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Abstract. This article deals with the problem of active wation control in structures by means of piezoelectr
transducers. It was chosen a clamped beam sandaviohe”ZT’s sensor/actuator as a case of study. fhemaatical
model for beam is discretized by Finite Elementhddt(FEM), using ANSYS™ software. After the FEM atiod
stage, the model obtained by ANSYS is validateligr experimental modal analysis, where the reatqiype beam

is excited by an impulsive signal generated by mrar and the dynamic response at different poirgsvaeasured by

a laser vibrometerAfter this validation, the global stiffness and masatrices are extracted through ANSYS. Using
these matrices the dynamics of the system can taéhetd and after a modal transformation represergdhe state
space approachBased on the state space representation, a cosysiem is proposed aiming to reduce the vibrations
on the structure by perturbation rejection. For Bua LQR controller and a Luenberger state obseaser designed.
The control system proposed will be simulated oTMX¥B™ and SIMULINK™ softwares and the results attdiwill

be analyzed and discussed.

Keywords: Active Vibration Control, Smart Materials, LQG,ite Elements Method, Piezoelectric Transducers,
Modal Analysis

1. INTRODUCTION

The capability to measure and control vibrationsfigreat importance for several engineering aasasutomobilist,
aerospace, refrigerators, and petrochemical (6gal. 2003). Every system can be disturbed and takeitsofformal
functionality by noise action and undesirable vilor@s. For this reason, the vibration control is\giderate a high
challenge in terms of technology.

There are basically two branches of vibration aanthe active and the passive ones, where bothtairaise the
vibration damping in a given structure. The passigproach is used to reduce the perturbation effegtdissipating
vibratory energies. However, the passive contrducgion ability is limited to a narrow band of frencies, and it is
hard to adapt the passive control when the syssesubijected to different types of disturbancesléFet al. 2003).

Furthermore, intensive researches in recent dedzaes developed the technology of active contral goe@ main
advantage of this approach is to mitigate noisgairious frequency ranges due to its high capaditgdaptation in
disturbance rejection. But the active vibration teoihrequires the inclusion of new components teate the control
system like sensors, amplifies, and controllers.oAg various options for measuring and acting thezgelectric
devices have been widely used (Wersing, 2002).pigeoelectric transducers are ideal for active rmbratpplications
due to its electromechanical coupling capacitysTransducers have various advantages like theddtyation speed,
reduced weight and size and wide band of linedvigctLaminated piezoelectric transducers havenbe&lely used
for active control of metallic plates and beams.

The system’s model is essential for a good prajéthe controller. The mathematical modeling ofyatem can be
obtained by several methods, and the Finite Elesnidiethod (FEM) is the most highlighted. The modeinechanical
structures equipped with piezoelectric transduasiisg FEM has been presented in several worksq®ietf al. 2003).
The results obtained by the mathematical systemetimadusing the FEM are dynamic equations in whiwd spatial
domain is discretized in nodal points of the syst@imereby the system can be written in a matrifdain, which is
advantageous to the computational purposes.

In general, dynamic models obtained in physicalrdimates result in coupled dynamic equations, wirsiolve a
high computational cost in the system solution. & used in the dynamic mechanics, it is possibledlize a linear
transformation denominated Modal Analysis, thatiesd a physical coordinates system to a generadized(or modal
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system coordinate) in which the dynamic equatiores umcoupled (Meirovitch, 1985), so the computatiorost is
reduced.

This article begins from the model of a sandwichedm with piezoelectric transducers obtained byME# with
tridimensional brick elements (Tzou and Tseng, 198@th the mechanical and electric parts are dis@d in the
spatial domain and the system equation is obtdisting to a state space model which is more adedoahe control
purposes. A optimal control methodology is applisthg the methodlinear-Quadratic and GaussiafLQG). A study

case for a beam using hexagonal elements with glieeic transducers sandwiched is proposed tstilite the
obtained results.

2. MATHEMATICAL MODELING

Combining the Finite Element method (FEM) with tlne@dal analysis, a mathematical model is obtaindds T
model is necessary to design a controller basdl@models, as it is the case of the proposed a@msttategy shown in
section 3. Nowadays the FEM has been used in deaeeas of engineering and physics, like electtsta
electrodynamics, heat transfer, acoustics, vibnati@tc. For the particular case of active corttrelgreat advantage of
the FEM is due to its ability to systematize thegaiss of obtaining state space models for a gesieticture with fixed
piezoelectric transducers.

This procedure is made more easily because thealghobtrix of mass and stiffness can be extractedh fa finite
element model developed by commercial software saigcANSYS.

After the global matrix extraction a modal transfation is performed reducing the size of the sysdéechchoosing

the desirable modes that will compose the finakesysmodel. Then the system can be written in tlée sspace
representation.

This methodology can be summarized as show inlFig.

Creation of the Extraction of the mass

finite element . . Model reduction by Model written in the
i> and stiffness matrices i> j>

model using modal transformation state space form
ANSYS of the FEM model

Figure 1. Modeling procedure

This methodology can be used in many mechanicattsires, since the most simples to the complex.ofles

structure chosen as study case in this work isrdileaered beam with PZT patch fixed. The Fig. 2wh the
cantilevered beam and the transducers locations.

Figure 2. Transducers layout of cantilevered beam

Table 1 shows the beam and the transducers dinmsio

Table 1. Beam and transducers dimensions

Length(m) Width (m) Thickness(m) Material
Beam 0.5 0.05 0.003 Aluminium
Sensor 0.02 0.02 0.001 PZT-5A
Actuator 0.02 0.02 0.001 PZT-5A

The use of piezoelectric devices as transducergassible due to the electromechanical couplingoefbf the
material, being mathematically described by thegectric linear constitutive equations, writtarits compact form:
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D=[de+HE

= 1)
6 =[cF]e-[e]"E
In the model, 5, ¢, D, E , are the mechanical tension, deformation, eledfigplacement and electric field

respectively. The constitutive properties],[F],[§ , are respectively the mechanical elasticity, digie permissivity
and piezoelectric constants matrices.

2.1. Finite Elements

To the application of the FEM, the structure isaliggd in a mesh of elements connected by nodehelpresent
model it is used the brick element of eight nodas B, as stated (Coo&t al. 1995). In the classical mechanical
problems like tension analysis, the node’s degoédseedom (d.o.f) are the displacement in thedtdanensions. But
when the analysis concern is the piezoelectric pimamon we need to add one electric degree of fredgjonode, the
new d.o.f will be the voltage. For the proposethif work it will be used two element: one to motted beam Fig. 3.b
and another to represent the PZT transducers FEig. 3

(b)
Figure 3. (a) Piezoelectric element, (b) Structaetament

To obtain the global matrices that will composepifezoelectric dynamic equation we can use thedmsgjan
(Tzou and Tseng, 1990). For a piezoelectric bodyligrangian can berittenas

L= [(7 w7 @)
>

Where Z is the Lagrangian the kinetic energy, 7/ the potential energy an@#’ the piezoelectric volume.
Writing the kinetic energy through the material signand the potential energy using the piezoatettnsor (Eq. 1)
the Eqg. 3 is obtained.

2= [ Jolo 1o -3t (o) (=) (o} T o7 @

Where{ud} is the velocity vector. Now, applying the virtuabik theory and considering the action of external

forces, electric charge and electric tension in piezoelectric body, we will obtain the relationsddgbed by the
following equation:

o = [{su} {R}d7*+ [{5u} {R.}dA +{su} {R} - [ pa.dA, @)
7 A A,
Where{R} is the body forceA, and A, are the piezoelectric superficial aregB,} is the force distributed in

the body surface{, PC} is the concentrated mechanical load apdis the electric load . Using the Lagrangian tred
virtual work we obtain the piezoelectric dynamiaiation through the variational Hamilton principle.
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tfzs(.:twnﬂ)olt =0 (5)

4

Wherel, e t, are the time interval where the time variation escieplacing the Eq. 3 and Eq. 4 in Eq.5, Eq. 6 is
obtained.

[ ({du} {ug} {5 1o +{0e} TeT"{E} ~{5E} Te{ e} {38} Tel{ E} +{su} {R} Jd7+

>
(6)
+[{ou} {R}dA - [ 5gm, A, +{3u,} {R} =0
Ay Az
To obtain the global matrices of mass and gloliihess we need to write the displacement veaip#[u, u, u,]

and the voltagep by means of nodal values. For this, a shape fomstdescribed by the matric[aNu] and [Na,] are
used. Then, writing the variables system in itdatidorm results that:

{0} =[N, J{u)
{{w} -IN,){a} )

Where the index i denotes the nodal variables. The relation betvieendeformation and displacement can be
established by the following equation:

9 0O O
X
0 9 0
oy
0O O ai
z
{g} =[0]{u} :[o]= (8)
9 9
dy 0x
o 9 9
0z oy
9 4 9
0z 0X |
Thus, the relation described by the Eq. 8 can higenrby means of nodal variables leading to Eq. 9.
{e} =[B.]{u}
- 9)
[Bu] _[a][Nu]
As in control system the variable is the electeiesion, the electric field can be described by medivoltage.
Thus, it can be written in the following way:
{(E}=-V o (10)
Writing the Eqg. 9 by means of nodal variables weabthe following relation for the electric field:
{E} = _[Bw]{w} (11)
[B,]=0[N, ]
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Replacing the Eq. 11, Eq. 10, Eq. 9, Eq. 7 in the@Eand solving the integral the following piezstic dynamic
equation is obtained.

b STl ) p e

Where the matrices of Eq. 12 are obtained by theviing equations:

[, = [oIN TN, 67 a3
(K, = Ij_ﬂ[Bu]'[cE][Bu]d? (14)
[Kuo ]y er :}}[Bu]'[e][Bw]‘W (15)
W]nan,—[ (B, Jd7 (16)
iWFHMHawuanmmﬂmn@ )
{9} ,a I[N]quA ’ (18)
[kw] = [kw]' (19)

The indexn, and n, are the mechanical d.o.f numbers and electrid¢ dumbers andg is the material density.

2.1. Modal Analysis

The modal analysis aims to uncouple the system rdim&quations generated from the Eq. 11. Using daino
decomposition truncated ip vibration modes, the mechanical dlsplacements{ a,t}e—[‘I’]{q(t)} in which[W] ., ar

the modal forms andq(t)} , are the displacements of thevibration modes . The differential equation Eq.ckd be
written in its modal form:

[, JvKa) +[k., ] ey +[ko ] ={f}

(20)
[kuo J1WHa - [k { & ={0)}
Where the system’s electric potential kwon bothtfer actuator ¢ controlled) and the sensog(=0), the electric

parcel does not influence the vibration modes &wodéd are obtained by the classic eigenvalue probfemechanical
vibration, as in Eq. 21, in which the orthogonalperties of Eq. 22 are valid (Marinho, 2008).

([k o] - af [my,])1¥1 =0 (21)
GHERCOE
[W]" [k, [ W =diag(@?) (22)

[WITAI YW =diag(2&w)

A low damping coefficienfC][ W{ § can be added to the Eq. 20. Pre-multiplying theZBgplus the damping
term by[W]" and observing the orthogonal properties of Ecth22system can be written as:

{} +diag(2& @ Xd} +diag(ew’{a} @ T{f} £ ¥ "[k,{ &

(23)
{QJ =-[k, [ Wa}
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In the first equation of Eq. 23 only the electratgntial controf ¢} are considered in the second equation only the
electric charge of sensor are measy@g and the sensor electric potential is zegp% 0).

3. Modal Validation

Before making the state space realization, the Faddlel was validated. For this purpose an experiatenodal
analysis was realized using an impact hammer alageax doppler vibrometer (LDV). The beam was excly the
hammer in the point P1 Fig. 2 and the structurecil was measured in several points using the LB&the structure
simulation response was compared to the acquiredigh experimental procedure. The Fig. 4 showsctmparison
between those responses for the point P2 Fig. 1 .

140 T T T T T
120 , , , , ,
100
a0
60

: : Simulado H
A0 S N B Experimental ||

Yelocidade/Forgal(m/s)/N (dB))
=
(]

0 200 400 600 800 1000
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Figure 4. Comparison between simulated and expeta&heesponses

As shown in the Fig. 4 the experimental and sinedaesponses are very close, and the differenceebatthem
occurs due to small differences between the streicaind the model dimensions, and mainly due todifferences
between the material physical properties used énntiodel and the real structure ones. It's posgiblenprove the
mathematical model and reduce the error betweensthilated and experimental responses, through Imode
adjustments techniques. But, for the applicatiomppse of this work the model obtained was consitisedisfactory.

3. VIBRATION’S ACTIVE CONTROL

The noise reduction to an acceptable level is dnthe main focuses in the vibration study. In thantext, the
active control has been a quite efficient altengtbeing widely studied for several areas of eagiiimg (Inman, 2006).
The active control system is basically composed bgt of transducers connected to a controller.

3.1. State Space Realization

There are many ways to represent the dynamics gifven system. Among them, we can highlight theestat
approach, where it is possible to represent systithsa large number of inputs and outputs with@iging meaningly
its complexity. In this method any system, représey n order differential equations, can be described ast of

first order differential equations, where the vhlés are known as states (Vasqgekal. 2006).
In the case proposed for this study, the stateakbas were defined in generalized coordinate temmdbeing

X={q q}T . The system realization is made by Eq. 24 and2kgresulting in the following representation:

X (t) = AX(1) +Byec F() +B pzr® (1)
U (t) = Cyec X (1) (24)
Qs(t) =Cpzr X(H

The state space matrices of the equation Eq. 2Beavritten as:
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2Nx2N] — . .
[ | —diag@? ... @2) -2diagl,q ... &y
y Otxny]
Bmecznxg) = o ?] B pz12 Nxg = T ¥ T (25)
[W] W [Kyp [T

CMEC[rL>Qr\|]=[[qJ] O[raxl\]:| ; CPZ[I'&;Z( N:[-[T]ST[kwlq.] quN]J

Where N are the modals numbers of the systemp,and n, are respectively the numbers of mechanical freedom

degrees and electric freedom degrees defined in the spdet. Once represented the system by state spacaappro
it is possible to design and simulate the controller for retheeibrations originated by a disturbance source.

3.2. State Space Approach to Controller Design

Basically, the active control consists in the perturbatiogcti&jn problem. There are many control designs such as
the Modal Control (Merovitch, 1985), the Positive Position FaeklfPPF), and the robust control techniques, as the
H, and H_ , that can be applied to the active control.

Regardless from the project strategy chosen, for thidysthe controller conception is based in the feedback
topology, originating the control lagd} =t B{ X} , where{X;} are the states values estimated by the observer and
[K] is the gain matrix of controller. Thus, in accordance giparation principle the gain matrix of controller is

designed based in the hypothesis of total state feedbatkext it is designed a state observer to complete the
implementation of the control system (Fulédral. 1997). These two steps of the project were realizexligir the LQG
technique.

To make the project of the controller's gain matrix, it wasveoped an optimal control strategy denominated
Linear-Quadratic RegulatoLQR). This is a project methodology made for linear sgstand it is based in the
minimization of a quadratic criterion associated to the enefggtate variables and control signals. The design
challenge is to establish a commitment between the stategyearad the signal control energy through the following

cost functionJ (®) to be minimized:

)(®)=[(97[d X £ 9 T[H)0 a 2

In which Q and R are positive defined weighting matrices, representing #siretl balance between the states
energy and the control signal energy respectivelythAsstates are related to the system vibration modes, thie rga
can be chosen to prioritize the mitigation of a particular niogeeference to another.

One way to obtain the gain matrix which minimizes the criterion showed by equation (9) isupgh Riccati’s
equation, as:
A"P+PA- PB;r R' By P G0 @7)

Thus, we can obtain a solution matifx which satisfies the Eqg. 25. So, once obtained the m&trithe optimal
gain [K] can be obtained, as:

k=R'B,, P (28)

To estimate the states, it was projected a special type ariblenger observer known as Kalman'’s filter, which
minimizes the estimation error variance. In a similar wayhe LQR control gain obtainment, the gdin for the
observer is obtained through the resolution of a Riccatitenuas follow.

SA +AS- Sg,.' R 6 & 60 (29)
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So, once obtained the matr, the optimal gainL for the observer can be obtained, as:
L=SG,, R (30)

The same weighting matrices of the LQR project weesl dsr the Kalman filter project. In general, the controlled
system structure is shown in the Fig 5.

P U
F—> X :AX+BMECF+BPZT¢a >
b, U =CyecX
g Qs:CPZTX

: Q,
_>{ Xe = (A= LGyyr) X +Bpy® ,+ LQe—
X
:

Figure 5. Topology of the control system

4. SIMULATION RESULTS

After the controller and the state observer were desigeeny Matlab, the control system was simulated to verify
its performance. For this purpose a beam model complogate first six vibration modes was used, the Tab. 2
compares the system open loop eigenvalues with the lolog@nes.

Table 2. Comparation between the system eigenvalues

Open Loop Eigvalues (¥p | Close Loop Eigevalues (30
-0.0000+ 0.0622i -0.0144+ 0.0607i
-0.0000+ 0.3890i -0.0844+ 0.3804i
-0.0002+ 2.1536i -0.4067# 2.1198i
-0.0000+ 0.7944i -0.0000t 0.7944i
-0.0001+ 1.0918i -0.2226t 1.0726i
-0.0006+ 3.5983i -0.6266t 3.5152i

To evaluate the system disturb rejection capacity, a whiserhas been chosen as perturbation input. This choice
can be justified due to the white noise excite all struct@gugncy bands. Thus, by the simulation result is posible
evaluate the control system performance in a global Whg.Fig. 6 compares the open loop bode diagram with the
close loop one.

Bode Diagram

100 T T T

Magnitude (dB)
=

T [l n
Open Loop
Close Loop

Phase (deg)
T T
] ]

0o 10’ 107 10° 10"

Frequency (radizec)

Figure 6. Bode diagram of open and close loop system
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As shown in Fig. 6 the control improves the system magreducing the resonance pikes. For an ideal PZT
actuator it would be possible to decrease almost 100dddirst resonance pike and, on average, 70dB #oothers
pikes. But, in practice the PZT actuator has operational limigtihws the attenuation levels achieved by the control
system can be inferior to the ones shown in Fig. 6.

To evaluate the actuator operational restrictions it was caesidecontrol signal saturation£#00v , and then the
controlled and the open system responses were compaoadidering the disturbance input as a white noise, the
acquired responses are shown in Fig. 7.

— Open Loop
Close Loop |
UL 'vm T

Displacement (m)

1
0 10 20 30 40 50 60 70 80 90 100
Time (s)

Figure 7. System response to a white noise disturb

The Fig. 7 shows that even with the restriction on the tatdle control system achieved improves considerably
the structure ability to reject disturbance. This result cavelter understood through the control signal history Fig. 8.
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Figure 8. Control signal history

As shown in Fig. 8, the control signal rarely takes vagireater than 200 V and when it occurs the signal keeps thi
level for a short time period. Then the actuator saturadoes not influence the control system performance
significantly. Instead of the some errors between theatidots modes considered in the model and the experimental
results, the LQG methods presents good performanctdtgeintrinsecals properties of robustness.

5. CONCLUSION

This article approached the active control problem by metpgeroelectric transducers. Due to the technology
development of solid state actuators such as the piezoel¢lotse devices have been widely used in the vibrati@n are
They own various advantages when compared to the clasiiators, like its mechanical coupling capability, fast
answer, reduced size/weight and driven by electric tenslomever, these transducers are not like the conventional
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ones normally used for control purposes, they are dlpatistributed on the structure. Due to the PZT transducer
being patches bonded to the structure, the system modemngp be done considering the set beam/PZT as a single
structure. This peculiarity makes the mathematical modeliaiftical stage in an active control design. Aiming to solve
the modeling problem, this work has developed a practiegthadology which used the FEM and the Modal Analysis
as tools. A commercial software was used to solve the pidlem and to obtain the system elementary matrices and
to make easier the transducers specification. Besides sheldtamade faster the model validation process through the
comparison between experimental and practical modal asalysults. The joint use of Ansys and Matlab was a
powerful computational tool to deal with the active control isallewing the states space model to be written from the
reduced finite element equations.

The fundamental active control problem remains the diange rejection, for this purpose a controller was
designed using the LQR control technique, which is basé#uki total state feedback. As not all states were measurable,
an observer was designed to estimate all the states torttreller. The simulation results interpretation shows that the
control system is successful for the disturbance rejectimpoges, improving substantially the system damping and
mitigating the white noise effect in the dynamic structuspoese. Even with high attenuation levels in practically all
frequencies, the control system respected the actuatoatimped limits (£ 200V) where the control signal has
remained bellow 150V most of the time.

The concern of future works will be the control impleméatain the prototype which model was validated in this

study. For control techniques which system robustnesspimjact parameter likeH_ , it will be implemented and
compared to the LQR.

00 !
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