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Abstract. This work aims to establish an estimation of the blood perfusion coefficient in cancerous tissues by
employing inverse strategies which make use of the Conjugate Gradient Method together with an Adjoint Problem. The
physical problem was modeled by employing the Pennes’ equation which consists of a standard heat diffusion equation
together with an energy sink term that accounts for the blood flow within the biological tissue. Moreover, a source
term is also present in this formulation which simulates the combined effect of the internal metabolic heat generation
together with an external heat flux associated to the cancer treatment. In this work, the perfusion coefficient was
considered to be related to the temperature field and spatially dependent. Accordingly, several different forms of the
perfusion coefficients were simulated, all leading to good estimates. A study was also carried out in order to determine
the adequate number of sensors which are needed to produce successful estimations. Simulated measurement with and
without errors were taken into account yielding to good estimates of the perfusion coefficient.
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1. NOMENCLATURE

A aspect ratio T, blood temperature within the vessel
Bi  Biot number t time

¢ specific heat at constant pressure x  horizontal coordinate

G  dimensionless heat generation y vertical coordinate

g  volumetric heat generation source X  dimensionless horizontal coordinate
go  reference source of heating generation Y  dimensionless vertical coordinate

h  heat transfer coefficient w  modified perfusion coefficient

k  thermal conductivity @  thermal diffusivity

L tissue length /4 dimensionless eigenvalue

l tissue thickness v dimensionless eigenvalue
M  eigenfunction’s norm »  dimensionless eigenvalue

N  eigenfunction’s norm ¢  dimensionless temperature
P,  dimensionless perfusion coefficient o density

T  tissue temperature N.L. noise level

T, initial temperature of the tissue Subscripts

T, arterial blood temperature s for the blood

T, skin surface temperature t  for the tissue

2. INTRODUCTION

Cancer or malignant neoplasm is a disease characterized by the disorderly growth of a specific set of cells that
multiply very fast, invading and damaging tissues or adjacent organs. Through a process called metastasis these cells
spread out to various regions of the human body. The tumor is classified as malignant or benign depending on the
anomalous cells properties that are responsible for its formation. If these cells show a fast and an uncontrolled growth,
the tumor is said to be malignant. However, some benign tumors are capable to become malignant. (Cardoso, 2003).

The Cancer’s treatment is typically implemented through a combination of the following techniques: surgery,
chemotherapy, radiation, immunotherapy, together with drugs to treat side effects (Carmo er al., 2005). The
hyperthermia by radio frequency (microwave) is another commonly employed therapeutic technique used in treating
cancer. It acts as a complementary therapy to the radiotherapy and chemotherapy, powering their efficiencies and
further reducing the tumor. This medical procedure uses an external device that increases the temperature of the region
being treated. The DNA of the cancer cells is altered when they are subjected to temperatures above 44°C. Thus, such
malignant cells become inactive (Lima et al., 2006).
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A wide range of values for ideal temperature in the treatment of tumors by hyperthermia is found in the literature.
Rawnsley et al. (1994) reported that the temperature of hyperthermal treatment for malignant tumors should not exceed
42.5 ° C. Giering et al. (1995) admit a thermal variation of 41.5 to 50 ° C. However, Rivolta et al. (1999) achieved
partial or complete regression of tumors heating the tissue at temperatures between 41 and 43°C.

The main challenge associated with the success of treatment is to achieve a homogeneous distribution of
temperature only within the region of the tumor, avoiding elevated temperatures at its surroundings. The blood
perfusion coefficient is the major responsible for different values of temperature profiles in the malignant region (Lima
et al., 2006). Therefore, an accurate evaluation of this coefficient appears to be crucial for the outcome of the treatment.

The main contribution of this work is to estimate the perfusion coefficient in a thermal problem, modeled by the
Pennes’ equation. The Conjugate Gradient Method with Adjoint Problem for function estimation was used, where no a
priori information about the function is needed. Simulated measurements, obtained through the solution of the Pennes’
equation were used. As it shall be discussed in the following sections, good estimates were obtained for measurements
with and without errors.

3. DIRECT PROBLEM

The physical problem considered here involves a two-dimensional and transient heat transfer process in a
rectangular organic tissue. Initially, the entire region is supposed to be at a constant temperature 7. In the medical
procedure, a heat flux is applied at the boundary of the affected tissue. In the mathematical model, this effect is taken
into account by imposing an extra source term that adds to the usual metabolic heat. The outer surface of the tissue is
supposed to be at a constant temperature 7). In contrast, the innermost layer exchanges heat by convection with an
adjacent blood vessel. Finally, the left and right walls are kept thermally insulated. The vascular contribution is
simulated through the coefficient of perfusion. Although in the real case, the blood perfusion and metabolic heat effects
are known to be temperature dependent, as a first approximation, both these terms are assumed to be only spatially
dependent.

The mathematical equation that governs this physical problem was firstly developed by Pennes (1948). This
equation in a dimensionless form, together with appropriate boundary and initial conditions, is present below.
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The Eqs.(2.a-h) define the parameters and the variables used in the proposed model.
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An inspection on the left hand side of Eq. (1.a) reveals the presence of a sink and a source term. The sink term is the
effect of convective capillary vascularization of the organic tissue, while the other represents the combined effects of
metabolism and external irradiation.

The values adopted to each dimensionless parameter employed in this work (Bi = 5, G = 1, §, = 0.003 and
0..= 0.001) correspond to a tissue with a characteristic dimension of 3.0 cm, exposed to an external heat source of
50000 W/m?3 and a rate of metabolic generation of 33800 W/m3 (Azevedo et al., 2006). Also, the following parameters
for blood were used: p, = 1060 kg/m’ and ¢, = 3720 J/ kg.K. The other parameters, were reported in Azevedo et al
(2006).
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4. INVERSE PROBLEM

In this work we estimated the spatially dependent perfusion coefficient (Py), which appears as a heat source term in
the Pennes’ equation (1.a), using the Conjugate Gradient Method with Adjoint Problem for function estimation. In order
to circumvent the lack of information due to the unknown P;, some extra data is needed in order to solve this inverse
problem. Such information is obtained through the measurement of temperature, by means of some sensors positioned
either on the surface of inside the tissue being analyzed. In this work, the measured temperatures were obtained through
a simulation of experiment, where the direct problem was solved using a known value of Pj, and the temperature field
was used as an input data of the inverse problem. Some test cases involving random errors added to these temperatures
were also analyzed and will be presented later.

The perfusion coefficients analyzed in this work were supposed to have spatial variation and, thus, we performed
function estimation, where no information related to the functional form of P, was assumed. In order to test the
robustness of the method, five different forms for P, were analyzed: constant, sinusoidal, triangular, square and step
functions.

For the solution of the Inverse Problem, all the quantities of the mathematical model are assumed to be error free,
except the perfusion coefficient P, Also, the random errors are taken to be Gaussian, with zero mean and known
standard deviation.

The solution of the Inverse Problem considered in this paper involves the minimization of the following objective
function:

Tf " 2
slecewl= [ Y wi-6) ar (3.2)

o0 i=1

where g are the measured temperature by means of M sensors, & is the estimated temperature, obtained iteratively
throught the solution of the direct problem with a estimate value of P;and ¢ is the final time of the experiment.

The Conjugate Gradient Method with Adjoint Problem promotes the minimization of Eq. (3.a) through the following
iterative process
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where k is the iteration counter, d is the direction of descent, o is the search step size and ¥ is the coefficient of
conjugation, which was taken as the Fletcher Reeves equation in the present contribution. In order to minimize the
functional given by Eq. (3.a) through the iterative process given by Egs. (3.b-d), two auxiliary problems are needed and
are discussed next: the sensitivity and the ajoint problem. The sensitivity problem is necessary in order to obtain the
search step size value, appearing in Eq. (3.b), while the adjoint problem used to furnish the values of the gradient of the
objective function (VS), present in Eqgs. (3.c,d). The search step size is derived by minimizing the objective function
(3.a) with respect to a. It can be shown, after some manipulations, that the optimum search step size is given as:

T
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The direct, sensitivity and adjoint problems were solved using the Finite Volume technique, where an implicit
scheme was employed (Maliska, 2004). The computational code was validated by comparing the numerical solution of
the direct problem with the one obtained by Azevedo er al. (2006) through the use of the Generalized Integral
Transform Technique.

4.1 Sensitivity Problem

The sensitivity problem, whose solution gives the A appearing on Eq. (3.e), is discussed in this section. In order to
obtain such a problem, we consider that the temperature field is perturbed by a quantity A@ as the perfusion coefficient
is perturbed by a quantity AP, Thus, by replacing &by 6+A8and P by P+AP;in the direct problem, given by Eqgs. (1.a-
f), and subtracting the result from the original equations, the following sensitivity problem is obtained:
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It is worth noticing that the sensitivity and direct problem are coupled through the term AP; 6, appearing on
Eq. (4.a2). Thus, the temperature field obtained during the solution of the direct problem must be stored for all grid
points and all time steps for further use in the sensitivity problem. This causes the iterative process of the Conjugate
Gradient Method to be computationally slow, due to the massive memory requirements.

4.2 Adjoint Problem

In this section, we discuss the adjoint problem, which is needed to obtain the gradient of the objective function,
appearing on Eqgs. (3.c,d). The adjoint problem is obtained by writing an extended function, also known as Lagrangean.
This is needed because the minimization of the objective function, given by Eq. (3.a), must satisfy a constraint, which is
given by the direct problem, Eq. (1.a). Thus, we multiply Eq. (1.a) by a Lagrange multiplier A(X,Y,7), integrate this
result over the time and space and sum the result to the original objective function:
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Following the same procedure described for the sensitivity problem, we assume that the Lagrangean is perturbed by
a quantity, when the perfusion coefficient P;is perturbed by a quantity P+AP;.
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Thus, after some algebraic procedure, the following adjoint problem can be obtained
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where 7 is equal to 7= - T
5 RESULTS AND DISCUSSION

In this section we present the results obtained for the estimate of the perfusion coefficient through the Conjugate
Gradient Method with Adjoint Problem. As mentioned before, a constant P; situation together with spatially dependent
perfusion coefficients in the form of sinusoidal, triangular, square and step functions are employed as test cases in order
to evaluate the robustness of the methodology discussed in this contribution.

Since we did not have access to real data, a simulation of experiment was conducted. Thus, the functional form of
the perfusion coefficient was assumed known, and the direct problem was solved. The result was then considered as the
measured temperatures, at the location of the sensors. In order to verify the stability of the method, we considered also
measurements containing experimental errors, by adding a random error with Gaussian distribution and known standard
deviation to the measured temperatures, obtained through the solution of the direct problem. In this paper we considered
standard deviation equal to 1 and 5% of the local value of the temperature.

Two sets of test cases were analyzed: the first one involved one dimensional variations of the perfusion coefficient,
while the second one dealt with two dimensional variation of Py

For the test cases where the perfusion coefficient depends only along the x coordinate, two test cases were analyzed:
the first one considered 100 sensors with 0.3 mm of distance among them, and the second one considered 50 sensors
with 0.6 mm of distance among them. The sensors were positioned at Y = 0.9, equivalent to 3 mm below the surface of
the tissue For both test cases, the frequency of measurement was taken as 0.01 Hz and the initial estimate for the
Conjugate Gradient Method with Adjoint Problem was taken as 4.5. The total time of the experiment was taken as 2 h
43 min 37 s in all simulations and we considered an adipose tissue whose perfusion coefficient was taken as 5. The
stopping criterion for the measurements with noise was based on the Principle of Discrepancy (Ozisik and Orlande,
2000). For the cases without measurement errors, the iterative process was interrupted with a tolerance of 10"

Figures 1 to 5 present the results for this first test case. In these graphs, we present the estimate for the constant,
sinusoidal, triangular, square and step functions.

Figure 1 shows the results for the constant function, where the exact value of the perfusion coefficient was taken as
5. It can be seen that both test cases (with 100 and 50 sensors) were able to recover the exact function for measurements
without errors. When the experimental errors increased, with standard deviation equal to 1% of the local temperature,
the estimate was slightly worst with the overall result similar for the cases with 100 and 50 sensors. In fact, looking at
Table 1, one perceives that the RMS error for the cases with 6=0.016,,,, was approximately the same for the case with
50 and 100 sensors (0.0210 and 0.0214, respectively). When the standard deviation was increased to 5% of the local
temperature, both estimates deteriorate even more, with the case containing more sensors producing the worst estimate.
A further investigation on Table 1 shows that the RSM error for 6=0.056,,,., was equal to 0.0682, against 0.0279 for the
test case with 50 sensors. However, as Fig. 1 suggests the maximum relative error between the exact and estimate
values for the perfusion coefficient is less than 1.5%, which demonstrates the ability to recover such constant function
by the Conjugate Gradient Method with Adjoint Problem.

Figure 2 shows the results for the sinusoidal variation of the perfusion coefficient along the x coordinate. Again the
test cases with no experimental errors were able to fully recover the exact function, except for small deviations close to
X=0. Similarly to the test case shown on Fig. 1, the objective function estimations was worst for the cases with
0=0.058,,,; as one can verify from the large oscillations presented in Fig. 2. In fact, for 6=0.0586,,,., as previously
discussed for the constant function, the RMS for the case with 100 sensors was greater than the test cases with 50
sensors (0.1398 against 0.0933 for 100 and 50 sensors, respectively), as one can verify from Table 1. For the case where
the standard deviation was equal to 1% of the local temperature, both estimates (using 50 and 100 sensors) resulted in
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similar accuracy, as one can verify from Fig. 2 and from the RMS errors shown on Table 1 (0.0596 and 0.0551 for 100
and 50 sensors, respectively).
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Fig. 2 Estimated perfusion as a sinusoidal function Fig. 3 Estimated perfusion as a triangular function

Figure 3 illustrates the evaluations when a triangular variation of the perfusion coefficient is considered. For this
function, both test cases (with 50 and 100 sensors) were not able to fully recover the maximum value of the function.
Also, they presented some discrepancies close to X=0. It is worth noticing that the RMS error presented in Table 1 for
this particular function is, in fact, greater than the previous ones, for the test case with no measurement errors. For 100
sensors, the RMS error for =0 increased from 0.00005 for the constant function, to 0.0062 for the sinusoidal function
and, finally for 0.0081 for the triangular function, indicating that such function is more difficult to be recovered, due to
the discontinuity in the derivative close to the peak value. The same behavior is observed for the case with 50 sensors.
The test case with 100 sensors and 0=0.016,,,,.; was able to produce good results close to the peak value of the function,
but presented large oscillations in the other regions. A similar behavior was observed for the test case with 50 sensors
and 0=0.056,..

From the analysis of Fig. 3, the test cases with the best performance for measurements with errors were the ones
with 50 sensors and 0=0.016,,,.;and 100 sensors and 0=0.056,,,, since they produced less oscillations. However, it is
worth mentioning that neither of them was fully capable of recover the exact function, as one can verify from the
analysis of Fig. 3 and Table 1, since all RMS errors for the cases with measurement errors presented very close
numerical values.

Figure 4 shows the estimate of the perfusion coefficient with the form of a square function. Similarly to the
triangular function, the best estimates were those without measurement errors. Also, since this function is even more
difficult to be estimated, due to the discontinuities, the RMS errors are greater than the previous functions, as one can
infer from Table 1. In fact, for 100 sensors without measurement errors, the RMS error increased from 0.0081 for the
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triangular function, to 0.0827 for the square function. The same behavior is seen for the case with 50 sensors, where the
RMS error was equal to 0.0092 for the triangular function and almost one order of magnitude greater (0.0953) for the
square function. In order to verify the capability of the method to estimate discontinuous functions without any
symmetry, the step function was also analyzed, and it is shown in Fig. 5. Here, once again, the measurements without
experimental errors were capable of estimate with relatively good accuracy, the exact function. It is interesting to note
that, since the step function has only one discontinuity, the RMS errors associated with its estimate are lower than the
ones related to the square functions, although they are still greater than the ones associated with the triangular function,
as one can verify from Table 1. For the cases with measurement errors, the ones with 50 sensors and 0=0.018,,., as
well as, 100 sensors and 0=0.014,,,; presented the best estimates for the step function.
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Fig. 4 Estimated perfusion as a square function Fig. 5 Estimated perfusion as a step function

TAB. 1 Estimated blood perfusion with 100 and 50 sensors

Grid 100x100, G = 2.48 e Tol. = 10™"!
Initial guess equal to 4.5 and sensors located at Y = 0.9
Functions Standard deviation 100 sensors 50 sensors
RMS Error | Objective function | RMS Error | Objective function

c=0 0.00005 9.2908x10™" 0.00007 9.4679x10™"
Constant 0=0.01 O,roer 0.0214 6.7621x107 0.0210 3.4126x10°
0= 0.05 0,00 0.0682 8.0704x107 0.0279 1.6546x10~
c=0 0.0062 9.9840x10™" 0.0079 9.9740x10™
Sinusoidal 0= 0.01 Opaer 0.0596 1.3471x107 0.0551 6.8568x107
0= 0.05 0,100 0.1398 3.4147x107 0.0933 1.6857x10~
c=0 0.0081 9.9918x10™"* 0.0092 9.9801x10™"”
Triangular 0=0.01 O,r 0.0946 1.4205x10™ 0.0905 7.3789x10”
0=0.05 Oruer 0.1083 3.6799x10” 0.0942 1.8897x10”
c=0 0.0827 1.0142x10™ 0.0895 9.7157x10"
Square 0=0.01 0, 0.1782 1.4984x10™ 0.0953 7.6936x10°
0=0.05 0,00 0.2792 3.8992x10™ 0.0996 1.9986x10~
0=0 0.0602 7.4910x10™" 0.0680 7.0648x10™""
Step 0=0.01 O s 0.1422 1.4097x10™ 0.1393 7.5861x10”
0=0.05 O,per 0.2574 3.7724x10” 0.2159 1.9759x10”

The next results present the estimate of the perfusion coefficient with a two dimensional variation. In all these test
cases, we used a grid with 10000 volumes. The initial guess for the Conjugate Gradient Method with Adjoint Problem
was set equal to 0.1 for all subsequent test cases. In these test cases, we used two different configurations. Initially, the
sensors were introduced in all the grid points in order to verify the capability of the method with the maximum of
information possible to be obtained from the problem. Then, we used only 100 sensors, located 3 mm below the surface
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located at Y=1. In both test cases, the distance among the sensors was equal to 0.3 mm. The iterative process stopped
either when the value of the objective function was equal to 10" or when the iterative process reached 2000 iterations.

Figure 6 shows the exact function and Fig. 7 illustrates the estimated one, using sensors in all grid points, where the
function was relatively well captured. However, for the case where only 100 sensors located 3 mm below the Y=1
surface did not present very good results, as one can verify from the results presented at Fig. 8. Such poor estimates are
due to the lack of information related to the bi-dimensional variation of the perfusion coefficient. Thus, it is not possible
to use sensors only close to the boundary and more intrusive sensors are needed. However, it is worth noticing that the
estimated perfusion suggested that a non-uniform P, was present in a vicinity of the discontinuity, although it was not
able to capture it. Table 2 shows the RMS errors related to this estimate, where one can verify that the large values are
for the case with only superficial sensors.
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Fig.7 Estimated perfusion with sensors in all points Fig.8 Estimated perfusion with sensors at Y=0.9

In order to verify the stability of the method, the same test cases presented in Figs. 7 and 8 are repeated, but with
measurement errors. In this case, the standard deviation was set equal to 1% of local temperature value. Figures 9 and
10 depict such situations where one can verify that the estimate yields poor results due to the presence of the errors.
However, the estimated value of the perfusion coefficient is not too different from those obtained for measurements
without errors. In fact, looking at Table 2, one can verify that the RMS errors are close to one another, corroborating
such observation.

Finally, we tried to recover two discontinuities, having different peak values, as shown in Fig. 11. Fig. 12 shows the
results using measurements without errors, for sensors located in all grid points. It can be seen that the estimate is very
good, for this extremely complex test case.

Fig. 13 shows the results obtained with the use of 199 sensors. In this test case, 100 sensors were located 3 mm
below the Y=1 surface and 99 sensors are positioned at X=0.5, for different depths. The results show that it is possible to
evaluate approximately the location of the tumors, although their peak values are not properly captured. Figure 14
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studies the same situation, but without the 99 extra sensors, where it can be seen that the estimate is very poor, thus
confirming the needed of inserting more sensors inside the domain.
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TAB. 2 Estimation of blood perfusion to form two-dimensional of sensors for various

Standard deviation | Sensors | RMS Error
10000 0.4235
199 0.6141
Square function o=0 100 0.8658
(2 tumors) 10000 0.1125
100 0.3572
10000 0.1606
0= 0.01 Ocxir 100 0.4195

6. CONCLUSIONS

The research conducted in this involved the identification of the blood perfusion in a tissue with a tumor, subjected
to a treatment by hyperthermia, aiming to improve the quality of treatment in non-operable tumors.

From the estimates of the blood perfusion conducted in this work, it is clear that the Conjugate Gradient Method
was capable to recover functions with discontinuities, as well as functions with measurement errors up to 1% of the
local value of the temperature, for one-dimensional variations of the perfusion coefficient, when the sensors were
located close to the surface of the tissue.

For functions with two dimensional variations, more sensors were needed in order capture the discontinuities of
the function.

Further studies are needed for test cases where the physical properties have temperature dependence. Also, the
three dimensional case should be studied.
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