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Abstract. Along the years, air traffic has increased significantly and in order to accommodate this, new technologies 
were developed for all flight phases, from taking off to landing, maximizing efficiency on air. In this context, ground 
operation became the bottle neck of all aircraft operation, since it is highly based on non-automatic operations and 
human interaction. To increase efficiency, optimal ground trajectory generation and tracking by aircraft needed to be 
developed. For tracking, mathematical models are necessary. This paper proposes a five degree of freedom model for 
aircraft ground dynamics, assuming aircraft as a rigid body. The model takes into account the landing gear, tires, 
brakes, propulsion, aerodynamic efforts and associated moments. Most efforts are modeled in a non-linear way, based 
on components, physical construction, typical values / curves and classic calculations, which were provided by specific 
literature. Besides the model itself, a simple speed control law is proposed, which takes into consideration typical 
ground operations and speed profiles. Simulation and responses over time were performed and they are presented as 
well. 
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1. INTRODUCTION 
 
In last years, the number of flights around the world suffered an expressive growth. To deal with this, several 

technologies were developed to increase efficiency in all flight phases: take off, cruise, loiter and landing. In this 
scenario, taxiing operations became the weak point of all operation since it is highly dependent on human spoken 
communication and actions. The last researches point out that ground efficiency depends on keeping the aircraft the 
minimum time in runaways and taxiways, to allow the maximum possible use of these spaces. To perform this task, the 
first approach is to generate optimum trajectories, taking into account the free spaces and the quantity of aircrafts on 
ground. Once the trajectories are defined in some instant of time, the natural step is following these paths in an 
automatic way, providing suitable tracking. This approach has two direct consequences: a mathematical model of the 
aircraft on ground is needed, and control laws are necessary.  

Very few references can be found on this subject. Some approaches (Coetzee, et al., 2006) focus on stability using 
sophisticated non-linear tools. Other works (Duprez, et al., 2004a) and (Duprez, et al., 2004b) propose simple 3 degree 
of freedom models and a dynamic inversion as control law. A similar approach was developed by  (Goto, et al., 2001) 
and validated with tests results. In all approaches, the mathematical model itself is just highlighted, and more details are 
provided about contro law. 

As a suggestion for this lack of information, this paper proposes a five degree of freedom mathamatical model. 
Aspects from several agents of ground dynamics are considered, such as landing gear, tires, engines, brakes and some 
aerodynamic efforts. As a complement, a simple control law for speed is proposed, taken into account a typical 
expected ground operation. 

 
2. MATHEMATICAL MODELING 

 
The mathematical modeling was divided into two different parts: aircraft general equations and components / 

efforts modeling. Both aspects will be discussed in next sections. 
 

2.1. Aircraft General Equations 
 
The mathematical model was developed considering the aircraft as a rigid body. The basic physics that govern all 

the movement can be found on (Etkin, et al., 1996). Two frames of reference are defined: one earth-fixed frame 
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௘ሺܨ ௘ܱ, ,௘ݔ ,௘ݕ ,௕ሺܱ௕ܨ ௘ሻ, considered as inertial referential and a second frameݖ ,௕ݔ ,௕ݕ  ௕ሻ docked on aircraft CG. Framesݖ
orientation can be found on Fig. 1. 

 
 

Figure 1 - Reference frames 
 
With the frames defined, the general equations can be derived. They are a classical application of second Newton’s 

law to a rigid body complemented with kinematic equations, obtained from Euler’s angles and geometrical 
considerations. Applications of Newton’s law are described in Eq. ( 1 ) and Eq. ( 2 ). 

 
Mb=Ib· dωb

dt
+ωb×Ib·ωb ( 1 ) 

Fbൌm· ቀ
dVb
dt
൅ωbൈVbቁ  ( 2 ) 

 
With 
 
ωbൌሾp q rሿT  Angular velocity vector of ࢈ࡲ around ࢋࡲ expressed in ࢈ࡲ coordinates 
Vb=[ub vb wb]T  Velocity vector of ࢈ࡲ related ࢋࡲ expressed in ࢈ࡲ coordinates 
MbൌሾLRes MRes NResሿT   Moments vector applied to body expressed in ࢈ࡲ coordinates 
Fb=[XRes YRes ZRes]T  Forces vector applied to body expressed in ࢈ࡲ coordinates 
Ib, m  Inertia tensor in ࢈ࡲ coordinates and body mass 
 

2.2. General Data 
 

Based on reference data provided by (Embraer, 2008) and reproduced on Fig. 2, a scaled CAD drawing was 
developed, to obtain some reference parameters used for modeling. The most important ones are the reference wing area 
(S), the dihedral angle, the quarter chord angle (Λ௖/ସௐ

) and the wingspan (b) and are written in Tab. 1. 
 

 
 

Figure 2 - Reference and scaled drawing 
 

Parameter Value Unit 
Λ௖/ସௐ

 24 ሾ°ሿ 
݈ܽݎ݀݁݅݀ ݈ܽ݊݃݁ 5 ሾ°ሿ 

ܵ 72,72 ሾ݉ଶሿ 
ܾ 25 ሾ݉ሿ 

 
Table 1 - Aircraft basic parameters 
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According to the document (Embraer, 2008), the CG travel was obtained to be used in modeling, especially landing 
gear. Based on this information, the aircraft operation point was defined as the Maximum Lading Weight (32800 kgf), 
mean CG (17 % Mean Aerodynamic Chord) location and initial speed of 72,0222 m/s (140 knot), a typical landing 
speed. 
 
2.3. Landing Gear Modeling 
 

The considered landing gear was a tricycle type, the most common configuration used nowadays. It was modeled 
taking into consideration three different aspects: lateral efforts, brakes and free wheel friction and vertical forces. For all 
of them, some distances (mainly from CG) were considered, according to Fig. 3. 

 

 
 

Figure 3 - Definitions for landing gear 
 
2.3.1. Lateral Efforts 

 
The lateral efforts in landing gears are the forces that allow aircraft maneuvering on ground. They are a direct 

consequence of the tire / runaway interaction. Lateral forces are modeled as function of two variables: lateral friction 
coefficient ߤ and vertical load on tire Z. The first one in a function of speed V, the vertical load Z and the sideslip angle 
α, defined as the difference between tire longitudinal axis and speed vector. The nose wheel deflection is a variable in 
the system. Using the definitions of Fig. 4, the slip angles for three tires can be defined according to Eq. ( 3 ), Eq. ( 4 ) 
and Eq. ( 5 ).  

αN=δN- tan-1 ቀvb+r·lN
ub

ቁ ( 3 ) 

αMl= tan-1 ൬
vb-r·lM1
ub+r·lM2

൰ ( 4 ) 

αMr= tan-1 ൬
vb-r·lM1
ub-r·lM2

൰ ( 5 ) 

 

 
 

Figure 4 - Landing gear lateral forces 
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The lateral force for each tire can be evaluated according to Eq. ( 6 ) and Eq. ( 7 ) for nose landing gear and          

Eq. ( 8 ) and Eq. ( 9 ) for main landing gear. Notice that no angle was taken into account for main landing gear force 
direction, since a small value is expected for this parameter. 

 
YNLat=μሺαN, ZN,Vሻ·ZN· cosሺδNሻ ( 6 ) 
XNLat=μሺαN, ZN,Vሻ·ZN· sinሺδNሻ ( 7 ) 
YMlLat

=-μ൫αMl, ZMl,V൯·ZMl ( 8 ) 
YMrLat

=-μ൫αMr, ZMr,V൯·ZMr ( 9 ) 
 
The non linear relations expressed by the equations above were obtained from (Yaeger, et al., 1990). The basic 

information from reference was adjusted to the aircraft category object of this study. The final curves can be seen on 
Fig. 5. 

 

 
 

Figure 5 - Lateral friction coefficient curves 
 
The moments associated with the forces are expressed from the correlation between the forces previously calculated 

and the distances from Fig. 3, provided by Eq. ( 10 ) to Eq. ( 12 ).  
 
NNLat=YNLat·lN ( 10 ) 
-NMlLat

=YMlLat
·lM1 ( 11 ) 

-NMrLat
=YMrLat

·lM1 ( 12 ) 
 
2.3.2. Vertical Forces 
 

Vertical forces act during the landing, absorbing the vertical kinetic energy of the aircraft as represented in Fig. 6. 
In this modeling, an oleo pneumatic landing gear was considered. In this type of landing gear, a gas inside the shock 
absorber causes the spring effect, while the oleo passing through an orifice acts as damper. As a consequence, a simple 
spring-damper model was considered for main and nose landing gear. The spring effect is non-linear, and it was 
calculated according to the bases design methodology proposed by (Currey, 1988), using as input data information from 
(Agência nacional de aviação civil, 2009). 

 
 

 
Figure 6 - Landing gear vertical forces 

 
Figure 7 provides the final deflection x force curves (spring effect) for each landing gear, and the damper 

coefficient can be seen on Tab. 2. 
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 Damping coefficient Unit 

Nose landing gear dampN=410.062.378 ൤
ܰ

݉ଶ ⁄ଶݏ ൨ 

Main landing gear dampM=31.286.322 ൤
ܰ

݉ଶ ⁄ଶݏ ൨ 

 
Table 2 - Damping coefficient for nose and main lading gear 

 
2.3.3. Brakes and Free Wheel Friction 
 

Brake forces ܺெ஻ are the forces that act in the aircraft making it to stop  during landing or rejected take off. They 
were modeled as a control signal ߨ஻ א ሾ0,1ሿ multiplied by a dynamics and a maximum deceleration value selected as 
െ4 · ݉ ,according to (Roskam, 2000). The dynamic was adjusted to provide a low-pass frequency response with cutting 
frequency of 5 Hz, a typical value in aircraft braking systems. They were considered only in main landing gears. The 
final form of this force is provided by Eq. ( 13 ). 

 
XMB=πB· 1

3·10-2·s+1
·4·m ( 13 ) 

 
Free wheel forces ݓܨ are the deceleration efforts that naturally occur in a tire running on a runaway. They are 

proportional to a tire-runway friction, considered as 0,05 according to (Roskam, 2000) and to vertical load Z applied to 
the tire. These forces always act in tire longitudinal axis direction, leading to a lateral force in nose landing tire when 
this is subjected to a deflection. Figure 8 clarify these concepts and Eq. ( 14 ), Eq. ( 15 ) and Eq. ( 16 ) detail the 
mathematical description for free wheel force in each tire. 

 
 

Figure 8 - Brake and free wheel forces 
 
 

Figure 7 - Force x deflection curves - nose and main landing gear 
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YNFw=-ZN·μB· sinሺδNሻ ( 14 ) 
XNFw=ZN·μB· cosሺδNሻ ( 15 ) 
XNFw=ZM·μB ( 16 ) 
 
These forces can be grouped as horizontal forces ுܻ and ܺு, according to Eq. ( 17 ) and Eq. ( 18 ). 
 
YH=YNFw ( 17 ) 
XH=XNFw+XMB+XMFw ( 18 ) 
 
Moments associated with horizontal forces are described by Eq. ( 19 ) and Eq. ( 20 ) 
 
NH=YH·lN ( 19 ) 
-MH=XH·z ( 20 ) 

 
2.4.  Aerodynamic Modeling 

 
Only rudder aerodynamic effects were considered in this modeling because the aircraft was assumed in a landing 

situation, when ground spoilers were deployed and no lift was generated by wing. A classical approach was considered 
with the assumption that aerodynamic efforts are linear related to some interest variables (sideslip angle β, rudder 
deflection δr and yaw rate r), according to Eq. ( 21 ) to Eq. ( 26 ). All efforts are proportional to speed V and air density 
ρ. An important point is that parameter δr is a variable control , responsible to gather the nose wheel deflection by 
aircraft maneuvers on ground. 

Yr=
1
2

·ρ·V2·S·CYr·r ( 21 ) 

Nr=
1
2

·ρ·V2·S·b·CYr·r ( 22 ) 

Yδr=
1
2

·ρ·V2·S·CYδr
 ·δr ( 23 ) 

Nδr=
1
2

·ρ·V2·S·b·CNδr
·δr ( 24 ) 

Yβ=
1
2

·ρ·V2·S·CYβ ·β ( 25 ) 

Nβ=
1
2

·ρ·V2·S·b·CNβ·β ( 26 ) 
 
The parameters CYr ,CYr ,CYδr

 , CNδr
 , CYβ and CNβ were defined according to the classical methodology proposed 

by (Roskam, 2000), using geometrical considerations about the aircraft in study. Final values can be seen in Tab. 3. 
 

Parameter Value Unit 
 - ௒ഁ -0,65527ܥ
௒ഃೝܥ  0,286935 - 
 - ௒ೝ 0,023184ܥ
 - ேഁ 0,232688ܥ
ேഃೝܥ  -0,14479 - 
 - ேೝ -0,2077ܥ

 
Table 3 - Aerodynamic parameters 

 
2.5. Propulsion Modeling 

 
The propulsion was modeled quite similar to brakes. A control signal ߨ௉ א ሾ0,1ሿwas multiplied by a maximum 

thrust value, obtained from (Embraer, 2008) as 62.300 N and a dynamics that simulates the typical 5~10 s delay in 
engine response after a command. Overall expression can be seen on Eq. ( 27 ). 

 
XMP=π௉· 0,15

s+0,15
·62300 ( 27 ) 

 
No moments around yb axis, due to propulsion, were considered in this modeling. This is reasonable to assume in 

the selected operation point, since propulsion is expected to be minimum. Besides, the distance between aircraft CG and 
engines are significantly smaller than the brakes one.  
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3. SPEED CONTROL LAW 

 
In a real aircraft, the speed on ground is controlled through the thrust and brakes. On landing operations, aircraft 

touches the ground with engines in almost minimum power; just enough to avoid aircraft stall. Once on ground, the 
engine is kept to a minimum whilst brakes are used mainly. 

 In this study, the control of brakes and propulsion was done separately, in such a way that no brakes and 
propulsion were applied at the same time. This is not fully compatible with the possibilities of a real aircraft, but is a 
valid simple approach for landing operations according to the discussion above.  For both controls, a controller    
ሻݏሺܩ ൌ ௣ܭ ൅

௄೔
௦ା௣

 was selected. The objective was following the reference speed Vr, defined according to typical landing 
values in real operations. The Cumbica airport (placed at Guarulhos, Brazil) was selected as reference airport. 
According to Fig. 9, the yellow line is the selected trajectory on the airport. 

  

 
 

Figure 9 - Cumbica airport 
 
 Controller output was connected to the input to propulsion / brakes blocks. Two points need to be remembered: 

propulsion and brakes were defined in such a way that the actuation of both at the same time is not allowed and control 
signals are limited between [0,1]. Due to these considerations, the control input for brake / propulsion needed to be 
calculated in different ways, otherwise no valid control signal would be generated. The final form of the controller is 
provided by Fig. 10. 

 

 
 

Figure 10 - Controller final form 
 

3.1. Gain Determination 
 
Once the control law was defined, gains were evaluated through an algorithm design technique. Using an 

optimization algorithm (Matlab / Simulink Pattern Search), the gains and poles of both control laws were changed to 
minimize the value of an objective function, defined in this study as a modified ITAE error, according to Eq. ( 28 ). 

 

ITAE=
׬ t·|eሺtሻ|dt

tf
0

tf
 ( 28 ) 

 
The final values for controller parameters are provided by Tab. 4: 
 

 ஻݌ ௉݌ ஻݅ܭ ஻݌ܭ ௉݅ܭ ௉݌ܭ
0,9375 0,3000 0,9625 0,9625 0 0,1875 

 
Table 4 - Final values for controller parameters 

Kp_b

Ki_p

Kp_p

1/(s+p)

Ki_b

0
1

0
1

1/(s+p)
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4. SIMULATIONS AND RESULTS 
 

With the gains evaluated, a simulation was performed to check the speed tracking. A typical speed profile was 
applied along the time to the model, with initial value of 72,0222 m/s (140 knot) and final value zero. The controller 
was exercised to provide the adequate tracking. 

Figure 11 and Fig. 12 provide the final response and some interest signals. 
 

 
Figure 11 - Reference speed and aircraft speed / speed error 

 
Observing Fig. 11, it can be noticed that the response was outstanding, occurring some small oscillation during the 

transitions (decelerations changes). The maximum error was less than 1 m/s, an acceptable value.  
 

 
 

Figure 12 - Control signals 
 
Figure 12  provides a good view of  the control signals applied to the aircraft. The first point noticed is the range of 

the signals: both kept inside the interval [0,1], being fully compatible with the input range for brakes / engines. As 
expected, propulsion signal was kept to a minimum (just enough to compensate free wheel friction) during most of the 
time, when aircraft speed should be kept constant. Brakes were applied at the right moments, providing the good 
tracking even in speed changes (interval between 0-40s).  

 
5. CONCLUSIONS 
 

A mathematical model was developed for aircraft in ground situation. Landing gear, tires, brakes, propulsion and 
aerodynamics were taken into account, based on physical equation and data obtained from literature. The final model 
contains almost all components that generate efforts during landing run. 

A simple control law was developed to track speed through the use of brakes and propulsion, using algorithm 
techniques to calculate the parameters of the control laws. 

A typical speed profile was applied to the aircraft and a good response was obtained, with speed being tracked in a 
suitable way during all the time.  
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