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Abstract: In this work we model and analyse drill-string vibrations. A special attention is given to the transitions
between different phases of motion, which for stick-slip and bit-bounce are normally treated as the non-smooth
dynamics. Here we adopt smooth functions which are advantageous in terms of mathematical description and
numerical analysis. Our studies have shown that the developed mathematical model is capable of predicting a full
range of dynamic responses including the non-smooth behaviour.
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1. INTRODUCTION

Non-smooth behaviour occurs in many engineering systems. Some of such phenomena as chatter and squeal cause
serious problems in many industrial applications and, in general, these forms of vibrations are undesirable because of
their detrimental effects on the operation and performance of engineering systems. Mathematical modelling and
numerical simulation of non-smooth systems present difficulties concerning an accurate detection of non-smoothness
and then a robust switch from one set of equations to another. This makes their description cumbersome. Moreover, the
dynamical responses of such systems are complex including chaos (Savi et al., 2007; Pavlovskaia et al., 2001; Andreaus
& Casini, 2001; Hinrichs et al., 1998)

Oil and gas drilling is an engineering process during which a wellbore is created. The fundamental part of the
drilling rig is a drill-string which during the drilling experiences dangerous vibrations. A drill-string can be modelled as
a non-smooth system by considering contact and non-contact with rock phases during operation. Basically, the drill-
string vibrations can be classified into three different modes: axial, torsional and flexural vibrations. The coupling
among these modes is essential in order to describe some important phenomena during drilling (Silveira & Wiercigroch,
2009; Christoforou & Yigit, 2003; Franca & Weber, 2004).

The main objective of this research is to undertake nonlinear dynamics analysis of a drill-string by considering it as
a smoothen non-smooth system. An axial-torsional coupling allows to describe complex responses including stick-slip
and bit-bounce. The mathematical model applies a smoothened switch model, which describes a non-smooth system
with different sets of ordinary differential equations. The smoothened system is built by defining the transition
equations of motions that govern the dynamical response during the transition from one set to another. Therefore, the
state space is divided into subspaces that have their own smooth ordinary differential equations. The undertaken
numerical simulation confirms that stick-slip and bit-bounce can be modelled effectively with the smoothen functions.
It also explores complex dynamic behaviour resulting from the coupled nonlinear vibrations.

2. MATHEMATICAL MODEL

The model here presented describes the dynamical behaviour of a drill-string, which considers the axial and
torsional degrees-of-freedom, following the ideas presented in Christoforou & Yigit (2003). Besides that, the model
aims to describe the non-smooth phenomena associated with these two modes, bit-bounce and stick-slip. The model
treats the drill-string as a lumped parameter system, so that the equations are simplified to ordinary differential
equations. The forcing comes from the bit-rock interactions, as a result of the string’s rotational movement. The
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torsional forcing is a result of the friction between bit and rock and the cutting torque acting on the bit. Through a
coupling between the equations, the bit interactions with the rock, generate the forcing in axial direction. There is a
stiffness associated with the formation, relating the bit penetration into the formation and the axial force exerted.

The model treats the Bottom Hole Assembly (BHA) as a lumped mass at the bottom of the drill-string. The drill-
pipes mass is considered as a lumped mass equivalent to its distributed mass. Together, the BHA mass and the
equivalent drill-pipe mass make up the axial mass, m,. The axial displacement is denoted by the x variable. Figure 1
depicts a free body diagram of the system for its axial degree-of-freedom. Figure 1a shows the BHA configuration with
the bit hanging just above the formation. In this case the bit exerts zero force on the formation. This point is considered
as the origin of the axis, i.e. x = 0. The x variable is positive when the bit is below x = 0. The traction force applied at
the top of the BHA, T, equals its buoyed weight, P. Figure 1b presents the static equilibrium, with the nominal weight
on bit F), applied, but without any rotation of the drill-string. F, is called nominal Weight-On-Bit (WOB) because
during the dynamic response of the system this WOB varies. The static displacement, x, is associated with the drill-bit
penetration, when the WOB equals F,. As weight is applied on the drill-bit, the traction on top of BHA reduces to the
static traction, T»,. The traction also varies during the dynamical response. The instantaneous traction and weight are
called T, and F,. The torsional degree-of-freedom is analysed by considering that torsional stiffness is provided by the
drill-pipes, k;, in such a way that the BHA does not receive any torsion. The torsional inertia is composed by a
combination of a lumped inertia in the tip of the string, associated with the BHA, and the drill-pipes, ;. Besides, the
torsional model assumes a linear viscous damping, c,. The rotation angle is represented by ¢.

2) T T, b) TT
12

y I
- tE,

Figure 1 — Free body diagram of the BHA with the axial acting forces.

The equilibrium establishes different conditions related to contact and non-contact behaviour. In general, the
governing equation can be written as follows,

ey

{ma X+c, x+k,x=F,—F,

Lp+cp+k (94, )= T,

k . . . . .
where F, =F, [1 +k—“J , and k, and k. are respectively, the axial and the formation stiffness; ¢,, is the rotary table

rotation angle. The forces and torques can be defined according the contact or non-contact scenarios as

k, (x— So sen(n,, ¢)), with contact
b= . (2)
0, without contact
F, (z nf (@) +64/1,6., j, with contact
T, = 3 3)

0, without contact

The coupling between the axial and rotary oscillations is through contact with the formation where the axial force is
the catalyst to generate a resistive torque. Specifically, during the contact when drill-bit rotates, n, is a constant defining
how many elevations (peaks) are for one complete bit rotation. For tri-cone bits n;, = 3.

The torque acting on the drill-bit is modelled by two terms: the first one related to the dry friction existing between
the bit and the formation, and the second one related to the torque needed to cut the rock. The equation proposed Spanos
et al. (1995) is used where the friction is considered to be evenly distributed on the front face of the bit; 7, is the drill-bit
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radius, J. is the average cutting depth, ¢ is a dimensionless parameter that characterizes the force necessary to cut the
rock. The average cutting depth, J,, is obtained from the following relation:

5c _ 2xTP @)
@y

where TP is the average rate of penetration, calculated as a function of the applied weight on bit F, and the rotary table
rotation ®,,, using the following empirical relation:

TP=¢ F,\®,, +e, (&)

where F,=k.x, withx represents the bit teeth penetration into the formation, when the WOB equals F, ; e; and e,

are constants.

The dry friction between the formation and the drill-bit introduces one of two non-smoothnesses to the system. This
non-smoothness may be treated in a much simpler way than the non-smoothness associated with impacts. That happens
because it is relatively simple to define a continuous function of the angular velocity that gets close to the non-smooth
shape of the dry friction. That is, a continuous function able to describe both the static and dynamic friction.

The function f (gf)) defines the dry friction and its sign is always opposite to that of the angular velocity. The

function used to f (gb) in this work was proposed by Leine (2000):

f(@) = —szgn<¢>( jarctan(w) L ‘ ¢‘

In this equation, the constants x, and y, are the static and dynamic friction coefficients, respectively; ¢ and t are
dimensionless numerical constants, where ¢ >>1 and t > 0. These constants are responsible for the proper transition
from —u, to +u,. If properly chosen, these constants can get the smoothened shape of the dry friction really close to that
of its original non-smooth function.

Concerning the contact/non-contact non-smoothness, the same procedure used in Savi et al. (2007) can be
employed in order to smoothness the governing equations. This idea defines a transition region with thickness, #, and
under these assumptions, the system is governed by the following equations:

For the situation with contact, where x= sosen(nb ¢)+77

m, X+c, x+k,x =F,—k, (x—so sen(nb ¢))

(N
Lp+c,9+k, (9=, )=k, (x=sq sen(n, 9)) (— LN ]
For the situation without contact, where x< sosen(n,, ¢)—
m,X+c, x+k,x =F,
. ®)
Lp+cd+k(9=9,,)=0
For the transition region, where sosen(n,, P)-n< x< sosen(n,, o)+
m,X+c, x+k,x =F, —?C(x—so sen(n, ¢)+1)
- : 2 : (x— o sen(nb ¢)+7]) ©)
It¢+cr¢+kr(¢_¢mr):_kc g”hﬂf(¢)+ rhé‘c )



VI Congresso Nacional de Engenharia Mecadnica, 18 a 21 de Agosto 2010, Campina Grande - Paraiba

Many of the system parameters are obtained from the drill-string and drilling fluid characteristics. Thereby, it is

important to establish proper equations that allow these parameters to be obtained. Here, parameters are obtained in a
similar way to that of Christoforou & Yigit (2003).

3. NUMERICAL SIMULATIONS

In this section numerical results obtained using the proposed model are discussed. Table 1 presents parameters that
are used for all simulations (parameters for the rate of penetration, the dry friction smoothening and the transition
region). Basically, four different situations are discussed: normal conditions, stick-slip behaviour, bit-bounce behaviour
and stick-slip together with bit-bounce behaviour.

Table 1 — Parameters used in simulations.

i C) n T &
- _ (m) - -
[ 135x10% | 1ox10 [ 10t | 109 | 10"

3.1. Normal Conditions

Initially, dynamic responses for normal conditions are computed for the parameters given in Table 2. Figure 2
presents steady state phase portraits for axial and torsional motion. It is a period-1 behaviour that is expected in regular
drilling operations, without severe vibrations. Under this condition, discontinuities are not present, which indicates that
there is no bit-bounce, and therefore the bit does not loose contact with the formation. Since the angular displacement
grows with time, the torsional phase space is monitored by ¢,,. — #. One can deduce that this behaviour is periodic and
bounded, which means that the drilling takes place without severe vibration. No occurrence of discontinuities and the
fact that the angular velocity is always positive endorse the fact that there is no stick-slip present.

Table 2 — Normal conditions system parameters.

F, Oy Igria Ipp d; d. dc; dc, dp
(Ib) (RPM) (m) (m) (pol) (pol) (pol) (pol) (pol)
10000 | 50 | 200 | 700 | 4 | 5 | 3 [ 9 | 17.5 |
Ny | mds o - mm) | mm) | mm) | (mm) | (mm)
44763 5.23599 ) ) 101.6 127 76.2 228.6 444 5
Pri Hpa Crna Cq kf So np He Ha <
(Ib/gal) (cP) - - (N/m) (mm) - - - -
_____ 125 77200 [ 17 ] 4000 [ 25x10° T T U1 035 03 | o
| _kg/m?® | Pas | S S S S S S S -
1497.83 0.2 - - - - - - - -
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Figure 2 — Phase portraits for axial (left panel) and torsional (right panel) vibrations for the normal conditions.

Figure 3 shows the angular displacement ¢ as a function of time. As the drill-string is continuously rotating, ¢
always increases, fluctuating around ¢, value. Figure 3 shows ¢ varying with time and also ¢,,,. One can realize that
both curves are almost the same. A more useful way of visualizing the behaviour of ¢ is through the difference between
&,.-— ¢ against time. This way what is obtained is the angular distance between the bit and the rotary table. The figure
shows how much the rotary table is ahead of the drill-bit, in rad/s.
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Figure 3 — (left panel) Drill-bit and rotary table angular displacement in time. (right panel) Difference between
angular displacement of the drill-bit and rotary table.

3.2. Stick-Slip Behaviour

The stick-slip behaviour is now considered and a new set of parameters is given in Table 3. The only parameters
changed with respect to the previous simulation are in the upper table.
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Table 3 — Stick-slip system parameters.

F, WOy Ipra Ipp d; d, dc; de, d,
(Ib) (RPM) (m) (m) (pol) (pol) (pol) (pol) (pol)
15000 | 30 | 200 | - 4000 | 2764 | 35 | 28125 | 65 | 26 |
gy s o - mm | mm) | (mm) | (mm) | (mm)
67.1445 3.14159 ) ) 70.2056 88.9 71.4375 165.1 660.4
Pr Mpa Cima o ky So n, He Ha ¢
(Ib/gal) (cP) - - (N/m) (mm) - - - -
_____ 125 | 200 | 1,7 | 4000 | 25x10° | 10 | 1 | o035 | 03 | o1
| _kg/m® | Pas | S S B S S B S S B S o
1497.83 0.2 - - - - - - - -

Similarly to Figure 3, Figure 4 also presents phase portraits, however contrary to the previous case a steady state
has not been achieved. The angular velocity amplitude increases until it reaches zero velocity (stick). Thereafter, the
system behaves with stick-slip. The stick-slip can be clearly seen on the horizontal line present in d¢/dt = 0. The
amplitude increase is also noticeable, both in terms of the angular velocity and in the angular displacement, associated
with stick-slip. This analysis shows that the phase space is an adequate tool to identify the stick-slip. The axial phase
space is also presented in this picture showing a far more intricate steady state behaviour, since the complex torsional
behaviour changes the axial behaviour effectively. Despite its complexity, this phase space does not possess any
discontinuity whatsoever, indicating that the bit-bounce phenomenon is not taking place.
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Figure 4 — Phase portraits for axial (left panel) and tortional (right panel) vibrations for the stick-slip case.

Under these conditions, the drilling takes place with the stick-slip behaviour that can be easily observed in Figure 5
that shows the time history of angular velocity d¢/dt. Time intervals in which the angular velocity vanishes can be
observed, corresponding to the stick intervals in which the drill-bit stops rotating. It is hard to compare the velocity
peaks of this result with those of the previous one because many parameters are really different. Nevertheless, a
qualitative comparison can be made observing the forcing frequencies (the rotary table angular velocity) in each case. In
the previous simulation, ®,,, = 5.236 rad/s and the peaks of d¢/dt reach about 5.8 rad/s, which is just above the forcing
frequency. In this second case, on the other hand, ®,,, = 3.14 rad/s and the peaks of d¢/dt is about 7.0 rad/s, which is far
above the forcing frequency. Therefore, it is possible to conclude that when stick-slip is present, the drill-bit exhibits
high amplitude peaks, what could explain the strong drill-bit wear usually related to this kind of response. In order to
understand this phenomenon, one should observe whether there is stick-slip or not, the average angular velocity of the
bit should be, in the long term, very close to that of the rotary table. Hence, when stick-slip is present there are periods
during which the drill-bit angular velocity vanishes, and this must be compensated with periods in which the drill-bit
velocity is far above the one of the rotary table’s; so in this way the average is maintained. Figure 5 also presents the
time history of ¢,,. — ¢. This picture allows one to observe that an angular distance between the drill-bit and rotary table
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oscillates around approximately 7 rad, which corresponds to a little bit more than a complete turn. Besides, this
movement amplitude varies about 1.7 rad around this average value. In the previous case, the average was around 0.11
rad, and the amplitude around 0.08 rad. This larger distance between the drill-bit and rotary table is probably not due to
the stick-slip, but to the fact that the drill-string used in this case has a lower stiffness. That occurs because it is
composed of smaller diameter drill-pipes and it is much longer. The large fluctuations of ¢,,. — ¢, on the other hand, may
be related to the stick-slip. During the stick phase the rotary table keeps on turning while the bit is standing still, and
that brings both far apart. Another interesting conclusion is that stick-slip is not easily identifiable through the analysis
of the angular displacement. Therefore, to identify this behaviour it is more adequate to analyse the angular velocity or
the phase space, as presented as follows.
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Figure 5 — Time histories of angular displacement (left panel) and relative angular displacement (right panel)

Another interesting observation is that the stick phases alternates between low and high values of x. That is due to
the elevation existing in the formation, ahead of the drill-bit, characterized by the s, parameter. The confirmation to this
explanation can be made from the fact that the time interval between two consecutive sticks is about 5s. As the rotary
table rotation is 30 rpm, that is one rotation every 2 s, that means there is one stick every 2.5 rotations, approximately.

3.3. Bit-Bounce Behaviour

The bit-bounce behaviour is now in focus by having a new set of parameters presented in Table 4. Once again, there
are changes only on the upper table values, compared to the previous set of parameters.

Table 4 — Bit-bounce system parameters.

F, [ IgHa Ipp d d, dc; de, dp
(Ib) (RPM) (m) (m) (pol) (pol) (pol) (pol) (pol)
5000 | 70 | 200 | 5000 | 2764 | 35 | 28125 | 65 | 175
kN | mds - mm) | mm) | (mm) | (mm) | (mm)
22.3815 7.33038 ) ) 70.2056 88.9 71.4375 165.1 444 5
Pri Hpa Crna Cq kf So np He Ha <
(Ib/gal) (cP) - - (N/m) (mm) - - - -
_____ 125 77200 [ 17 ] 4000 [ 25x10° T T U1 035 03 | o
| _kg/m?® | Pas | S S S S S S S -
1497.83 0.2 - - - - - - - -

Figure 6 shows the axial phase portrait where the behaviour is quite different from the others, since a bit-bounce is
observed. The system response is clearly divided in two distinct regions, highlighting the non-smoothness related to the
bit-bounce. It can be clearly seen that the displacement is much greater than in the previous cases, despite the fact that
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the parameters have not been changed too much. The surface elevation (sy), just like before, is 1mm, and the
displacement now reach values on the order of 40mm, what gives a clear evidence that the contact has been lost.

By looking at the torsional phase portrait, one can see that there is no apparent stick-slip but, in a similar way to
what the stick-slip did to the axial phase portrait, the bit-bounce has turned the torsional behaviour to much more
complex. The orbits seen fill the phase space, but the behaviour should not be confused with a chaotic motion. It is
interesting to point out that, unlike what happens during the stick-slip, when the torsional mode discontinuity cannot be
seen on the axial phase space, here the axial mode discontinuity can be seen on the torsional phase space.
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Figure 6 — Phase portraits for axial (left panel) and torsional (right panel) vibrations for the bit-bounce case.

Figure 7 shows the axial displacement and the axial velocity time histories. Comparing to the first case, for which
had steady state vibrations, it can be observed that the responses are less smooth and having sharper peaks. However, it

is not easy to realize the bit-bounce existence through these graphs.
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Figure 7 — Time histories of axial displacement (left panel) and velocity (right panel)

3.4. Stick-Slip and Bit-Bounce Behaviours

At this point, friction coefficients are altered in order to investigate a case where stick-slip and bit-bounce
behaviours occur simultaneously. Table 5 gives the system parameters for this situation.
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Table 5 — System parameters for stick-slip and bit-bounce behavior.

Ey Wy Ipria Ipp d; d. dc; dc, d,
(Ib) (RPM) (m) (m) (pol) (pol) (pol) (pol) (pol)
5000 | 70 | 200 | 5000 | 2764 | 35 | 28125 | 65 | 175
Ny | mds - mm) | mm) | (mm) | (mm) | (mm)
22.3815 7.33038 ) ) 70.2056 88.9 71.4375 165.1 444 5
Pri Hpa Crna Cq kf So np He Ha <
(Ib/gal) (cP) - - (N/m) (mm) - - - -
_____ 125 77200 [ 17 ] 4000 [ 25x10° | 10 |1 o6 [ 05 | o
| _kg/m?® | Pas | S S S S S S S -
1497.83 0.2 - - - - - - - -

The axial phase portrait depicted in Figure 8a shows the presence of the bit-bounce phenomenon. This conclusion is
taken from the existence of two distinct regions, indicating the non-smoothness characteristic of this phenomenon.
Figure 8b shows the torsional phase space, where one can find points with zero velocity. Here, it is possible to indentify
both behaviours from phase spaces.
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Figure 8 — Phase portraits for axial (left panel) and torsional (right panel) vibrations for the stick-slip and bit-
bounce case.

4. CONCLUSIONS

In this paper, we model and analyse drill-string vibrations with respect to two fundamental phenomena: stick-slip
and bit-bounce. These behaviours are responsible for most of damages of the drill-strings and drill-bits being important
to be identified. We built a two degree-of-freedom model to account for axial and torsional vibration. The coupling
between both vibration modes is through contact with the formation where the axial force is the catalyst to generate a
resistive torque. The forces and torques are defined according the contact or non-contact scenarios, establishing a non-
smooth system. Besides, the dry friction between the formation and the drill-bit introduces another non-smoothness to
the system. The resulting non-smooth system is treated by promoting the smoothness of the governing equations. We
adopt smooth functions which are advantageous in terms of mathematical description and numerical analysis. A special
attention is given to the transitions between different phases of motion, which for stick-slip and bit-bounce are normally
treated as the non-smooth dynamics. Based on this procedure, numerical simulations are carried out showing different
kinds of response. Basically, four situations are of concern: normal condition; stick-slip behaviour; bit-bounce
behaviour; stick-slip and bit-bounce simultaneously. Our studies have showed that the developed mathematical model is
capable of predicting a full range of dynamic responses including the non-smooth behaviour.
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