEXOHQW

oRZ LQ D FLUFXODU SLSH EDVHG RQ WHPSHUDWXUH PHDVXUHPHQWV REWDLQHG DW VHYHUDO GLmHUHQW

ORFDWLRQV LQ WKH VWUHDP� 7KH GLUHFW SUREOHP RI WXUEXOHQW IRUFHG FRQYHFWLRQ LV VROYHG

ZLWK D nQLWH GLmHUHQFH PHWKRG ZLWK DSSURSULDWH DOJHEUDLF WXUEXOHQFH PRGHOOLQJ� 7KH

XQNQRZQ ZDOO KHDW oX[ LV UHSUHVHQWHG E\ D RQH�GLPHQVLRQDO nQLWH HOHPHQW LQWHUSROD�

WLRQ� 1RGDO YDOXHV DW VHYHUDO FKRVHQ SRLQWV DUH GHWHUPLQHG DV XQNQRZQ SDUDPHWHUV E\

WKH /HYHQEHUJ�0DUTXDUGW DOJRULWKP� 7KH HmHFWV RI VHQVRU QXPEHU DQG SRVLWLRQ DUH

H[DPLQHG�

.H\ZRUGV 7XUEXOHQW IRUFHG FRQYHFWLRQ� ,QYHUVH FRQYHFWLRQ SUREOHP� /HYHQEHUJ�

0DUTXDUGW DOJRULWKP� $OJHEUDLF WXUEXOHQFH PRGHOOLQJ� )LQLWH GLmHUHQFH PHWKRG�

�� ,QWURGXFWLRQ

$ ZLGH YDULHW\ RI LQYHUVH KHDW FRQGXFWLRQ SUREOHPV KDYH EHHQ VROYHG LQ WKH ODVW WZR
GHFDGHV IRU WKH HVWLPDWLRQ RI LQLWLDO RU ERXQGDU\ FRQGLWLRQV� SK\VLFDO SURSHUWLHV� JHR�

PHWULF SDUDPHWHUV� RU KHDW VRXUFH LQWHQVLWLHV� %HFN HW DO� ������� +HQVHO ������� 0XULR

������� DQG �2]LVLN DQG 2UODQGH ������� DPRQJ RWKHUV� SUHVHQW VRPH RI WKH PHWKRGV GH�
YHORSHG IRU WKH VROXWLRQ RI VXFK SUREOHPV� ,QYHUVH UDGLDWLYH WUDQVIHU SUREOHPV KDYH DOVR

UHFHLYHG WKH DWWHQWLRQ RI PDQ\ UHVHDUFKHUV �0F&RUPLFN HW DO� ������� +R DQG �2]LVLN

������� 1LFRODX HW DO� ������� 6LOYD 1HWR DQG �2]LVLN ������������ .DXDWL HW DO� ��������

'HVSLWH PDQ\ SRWHQWLDO DSSOLFDWLRQV� LQYHUVH FRQYHFWLRQ SUREOHPV KDYH RQO\ UHFHLYHG
VRPH DWWHQWLRQ UHFHQWO\� 0RXWVRJORX ������ DSSDUHQWO\ ZDV WKH nUVW WR DGGUHVV DQ LQ�

YHUVH FRQYHFWLRQ SUREOHP WKDW KDV XWLOL]HG D VHTXHQWLDO IXQFWLRQ VSHFLnFDWLRQ DOJRULWKP



IRU WKH HVWLPDWLRQ RI WKH DV\PPHWULF KHDW oX[ LQ PL[HG FRQYHFWLRQ LQ D YHUWLFDO FKDQQHO�

7KH VDPH DXWKRU �0RXWVRJORX� ����� KDV DOVR DSSOLHG WKH ZKROH GRPDLQ UHJXODUL]DWLRQ

WHFKQLTXH LQ D VLPLODU IRUFHG FRQYHFWLRQ SUREOHP� 5DJKXQDWK ������ KDV GHWHUPLQHG WKH
LQOHW WHPSHUDWXUH SURnOH LQ VWHDG\ VWDWH ODPLQDU IRUFHG FRQYHFWLRQ E\ XVLQJ WKH TXDVL�

1HZWRQ FRQMXJDWH JUDGLHQW PHWKRG� ZKLFK LV D VSHFLDO FDVH RI WKH FRQMXJDWH JUDGLHQW

PHWKRG� +XDQJ DQG �2]LVLN ������ KDYH DSSOLHG WKH FRQMXJDWH JUDGLHQW PHWKRG ZLWK DQ
DGMRLQW HTXDWLRQ IRU WKH HVWLPDWLRQ RI VWHDG\ VWDWH ZDOO KHDW oX[ LQ K\GURG\QDPLFDOO\

GHYHORSHG ODPLQDU oRZ LQ D SDUDOOHO SODWH GXFW� 7KH VDPH PHWKRG KDV EHHQ DSSOLHG E\

%RNDU DQG �2]LVLN ������ WR HVWLPDWH WKH WLPH GHSHQGHQFH RI LQOHW WHPSHUDWXUH LQ VLPLODU
oRZ FRQGLWLRQV� /LX DQG �2]LVLN �����D� KDYH XVHG WKH /HYHQEHUJ�0DUTXDUGW DOJRULWKP

IRU WKH PLQLPL]DWLRQ SURFHGXUH IRU HVWLPDWLRQ RI WKH WKHUPDO FRQGXFWLYLW\ DQG VSHFLnF

KHDW RI ODPLQDU oRZ WKURXJK D FLUFXODU GXFW E\ XWLOL]LQJ WUDQVLHQW WHPSHUDWXUH UHDGLQJV

DW D VLQJOH GRZQVWUHDP ORFDWLRQ� 0DFKDGR DQG 2UODQGH ������ KDYH XVHG WKH FRQMXJDWH
JUDGLHQW PHWKRG ZLWK DQ DGMRLQW HTXDWLRQ WR HVWLPDWH WKH WLPHZLVH DQG VSDFHZLVH YDUL�

DWLRQ RI WKH ZDOO KHDW oX[ LQ D SDUDOOHO SODWH FKDQQHO� $Q LQYHUVH SUREOHP IRU HVWLPDWLQJ

WKH KHDW oX[ WR D SRZHU�ODZ QRQ�1HZWRQLDQ oXLG LQ D SDUDOOHO SODWH FKDQQHO oRZ ZDV
VROYHG E\ 0DFKDGR DQG 2UODQGH ������ E\ XVLQJ WKH VDPH PHWKRG� )HZ ZRUN KDYH EHHQ

GRQH RQ LQYHUVH SUREOHPV LQ WXUEXOHQW oRZ GHVSLWH LWV REYLRXV WHFKQRORJLFDO UHOHYDQFH

�/LX DQG �2]LVLN� ����E��
,Q WKLV ZRUN� ZH VROYH DQ LQYHUVH KHDW FRQYHFWLRQ SUREOHP WR HVWLPDWH VSDWLDOO\

QRQXQLIRUP ZDOO KHDW oX[ LQ D WKHUPDOO\ GHYHORSLQJ� K\GURG\QDPLFDOO\ GHYHORSHG WXU�

EXOHQW oRZ LQ D FLUFXODU SLSH EDVHG RQ WHPSHUDWXUH PHDVXUHPHQWV REWDLQHG DW VHYHUDO

GLmHUHQW SRVLWLRQV LQ WKH VWUHDP� :H SUHVHQW nUVWO\ WKH PDWKHPDWLFDO IRUPXODWLRQ RI
WKH GLUHFW SUREOHP RI WXUEXOHQW IRUFHG FRQYHFWLRQ LQ D FLUFXODU SLSH� )RU WKH VROXWLRQ

RI WKH LQYHUVH SUREOHP� ZH XVH WKH /HYHQEHUJ�0DUTXDUGW DOJRULWKP IRU PLQLPL]DWLRQ

WR HVWLPDWH WKH XQNQRZQ VSDWLDOO\ QRQXQLIRUP ZDOO KHDW oX[� ZKLFK LV UHSUHVHQWHG E\
DQ LQWHUSRODWLRQ IXQFWLRQ ZLWK XQNQRZQ FRHpFLHQWV WR EH GHWHUPLQHG� 7KH HmHFWV RI

VHQVRU QXPEHU DQG SRVLWLRQ� DV ZHOO DV PDJQLWXGH RI PHDVXUHPHQW HUURUV� DUH H[DPLQHG

E\ XVLQJ VLPXODWHG H[SHULPHQWDO GDWD�

�� 0DWKHPDWLFDO )RUPXODWLRQ RI WKH 'LUHFW 3UREOHP

:H FRQVLGHU D WKHUPDOO\ GHYHORSLQJ� K\GURG\QDPLFDOO\ GHYHORSHG WXUEXOHQW oRZ
WKURXJK D FLUFXODU SLSH RI D 1HZWRQLDQ oXLG ZLWK FRQVWDQW SURSHUWLHV� )OXLG HQWHUV

)LJXUH � � 6FKHPDWLF 5HSUHVHQWDWLRQ RI WKH 3K\VLFDO 3UREOHP



WKH FLUFXODU SLSH ZLWK D JLYHQ XQLIRUP WHPSHUDWXUH 7�� 7KH FLUFXODU SLSH LV VXEMHFWHG

WR DQ D[LV\PPHWULF DQG ORQJLWXGLQDOO\ QRQXQLIRUP ZDOO KHDW oX[� $ VFKHPDWLF UHSUH�

VHQWDWLRQ RI WKH SK\VLFDO SUREOHP LV JLYHQ LQ )LJ� ��
$VVXPLQJ D[LV\PPHWU\ RI WKH SUREOHP DQG QHJOHFWLQJ D[LDO FRQGXFWLRQ� WKH JRY�

HUQLQJ HTXDWLRQ IRU WKH VWHDG\ VWDWH WHPSHUDWXUH nHOG� 7 �U� ]�� LV ZULWWHQ DV
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ZKHUH U DQG ] DUH WKH UDGLDO DQG ORQJLWXGLQDO FRRUGLQDWHV� T�]� WKH XQNQRZQ ZDOO KHDW
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SURnOH� m WKH WKHUPDO GLmXVLYLW\� N WKH WKHUPDO FRQGXFWLYLW\� DQG q+ WKH WXUEXOHQW

WKHUPDO GLmXVLYLW\� 7KH IXOO\ GHYHORSHG YHORFLW\ SURnOH RI WXUEXOHQW oRZ RI D 1HZWRQLDQ

oXLG LQ D FLUFXODU SLSH LV REWDLQHG IURP WKH IROORZLQJ H[SUHVVLRQ IRU WKH GLPHQVLRQOHVV
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ZKHUH�

3HW  
q03U

y

� 3U�  ����� DQG &  ����

7KH GLUHFW SUREOHP JLYHQ E\ WKH HTXDWLRQV ����� FDQ EH VROYHG WR REWDLQ WKH WHPSHU�

DWXUH nHOG RI WKH oXLG LQVLGH WKH FLUFXODU SLSH ZKHQ WKH ZDOO KHDW oX[ T�]� DQG WKH LQOHW

WHPSHUDWXUH 7� DUH NQRZQ� 7KH GLUHFW SUREOHP GHnQHG E\ (TV� ����� LV VROYHG E\ XVLQJ

DQ LPSOLFLW nQLWH GLmHUHQFH PHWKRG� $V WKH JRYHUQLQJ SDUWLDO GLmHUHQWLDO HTXDWLRQ ���

LV D OLQHDU SDUDEROLF HTXDWLRQ� WKH SUREOHP LV VROYHG E\ D VSDWLDOO\ PDUFKLQJ SURFHGXUH

ZLWK LQYHUVLRQ RI D WUL�GLDJRQDO PDWUL[ DW HDFK VSDFH PDUFKLQJ VWHS� 1R LWHUDWLRQ LV

QHHGHG LQ WKH VROXWLRQ RI WKH GLUHFW SUREOHP�

�� 6ROXWLRQ RI WKH ,QYHUVH 3UREOHP

$V GHnQHG E\ 0DFKDGR DQG 2UODQGH ������� DQ ,QYHUVH &RQYHFWLRQ +HDW 7UDQVIHU
3UREOHP LV FRQFHUQHG ZLWK WKH HVWLPDWLRQ RI DW OHDVW RQH RI WKH TXDQWLWLHV UHTXLUHG IRU WKH
ZHOO�SRVHGQHVV RI WKH GLUHFW SUREOHP� ,Q WKH LQYHUVH SUREOHP FRQVLGHUHG LQ WKLV ZRUN� ZH
DUH ORRNLQJ IRU WKH XQNQRZQ VSDWLDOO\ QRQXQLIRUP ZDOO KHDW oX[ T�]� IURP WHPSHUDWXUH
PHDVXUHPHQWV WDNHQ DW VHYHUDO LQWHULRU SRLQWV LQ WKH oRZ nHOG� 7KH XQNQRZQ ZDOO KHDW
oX[ LV UHSUHVHQWHG DV D OLQHDU FRPELQDWLRQ RI 13 OLQHDUO\ LQGHSHQGHQW IXQFWLRQV GHnQHG
LQ WKH GRPDLQ >�� ]PD[@ ZLWK FRHpFLHQWV DV SDUDPHWHUV WR EH GHWHUPLQHG� $OWKRXJK
DQ\ FRQVLVWHQW VHW RI EDVH IXQFWLRQV FDQ EH XVHG� ZH FKRRVH WR DGRSW D nQLWH HOHPHQW
LQWHUSRODWLRQ WR UHSUHVHQW WKH XQNQRZQ ZDOO KHDW oX[� 7KH GRPDLQ >�� ]PD[@ LV GLYLGHG
LQWR D VHW RI VXEGRPDLQV� >]L� ]L��@� L �����, b �� ,Q HDFK VXEGRPDLQ� >]L� ]L��@� ZH KDYH
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ZKHUH WKH FRHpFLHQWV THM DUH WDNHQ WR EH WKH YDOXHV RI T�]� DW WKH SUHVHOHFWHG QRGHV

LQ WKH HOHPHQW xlH� 7KH LQWHUSRODWLRQ RU VKDSH IXQFWLRQV �
H
M � DUH JLYHQ LQ VWDQGDUG

WH[WERRNV RQ nQLWH HOHPHQW PHWKRG� $V ZH PD\ KDYH PRUH H[SHULPHQWDO GDWD WKDQ
XQNQRZQV� WKH LQYHUVH SUREOHP LV VROYHG DV D nQLWH GLPHQVLRQDO RSWLPL]DWLRQ SUREOHP
�6LOYD 1HWR DQG 0RXUD 1HWR� ������ &RQVLGHU WKH QRUP JLYHQ E\ WKH VXPPDWLRQ RI
WKH VTXDUH RI WKH UHVLGXHV EHWZHHQ WKH FDOFXODWHG WHPSHUDWXUHV� 7 �UP� ]P�� DQG WKH
PHDVXUHG WHPSHUDWXUHV� =P�UP� ]P�� DW WKH SRLQWV �UP� ]P�� P  ���� ����0 � ZLWK 0

EHLQJ WKH WRWDO QXPEHU RI VHQVRUV�
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$V WKH LQYHUVH SUREOHP LV VROYHG DV DQ RSWLPL]DWLRQ SUREOHP LW LV VHHNHG WR PLQLPL]H
WKH QRUP 5�
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#TQ
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ZKHUH 13 LV WKH QXPEHU RI XQNQRZQ SDUDPHWHUV� .HHSLQJ XS RQO\ WR WKH nUVW RUGHU
WHUPV LQ (T� ���� DQG SOXJJLQJ WKH UHVXOWLQJ H[SUHVVLRQ LQWR (T� ����� ZH REWDLQ WKH
IROORZLQJ HTXDWLRQ�

-7-cTQ  b-7 a) � ����

ZKHUH WKH HOHPHQWV RI WKH -DFRELDQ PDWUL[ DUH

-PQ  
#7P

#TQ
� P  ���� ����0 DQG Q  �� ����13 � ����

6XPPLQJ XS ZLWK D GXPSLQJ IDFWRU w WR LPSURYH WKH FRQYHUJHQFH EHKDYLRXU ZH
KDYH WKH /HYHQEHUJ�0DUTXDUGW 0HWKRG�

�-7- � w'�caT  b-7 a) � ����

ZKHUH ' UHSUHVHQWV WKH GLDJRQDO PDWUL[� (TXDWLRQ ���� LV WKHQ ZULWWHQ LQ D IRUP FRQ�
YHQLHQW WR EH XVHG LQ DQ LWHUDWLYH SURFHGXUH�

cTN  b�-N7-N � wN'N�b�-N7 a) N� ����

ZKHUH N LV WKH LWHUDWLRQ LQGH[� $ QHZ HVWLPDWLRQ RI WKH SDUDPHWHUV� aTN��� LV FDOFXODWHG
E\

aTN��  aTN �caTN� ����

,W VKRXOG EH QRWLFHG WKDW WKH SUREOHP JLYHQ E\ (T� ���� LV GLmHUHQW IURP WKDW JLYHQ
E\ (T� ����� 1HYHUWKHOHVV� LW LV VHHNHG WR UHGXFH WKH YDOXH RI WKH GXPSLQJ IDFWRU WKURXJK
WKH LWHUDWLRQV VR WKDW ZKHQ FRQYHUJHQFH LV DFKLHYHG� WKH VROXWLRQ REWDLQHG EH WKH VDPH DV
WKDW IRU RULJLQDO SUREOHP� 7KH LWHUDWLYH SURFHGXUH LV LQLWLDOL]HG ZLWK DQ LQLWLDO HVWLPDWLRQ
RI WKH SDUDPHWHUV� aT�� DQG QHZ HVWLPDWHV� aTN�� DUH VHTXHQWLDOO\ REWDLQHG XVLQJ (T� ����
ZLWK caTN JLYHQ E\ (T� ���� XQWLO WKH FRQYHUJHQFH FULWHULRQ

M

cTNQ
TNQ

M � q� Q  ���� ���13 �

LV VDWLVnHG� ZKHUH q LV D VPDOO UHDO QXPEHU� VXFK DV ��b�� 7KH HOHPHQWV RI WKH -DFRELDQ
PDWUL[ DV ZHOO DV WKH ULJKW KDQG WHUP RI (T� ���� DUH FDOFXODWHG E\ XVLQJ WKH VROXWLRQ
RI WKH GLUHFW SUREOHP GHnQHG E\ (TV� ������ DV GHVFULEHG LQ WKH SUHYLRXV VHFWLRQ�

�� 5HVXOWV DQG 'LVFXVVLRQ

7KH LQYHUVH DQDO\VLV SUHVHQWHG LQ WKH SUHYLRXV VHFWLRQ LV DSSOLHG LQ WHVWLQJ FDVHV WR
HVWLPDWH XQNQRZQ ZDOO KHDW oX[ LQ WXUEXOHQW FLUFXODU SLSH oRZ� $V UHDO H[SHULPHQWDO
GDWD ZHUH QRW DYDLODEOH� ZH JHQHUDWHG VLPXODWHG WHPSHUDWXUH GDWD� =P�UP� ]P��P  
���� ����0 � DGGLQJ UDQGRP HUURUV WR FRPSXWHG H[DFW WHPSHUDWXUHV� 7P�UP� ]P��

=P  7P � }HP� P  �� �� ����0�



)LJXUH � � 7HVWLQJ &DVH �� ZLWK �� PHDVXUHPHQW SRLQWV�

)LJXUH � � 7HVWLQJ &DVH �� ZLWK �� PHDVXUHPHQW SRLQWV�



)LJXUH � � 7HVWLQJ &DVH �� ZLWK �� PHDVXUHPHQW SRLQWV�

)LJXUH � � 7HVWLQJ &DVH �� ZLWK �� PHDVXUHPHQW SRLQWV�



)LJXUH � � 7HVWLQJ &DVH �� ZLWK �� PHDVXUHPHQW SRLQWV�

)LJXUH � � 7HVWLQJ &DVH �� ZLWK �� PHDVXUHPHQW SRLQWV�



ZKHUH } LV WKH VWDQGDUG GHYLDWLRQ RI PHDVXUHPHQW HUURUV ZKLFK LV DVVXPHG WR EH WKH
VDPH IRU DOO PHDVXUHPHQWV DQG HP LV D QRUPDOO\ GLVWULEXWHG UDQGRP HUURU� )RU QRUPDOO\
GLVWULEXWHG HUURU� WKHUH LV D ��� SUREDELOLW\ RI WKH YDOXH RI HP O\LQJ LQ WKH UDQJH

b����� � HP � ������

)RU WKH FDVHV FRQVLGHUHG KHUH� WKH oXLG SURSHUWLHV DUH WDNHQ DV | ������ NJ�P��

FS ������ -�NJ
R&� N ����� :�P.� x  ����d ��b� NJ��P V�� 7KH PHDQ YHORFLW\ LV

WDNHQ DV � P�V ZLWK D XQLIRUP LQOHW WHPSHUDWXUH RI ��R&� 7KH FLUFXODU SLSH FRQVLGHUHG

KDV DQ LQQHU GLDPHWHU RI ���� P DQG D KHDWHG OHQJWK RI ��P�

,Q )LJXUHV � WR �� �� PHDVXUHPHQW SRLQWV DUH GLVWULEXWHG ZLWK XQLIRUP ORQJLWXGLQDO

VSDFLQJV DORQJ WKH KHDWHG OHQJWK� DQG LQFUHDVLQJ GLVWDQFH IURP WKH SLSH ZDOO� )LJXUHV

� WR � VKRZ FRPSDULVRQ RI HVWLPDWHG ZDOO KHDW oX[ ZLWK } ����� ����� DQG ���� IRU

WKUHH GLmHUHQW ZDOO KHDW oX[ GLVWULEXWLRQ� ,Q nJXUHV � WR �� �� PHDVXUHPHQW SRLQWV DUH

XVHG ZLWK WKH VDPH NLQG RI ZDOO KHDW oX[ GLVWULEXWLRQ� ,Q DOO FDVHV� HVWLPDWLRQ HUURUV

LQFUHDVHG DORQJ WKH KHDWHG OHQJWK ZLWK KLJKHVW HUURU DOZD\V DW WKH RXWOHW RI WKH SLSH�

%HWWHU HVWLPDWLRQV DUH REWDLQHG ZLWK �� VHQVRUV WKDQ ZLWK �� VHQVRUV� 7KH QRQXQLIRUP

GLVWULEXWLRQ RI HVWLPDWLRQ HUURU LV GXH WR GRZQVWUHDP SURSDJDWLRQ RI LQIRUPDWLRQ� :DOO

KHDW oX[ DW WKH LQOHW RI WKH SLSH LQoXHQFHV DOO GRZQVWUHDP PHDVXUHPHQW WHPSHUDWXUH�

ZKLOH ZDOO KHDW oX[ DW WKH RXWOHW RQO\ LQoXHQFHV WKH ODVW PHDVXUHPHQW UHDGLQJ WKURXJK

GLmXVLRQ� 0RUH XQLIRUP HUURU GLVWULEXWLRQ FRXOG EH REWDLQHG ZLWK D QRQXQLIRUP GLVWUL�

EXWLRQ RI PHDVXUHPHQW SRLQWV ZLWK PRUH SRLQWV QHDU WKH RXWOHW RI WKH SLSH�

�� &RQFOXVLRQ

$Q LQYHUVH DQDO\VLV LV SUHVHQWHG IRU WKH HVWLPDWLRQ RI XQNQRZQ ZDOO KHDW oX[ LQ WXU�

EXOHQW FLUFXODU SLSH oRZ� 7KH GLUHFW SUREOHP RI WXUEXOHQW IRUFHG FRQYHFWLRQ LV VROYHG

E\ XVLQJ DQ LPSOLFLW nQLWH GLmHUHQFH PHWKRG ZLWK DSSURSULDWH WXUEXOHQFH PRGHOOLQJ� %\

UHSUHVHQWLQJ WKH XQNQRZQ ZDOO KHDW oX[ E\ nQLWH HOHPHQW LQWHUSRODWLRQ� WKH /HYHQEHUJ�

0DUTXDUGW PHWKRG LV DSSOLHG WR REWDLQ XQNQRZQ FRHpFLHQWV LQ LQWHUSRODWLRQ UHSUHVHQ�
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