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Abstract. The determination of the temperature distribution in soils is of interest for various knowledge fields, 
because its variation affects processes such as seed germination, plant growth and thermal behavior of buildings in 
direct contact. It is however a problem of many variables, due the temperature variation can be influenced by the 
characteristics and interactions between the elements of the system soil-vegetation-atmosphere. In this study, it 
was determined the temperature field considering only the heat transfer by conduction in homogeneous and one-
dimensional way. The function governing the temperature variation on the surface was considered as harmonic in 
time. For the solution of ordinary differential system, was used the GITT (Technique of Integral Transform), 
analytical-numerical method employed successfully in the past 20 years, mainly in the study of heat transfer. The 
basic idea is to transform the partial differential system in an ordinary differential system by expanding in 
eigefunctions. This system is solved numerically using subroutine established in mathematical literature available. 
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1. INTRODUCTION 
 

The climatic variations have been reason of the scientific community and all society’s concern. A great number of 
studies try to preview and/or describe climatic changes. In these studies, the energy balance at the surface is necessary, 
because it conditions the partition of the solar energy.  

Measurements of temperature at the soil become indispensable for us to feed the mathematical models allowing the 
climatic characterization of the area. The accuracy of these calculations depends on the knowledge of the materials 
thermal properties, specifically thermal diffusivity. Numerous examples of flaws can be mentioned and can be 
attributed to the bad quality of the information associated to the choice of the values of these properties.  

Several methods for temperature profile determination can be available numerical solutions as in Karam (2000), 
Mihalakakou (2002), analytical, in Gülser et al (2004), and also studies that compare the results gotten for these 
methods, Fuhrer (2000) and Chicota et al (2004).  

According to Musy et al (1991), the description of soil global thermal behavior, for instance, results from two types 
of phenomena: the energy exchanges with the exterior and a series of heat transfer processes. The intensity of these 
processes depends on the ground specific thermal properties. For Brady (1989), they are determinative factors in the 
energy partition that arrives in terrestrial surface. While the solar irradiation that arrives at the surface depends on 
climatic factors, the quantity of energy that penetrates in the ground depends on factors like soil color, declivity and 
vegetal covering at the considered area.  

In this work we will utilize the Generalized Integral Transform Technique (GITT) that is a well-known hybrid 
numerical–analytical approach that can efficiently handle diffusion and convection–diffusion partial differential 
formulations. It is based on expansions of the original potentials in terms of eigenfunctions and the solution is obtained 
through integral transformation in all but one of the independent variables, thus reducing the partial differential 
formulations to an ordinary differential system for the expansion coefficients, which can be then solved using numerical 
techniques or in some special cases, analytical procedures (Almeida et al., 2008). 

The Generalized Integral Transform Technique has quite recently appeared in the literature as an alternative to 
conventional discrete numerical methods, for various partial differential formulations in heat and fluid flow (Venezuela 
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et al., 2009, Naveira et al., 2007, Barros et al., 2006, Macêdo et al., 1999). Its hybrid numerical - analytical structure 
permits the automatic control of the global error in the simulation, which avoids the need for several computer program 
runs to inspect for the convergence on the final results, and therefore yields codes that automatically work towards user 
prescribed accuracy targets. A number of applications have been considered within the last few years dealing with 
environmental modeling, in relation to the hybrid approach here discussed. 

The present study aims to know the temperature profile determined from the solution using the Generalized Integral 
Transform and comparing this profile with that measured in the meteorological station in São João do Cariri-PB town.  
 
2. PHYSICAL PROBLEM AND MATHEMATICAL MODELLING 
 
2.1. Model assumptions 
 

The direct problem is solved to determine the temperature profile into the soil. The physical problem involves 
transient heat conduction and the temperature at the soil surface is expressed as a time harmonic function like in Horton 
et al (1983), Musy et al (1991) and Furher (2000). 

 
The following assumptions were adopted in order to simplify the model: 

 
 The ground is represented by a semi-infinite plate of thickness 2L; 
 Heat transfer is predominantly unidirectional; 
 Shrinkage is negligible; 
 The diffusion coefficient is constant and homogeneous during process. 
 
2.2. Mathematical Modelling 
 

Based on the foregoing hypotheses, the equation describing heat transfer process is given as follows: 
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The initial and boundary conditions are listed below to complete the numerical formulation of the problem: 
 

 Boundary conditions 
 
       ntTsenTtTtT med0,0         (1b) 

 
  medTtzT  ,            (1c) 

 
 Initial condition 

 
  iniTzT 0,  at 0 ≤ z ≤ L         (1d) 

 
Where T (z, t) (°C) is temperature, z (m) the depth and t (s) the time. Assuming that apparent thermal diffusivity  = 

k/C (m ² /s) is independent of temperature. 
 
The Eqs. (1) are given in dimensionless form by: 
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 0 < Z < 1, τ > 0        (2a) 

 
with boundary and initial conditions 
 
     sen,0  Z = 0, τ > 0        (2b) 
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  0,1     Z = 1, τ > 0        (2c) 
 
  10, Z    0 ≤ Z ≤ 1, τ = 0        (2d) 

 
where the dimensionless groups are: 
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The objective now is to determine the process dimensionless temperature field. Mathematical model is solved here 

by applying the Generalized Integral Transform Technique (GITT) as described next. 
 
2. METHOD OF SOLUTION FOR THE MATHEMATICAL MODEL 
 

The Generalized Integral Transform Technique (GITT) is a powerful hybrid numerical-analytical approach, which 
has been successfully used to obtain benchmark solutions for different classes of linear and non-linear 
diffusion/convection problems (Dantas et al., 2002). Such a technique, as applied to time dependent problems, includes 
the following basics steps: 
 

(i) Selection of an associated auxiliary eigenvalue problem, that retains the highest capacity of information of the 
original problem; 
(ii) Development of the appropriate transform/inverse formulae pair; 
(iii) Integral transformation of the original problem by substituting the inverse formula into non-transformable terms 
or by using the integral balance approach; 
(iv) Solving the resulting coupled system of ordinary differential equations in the time variable; 
(v) Appling the inverse formula to the transformed field in order to obtain the solution for the original problem. 
 
It can be seen that through dimensionless process was possible to obtain Z domain ranging from 0 to 1, but it was 

not possible to obtain homogeneous boundary conditions. Thus to solve the problem (2a-2d) by GITT it will be used 
solutions superposition, Diprima and Boyce (2002) with order to homogenize boundary condition (2b), which satisfy 
the requirements of the theory of the Sturm –Liouville problem, as follows: 

 
It will be proposed a main problem simpler version to find a filter. 
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Witch can be expressed by: 
 

baZZF )(            (3d) 
 
Replacing boundary conditions, we get: 
 

 ZsenZF  1)()(           (3e) 
 
F(Z) function will be used as a filter to homogenize boundary condition (2b). We define solutions superposition as: 
 

)(),(),( ZFZFZ             (3f) 
 
Replacing Eq. (3f) in system equations (2), after some mathematical arrangements, the transformed problem to be 

solved is written by the following form: 
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  0,0 F            (4b) 
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  0,1 F            (4c) 

 
    ZsenZF  110,           (4d) 

 
Once obtained the transformed problem with homogeneous boundary conditions, Generalized Integral Transform 

Technique (GITT) can be applied (Ozisik, 1980). The first step is choosing the so-called auxiliary problem. If we 
consider the differential equation (4) with its boundary conditions, it can be expressed as (Ozisik, 1980): 

 

02
2

2
 iidZ

d 
           (5a) 

 
  00 i             (5b) 

 
  01 i             (5c) 

 
Equations (5) represent a classical Sturm–Liouville problem. Its solution is obtained in the form of eigenfunctions 

and eigenvalues, respectively: 
 

   ZZ ii  sin  
 

 ii   ...3,2,1i  
 

The next step is to define the Transformed/Inverse pair 
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where   iF  is the transformed dependent variable and the norm Ni is given by: 
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The normalized eigenfunctions are defined by: 
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Moreover, the eigenfunctions have the following orthogonality property: 
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At this point, the integral transformation can be applied. Eqs (4) is integrated using the operator 
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On the basis of the orthogonality property (6e), the Integral Transform (6a) and the Inverse Formula (6b), from Eq. 

(4) we get 
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      (7a) 

 
The integral transform of the entry condition (Eq. (6a)) produces the following transformed initial condition: 
 

     dZZF ii  ~1sin10
1

0
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Ordinary differential equations system presented in Eqs. (7) for the transformed potentials was solved in the Matlab. 

For computational purposes this system is truncated to a sufficiently large finite order, N, for the required convergence 
control. 

 
3. RESULTS  
 

The problem considers the function that represents temperature profile with harmonic behavior. This comportment 
is showed in Fig. (1) for many different depths. 

The hybrid numerical-analytical solution of mass transfer problem was validated by experimental results given by 
the experiment carried in a meteorological station of UFPB in Solar Energy Laboratory at São João do Cariri-PB town 
(07°22’44” S; 36°32’00” W; and 465m above sea level) in southwest of Paraíba, from 06/05/2001 to 09/05/2001.  
        The soil is covered with sparse vegetation (caatinga and pasture kind). The region is classified as semi-arid with 
less abundant rainfall concentrated between the months from February to April. The loamy soil is rocky type and the 
vegetation is sparse and gives the appearance of strips alternatively between the rocky soil and the bare soil, Paz (2002). 
 

 
Figure 1 – Harmonic behavior for temperature profile. 

   
        Soil temperature was measured using temperature sensors (Campbell Scientific Inc., model 108) with precision of 
0.3°C, operating over the range – 3 to 90°C, installed at the surface and in others three depths, 2, 5 and 15 cm. The 
measurements were taken with 20 minutes of interval by the data acquisition system CR23X of the Campbell Scientific 
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Incorporation, continuously connected to the battery of 12 V and 55 Ah, accompanied to a solar panel with potential of 
50W. Data logger is programmed to control all the experiment and to unload the data to the microcomputer.  
 

0 1 2 3 4
20

25

30

35

40

45

50

55

Te
m

pe
ra

tu
re

 (°
C

)

Teorical
Experimental
Residuals

-30

-20

-10

10

20

30

R
es

id
ua

ls
 (º

C
/C

º)

0 1 2 3 4

 
Figure 2 – Temperature profile at the surface. 

 
      Observing the evolution of the temperature profile at 5 cm, the maximum temperature is 34.29°C that occurs at 19 
p.m. in the first measurement day, the minimum was 30.86°C at 10 a.m. in the second measurement day. Taking visual 
analysis, we can verify that the temperature model-data was underestimated in the period except for the first day. The 
minimum values present less important residues although the model overestimates the real value.  
      The residues have a maximum value of 0.86°C at 14 p.m. in the first day and the minimum was -0.001°C at 18 p.m. 
in the third day, the absolute average was 0.38°C. These values can show the coherence between model and 
experimental data. We can observe in the figures that the curves present the same behavior that the experimental data, 
harmonic. The model consistence is in the fact that thermal perturbation of solar irradiation which the ground is 
submitted presents similar behavior and mainly because model and experimental data presented a good approach with a 
standard deviation of 3.24°C that corresponds a relative standard deviation of 0.16% for 5 cm depth. For the 
measurements at the surface, the model coherence are not very good, there are many others factors that have a great 
importance like the days climatic conditions when the measurements had been made.  
      We believe that de differences between the temperature model-prediction and field data can be eventually associate 
to the hypotheses made to arrive at the analytical solution, such as neglecting the evaporation, the dependence of the 
thermal diffusivity to the soil humidity, the soils homogeneity and the assumption that a complicated three-dimensional 
heat transfer process can be represented by an one-dimensional model. For obtain a better precision of the model, the 
data must be more studied and taken days with same climatic conditions (cloud presence, wind speed, rainfall). For 
modeling, we need to consider others accomplished heat transfer processes, irradiation and convection, that occur at 
surface and change boundary conditions.    
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