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José A. Cuminato – jacumina@icmc.sc.usp.br
Valdemir G. Ferreira – valdemir@lcad.icmc.sc.usp.br
Universidade de São Paulo, Departamento de Ciências de Computação e Estatı́stica
Cx.P. 668 – 13560-161 – São Carlos, SP, Brasil
Sean McKee – caas29@maths.strath.ac.uk
University of Strathclyde, Department of Mathematics
Glasgow, Scotland

Abstract.
This work presents the development of a numerical technique for simulating two-dimensional viscoelastic free surface flows of an
Oldroyd-B fluid. The governing equations for an Oldroyd-B fluid are considered. The time derivative is approximated by a high order
method. A novel formulation is developed for the computation of the non-Newtonian extra-stress components on rigid boundaries. The
full free surface stress conditions are employed. The governing equations are solved by the finite difference method on a staggered
grid. Numerical results demonstrating the capabilities of this numerical technique in solving two-dimensional flows of an Oldroyd-B
fluid are given for a number of problems involving unsteady free surface flows. In addition, validation and convergence results are
presented.
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1. Introduction

The numerical simulation of fluid flow with free surfaces is important to many industrial applications. It is common,
particularly in the processing industries, that the flow is unsteady, non-Newtonian, non-isothermal and possesses multiple
free surfaces flowing in complex geometry. Moreover, in such industrial problems constitutive equations modelling such
flows cannot be solved analytically so that only numerical solutions are invariably required. One of the main difficulties is
how to formulate a technique which can impose the stress conditions on the free surface in such a way that the numerical
solution approximates the physical solution accurately. Nonetheless, numerous researchers have attempted to solve this
class of problems and a variety of methods have been presented, for instance, boundary integral techniques (Oguz &
Prosperetti 1993), boundary element methods (eg. Phan-Thien et al. 1991), finite-element methods (eg. Marchal &
Crochet 1987), Carew et al. 1993), Brasseur et al. 1998), methods using orthogonal coordinates (see Kang & Leal 1987,
Asaithamb 1987) and Lagrangian methods (e.g. Fritts & Boris 1979). A different category of numerical techniques which
have the potential for handling large surface deformations and surface folding and merging is that of volume trackling
methods. These methods use a volumetric progress variable such as the cell volume fraction in the volume of fluid
(VOF) technique (Hirt & Nichols 1981) for Lagrangian transport of the interfaces and the marker-and-cell (MAC) method
(Harlow & Welch 1965) which employs marker-particles to represent the fluid interfaces. The MAC method has the
advantage over the VOF method of easier logic programming which makes it attractive for developing computer codes
to simulate free surface flows. It has been developed by various researchers (eg. Viecelli 1971, Chan & Street 1971,
Amsden & Harlow 1970, Miyata & Nishimura 1985) and a detailed description of the technique can be found Tomé
(1993). Recently, Castelo et al. (2001) developed the Freeflow3D code for simulating incompressible three-dimensional
free surface flows. Freeflow3D is an extension of the GENSMAC code (Tome & McKee 1994) to three dimensions. Like
GENSMAC, Freeflow3D is a finite difference technique for solving incompressible flows using primitive variables on
a staggered grid. However, many problems can be modelled by assuming two-dimensional flow and a two-dimensional
version of FreeFlow3D, denominated FreeFlow2D, has been developed. FreeFlow2D was construted from FreeFlow3D
by supressing one of its coordinates. FreeFlow2D can cope with Newtonian free surface flows having complex shaped
domains. Details of Freeflow2D can be found in (Oliveira & Castelo 1999). This work has the objective to extend the
FreeFlow2D capabilities by incorporating a viscoelastic model within the framework of FreeFlow2D. We shall present
a finite difference technique for solving the Oldroyd-B model and incorporate it into the FreeFlow2D code. This paper
is organized as follows: Section 2 gives the governing equations of an incompressible Oldroyd-B fluid flow and Section
3 describes a numerical method for solving the basic equations. Section 4 presents the finite difference discretization;
Section 5 gives validation results and presents some numerical results.
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2. Governing Equations

The basic equations governing the incompressible flow of an Oldroyd-B fluid are the equations of motion and the
mass conservation equation together with the constitutive equation for the Oldroyd-B model, which can be written as (see
Tomé et al. 2002):� ��������	��
 ��
��� ������� ���������� ������ � � ������ � � � � ���� � � � �"! � ������ � ��# �%$ � ������ � �'& $ (*),+

! � � � � �	-! � � �'. � � � ) 
 ���� � �0/ � � $ ( . +
where 13254 is the non-Newtonian symmetric extra-stress tensor. The upper convected derivative 613254 is defined by-7 � � � � 7 � �� � � ��8 � 7 � ���� 8 
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is the rate-of-deformation tensor and :3; and :"< are time constants (relaxation and retardation) and =?> is the solution
viscosity. The vector @A2CB�DFEHGJIKBMLKN denotes the velocity, O the pressure, P the density and QR2SB�DFEHGJIKBMLAN the components of
gravity. TTHU denotes the material derivative. We observe that by making :3<0GWV we obtain the Maxwell model.

We consider two-dimensional flows and by letting X , Y and ZA> denote “typical” length, velocity and viscosity scales,
we introduce the nondimensionalization[ G\Y^][ B_@`G\Ya]@%B?bcGWXd]b?BfegGhXd]e B�iHG XY ]i,B�O^GjP Y < ]O?BfZkGlZ > ]ZmB_1 2on 4 GjP Y <"p1 2Fn 4 B_qrG�Q3sq_B
which upon introduction into Eqs. (1)–(2) produces the following nondimensional equations (the bars have been dropped
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respectively, where
z�{ G�Z�>��KY�X denotes the Reynolds number, � { G�:3;AD�Y0��X�N is the Weissenberg number,

��� GY0�A� XHQ is the Froude number. X , Y and Z�> denote “typical” length, velocity and viscosity scales, respectively.

3. Boundary Conditions

In order to solve Eqs. (4)–(9) one needs to impose boundary conditions for   and ¡ . For the momentum equations
we assume the no-slip condition  yGh¢ on solid boundaries is valid.

3.1 Computation of the stress on rigid boundaries

Equations (6)-(8) will be solved by a high order upwinding scheme which requires the values of the non-Newtonian
extra stress ¡ on rigid boundaries. As rigid boundaries may be regarded as characteristics, the stresses 1 ��� BM1 ��� and 1 ���
on the boundary are computed from Eqs. (4)–(6), which we assume to hold on rigid boundaries with the initial condition¡}Gh¢ . We introduce the change of variables ¡£G {R¤¦¥§©¨ U p ¡ into Eqs. (4)–(6) obtaining the equations| � p!3ª,ª� � �£« � p!3ª,ª��� � � � p!mª,ª��¬ 
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Now, making use of the no-slip condition equations Eqs. (9)-(11) can be easily solved for the stress componentsµ·¶�¶�¸´µH¹�¹
and

µH¶�¹
. If we consider solid boundaries parallel to the º -axis, it can be shown that the components of the

non-Newtonian extra stress are given by (for details see Tomé et al. 2002)»3¼,¼K½¿¾�ÀÂÁ�À*Ã"Ä�Å�ÃÂÆ?Ç	È�ÉhÊË©Ì�ÍSÎ »3¼,¼�½¿¾%À�Á�À*ÃSÆ"ÄrÅ�ÃÐÏ´Ñ�ÒÑ Á ½¿¾�À*Á�À*ÃSÆ*È�ÉjÊË©ÌÔÓÕKÌ�ÍSÎ »3¼,Ö�½¿¾%ÀÂÁ�À*ÃÂÆ"ÄjÑ�ÒÑ Á ½¿¾%À*Á À�Ã�Ä£Å�ÃSÆÂ»3¼,Ö�½¿¾%À*Á�À*Ã�ÄrÅ�ÃSÆ�×	ÀC½*Ø�Ù�Æ
» Ö´Ö ½¿¾%À*Á�À*ÃÂÆmÇ'Ú�ÀÛ» ¼,Ö ½¿¾%ÀÂÁ�À�Ã�Ä�Å�ÃÂÆmÇ'È ÉjÊË�Ì ÍSÎ » ¼,Ö ½¿¾%À*Á�À*ÃÂÆ�Ä ØÜ ÈkÝ Ø·Þ�ß�àß�áAâ Ñ�ÒÑ Á ½¿¾%À*Á À�Ãäã,Æ�åoØHÞrÈ ÉhÊË©Ì ÍSÎoæ£ç ½*Ø,è�Æ

It can be shown that the components of the non-Newtonian extra stress tensor on solid boundaries which are parallel to
the é -axis are given by» ¼,¼ ½¿¾%À*Á À�ÃSÆmÇ	ÚÐÀ » ¼,Ö ½¿¾%À*Á�À*Ã�ÄrÅ�ÃSÆmÇ	È É ÊË©Ì ÍSÎ » ¼,Ö ½¿¾%À*Á À�ÃSÆ Ä ØÜ È Ý ØHÞ ß àß á â Ñ�êÑ ¾ ½¿¾%ÀÂÁ�À�Ã ã Æ�å�ØHÞcÈ É ÊË©Ì ÍSÎ æ À ½*Ø´ë�Æ» Ö´Ö ½¿¾%À*Á�À*Ã�ÄrÅ�ÃSÆmÇ	È ÉWÊË©Ì ÍSÎ » ÖMÖ ½¿¾%À�Á�À*ÃSÆ"Ä£Å�Ã�å Ñ�êÑ ¾ ½¿¾�À*Á�À*ÃSÆ*È ÉjÊË©Ì ÍSÎ » ¼,Ö ½¿¾%À*Á�À*ÃÂÆ Ä Ñ�êÑ ¾ ½¿¾%ÀÂÁ�À*Ã"Ä�Å�ÃÂÆÂ» ¼,Ö ½¿¾%À*Á À�Ã�Ä£Å�ÃSÆ æ�ç½*Ø�ì�Æ
3.2 Inflow and Outflow boundaries

These can be specified as follows:í�î�ï�ð_ñRòôó�ñ%õ�ï_ö�÷ ø�ù : At the fluid entrance we can impose the velocity components úmû^üJý and ú�þ`ü\ÿ while for
the non-Newtonian extra stress tensor components � we adopt the strategy of Mompean & Deville (1999), namely:µH¶�¶ üjÿ µH¶�¹ üjÿ and

µ·¹�¹ üjÿ .í��kõ���ðfñRòÛó�ñ%õ_ï�ö_÷�ø�ù : At fluid exit we impose homegeneous Neumann conditions for both the velocity compo-
nents and the extra stress components, namely ���	�� û ü
���	�� û ü¦ÿ and ��
 ���� û ü ��
 ���� û ü ��
 ���� û ü¦ÿ�� . In the equations
above the subscripts � and � denote directions normal and tangential to the boundary, respectively.

3.3 Free Surface Stress Conditions

At the free surface the normal and tangential stresses must be zero (see Batchelor 1967). If we consider two-
dimensional cartesian flows than the stress conditions can be written as� Þ ÙÜ È ß àß á Ï,Ñ�ÒÑ ¾�� à¼ Ä��HÑ�ÒÑ Á ÄlÑ�êÑ ¾���� ¼ � Ö ÄWÑ�êÑ Á�� àÖ × Ä}» ¼,¼ � à¼ ÄyÙ�» ¼,Ö � ¼ � Ö Äy» Ö´Ö � àÖ Ç	ÚAÀ ½*Ø! �Æ

ØÜ È ß àß á ÏoÙ"� Ñ�êÑ Á Þ Ñ�ÒÑ ¾ �#� ¼ � Ö Ä$� Ñ�ÒÑ Á Ä Ñ�êÑ ¾ � ½ � à¼ Þ � àÖ Æ�×�Ä��"» Ö´Ö Þr» ¼,¼ �%� ¼ � Ö Ä}» ¼,Ö%& � à¼ Þ � àÖ�' Ç	Ú ç ½*Ø)(�Æ
4. Method of Solution

To solve Eqs. (3)-(8) we employ the procedure presented by (Tomé et al. 2002). We suppose that for a given
time, say *Sû , the velocity field õ,+.- ¸ *äû0/ and the non-Newtonian extra stress tensor � +1- ¸ *Cû0/ are known and the pressure
field 23�+1- ¸ *Sû0/ satisfies the pressure condition on the free surface. We compute the velocity field, pressure field and the
non-Newtonian extra-stress tensor at the advanced time *Cû54�6�ü7*Sû"8:9	* , in the following steps:;

: Calculate the intermediate velocity field, <õ=+1- ¸ * û>4�6 / , fromÑ�?ÒÑ Ã ÇjÞ Ñ ½ Ò à ÆÑ ¾ Þ Ñ ½ ÒRê ÆÑ Á Þ Ñ@?�Ñ ¾ Ä ØÜ È Ý ß�àß á â � Ñ à ÒÑ ¾ à Ä Ñ à ÒÑ Á à � Ä$� Ñ » ¼,¼Ñ ¾ Ä Ñ » ¼,ÖÑ ÁA� Ä ØB àC�D ¼ ½*Ø!E�ÆÑ�?êÑ Ã Ç°Þ Ñ ½ ÒRê ÆÑ ¾ Þ Ñ�ê àÑ Á Þ Ñ@?�Ñ Á Ä ØÜ ÈÔÝ ß àß�á�â � Ñ à êÑ ¾ à Ä Ñ à êÑ Á à � Ä$� Ñ » ¼,ÖÑ ¾ Ä Ñ » Ö´ÖÑ Á � Ä ØB àC�D Ö ½*Ø!F�Æ
with <õ,+.- ¸ *Sû�/ ü õ=+1- ¸ *Sû�/ using the correct boundary conditions for õ,+.- ¸ *Mû�/ . These equations are solved by the
finite difference method.;1;
: Solve the Poisson equation: GIH)J +.- ¸ * û54�6 /�üKGL�1<õ=+1- ¸ * û>4�6 / . The appropriate boundary conditions for this equa-
tion are: ��M� û üjÿ on solid boundaries and J�ühÿ on the free surface.;1;1;
: Compute the velocity field: õ=+1- ¸ *äû>4�6N/·üO<õ=+1- ¸ *Sû>4�6N/�PQGRJ +.- ¸ *Sû>4�6�/!�;1S
: Compute the pressure: 3�+.- ¸ * û54�6 /·üT23U+1- ¸ * û /U8 MWVYX[Z \ ��] Ê_^` \ .S
: Update the components of the non-Newtonian extra-stress tensor on rigid boundaries according to the equations
given in Section 3.1



a�b : Compute the components of the non-Newtonian extra-stress tensor, c,d�d�e.fhgji�k5l�mNn , cod�p[e.fhg�i�k>l�m�n , chp)pqe1fhgji�k>l�m�n ,
from: r�s�t!tr[uwvyx{z r}|�~qs�t!t��rq� z r}|��5s}t!t��rq� ��� rq~rq� s t!t ��� rq~rq� s t!� � ���� ��,��� ��� � z��q����5� rq~rq��z s t!tN�	�0� ��� | ��� �r�s ���r[u vyx{z r}|�~0s}�����rq� z r}|��5s}�����rq� ��� rq�rq� s t!� ��� rq�rq� s ��� � ���� �� � x1��� � z �q���� � rq�rq� z s ���)�[�q� ��� | � � �r�s t!�r[u v¡x¢z r}|�~0s}t!���rq� z r}|��5s�t!���rq� � rq�rq� s t!t � rq~rq� s ��� � ���� �� � x�� � z �q���� ��£ rq~rq� � rq�rq��¤ z s t!�!�[�0� �Q¥ | ��� �
Equations (20)–(22) are solved by finite differences. Details of the difference equations are given in the next Section.a�b1b : Update the markers positions: The last step in the calculation is to move the markers to their new positions. This
is done by solving¦ �¦ uIv ~ � ¦ �¦ u§v � � | ��¨ �
for each particle. The fluid surface is defined by a list containing these markers and the visualization of the free
surface is obtained simply by connecting them by straight lines.

5. Finite Difference Approximation

To implement the algorithm presented in Section 4 (see eqs. (18)-(22)) we employ the finite difference method as
follows. A staggered grid is employed and typical cell is displayed in figure 1a. The components of the non-Newtonian
extra-stress tensor together with the pressure field are applied at the centre of a cell while the velocity components © andª are staggered by «	¬W­>® and «	¯�­>® , respectively. As the fluid is continuously moving, a scheme to identify the fluid region
and the fluid free surface is employed. To accommodate this, the cells within the mesh are flagged as boundary cells (B),
empty cells (E), full cells (F), surface cells (S), inflow cells (I) and outflow cells (O). A detailed description of these types
of cells can be found in Tomé et al. (Tomé et al. 2002). Figure 1b illustrates the types of cells used by Freeflow2D.
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When solving the tilde equations (18)-(19), it is usual to approximate the time derivative explicitly by the well known Euler
method which is of first order (see Tomé et al. 2002). In this work we shall approximate the time derivative by the explicity
modified Euler method which is second order in time. The pressure gradient is approximated by central differences and the
laplacian operator is discretized using second order differences. The convective terms are approximated by the VONOS
scheme which is a high order upwind method. Details of the VONOS scheme can be found in (Ferreira et al. 2002). The
terms involving the components of the non-Newtonian extra-stress tensor inn (18) are approximated by central differences,r�s t!trq�¹¸¸¸ º¼»@½¾À¿ Á v s t!tºÂ» � ¿ Á z s t!tº ¿ ÁÃ � �

r�s t!�rq�Ä¸¸¸ ºÂ»@½¾À¿ Á v
s t!�º¼»,½¾ ¿ Á »=½¾ z s t!�º¼»=½¾ ¿ Á!Å ½¾Ã � � | �NÆ �

where terms like c d�pÇ l ½¾5È É l ½¾ are obtained by averaging the four nearest values, e.g.

s t!�ºÂ» ½¾ ¿ Á » ½¾IÊ v |1s t!�º ¿ Á � s t!�º¼» � ¿ Á � s t!�º ¿ Á » � �s t!�º¼» � ¿ Á » � �_Ë Æ ¥ However, if the cell e.Ì�g{ÍÎn is adjacent to a B-cell (Tomé et al. 2002) use a forward difference or a backward

difference to approximate Ï	ÐÎÑ�ÒÏ p ¸¸¸ Ç l ½¾5È É . In this work we make use of a Taylor series expansion for the cell e.Ì�g¢Í[n and

approximate the derivative Ï	Ð[ÑjÒÏ p ¸¸¸ Ç l ½¾ÀÈ É by a second order scheme. For instance, if the cell e.Ì�g¢Í[n has a B-cell above it

we use the approximation Ï	Ð[Ñ�ÒÏ p ¸¸¸ Ç l ½¾5È É7Ó Ð ÑjÒÔÂÕ ½¾5Ö × l�Ø Ð Ñ�ÒÔ¼Õ ½¾>Ö ×_Ù ½!Ú�Û Ð ÑjÒÜÝ p while if the B-cell is bellow the cell e.Ì�g¢Í[n then it is

approximated by Ï�Ð[Ñ�ÒÏ p ¸¸¸ Ç l ½¾ÀÈ É ÓßÞ Ð Ñ�ÒÔ¼Õ ½¾>Ö × lUØ Ð Ñ�ÒÔÂÕ ½¾5Ö ×_Ù ½ Ú�Û Ð Ñ�ÒÜÝ p . The same procedure is applied to the derivative Ï	Ð[Ñ�ÒÏ d ¸¸¸ Ç È É l ½¾



appearing in the à -tilde calculation (19). If the cell á1â�ã{ä[å is a surface cell (S) the treatment for approximating the deriva-
tives æ	ç[èjéæ�êìëëë íÂîðïñ>ò ó and æ	çÎè�éæ�ôõëëë í ò ó îöïñ is the same as for cells which are adjacent to ÷ -cells. Thus, Eqs. (18) and (19) are
approximated byø�ùú¼û ïñÀü ýÿþ ø úÂû ïñ ü ý�� ������� ø
	���
�	 �Àùú ü ý û ïñ"þ � ú ü ý û ïñ � ������� ø
	���
�ø ú¼û ïñ ü ý þ ø úÂû ïñ ü ý � ������ ��� ø�ù�	��Àù�
 � ��� ø
	���
���	 �� ú ü ý û ïñ þ � ú ü ý û ïñ�� ������ ��� ø�ù�	��Àù � ��� ø
	���
�� � � � 

where��� ø
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 þ !�"$# %'&)( � ø)*�
 "+# %'&)( � ø,��
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 "O# %'&)( � ��*P
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We would like to point out that the approximations described for discretizing the momentum equations are second

order accurate in time and space. In a similar manner, the components of the non-Newtonian extra stress Eqs. (20)-(22)
are approximated by finite differences. The time derivative is explicitly approximated by the modified Euler method, the
convective terms are computed using the VONOS method and the spatial first order derivatives are second order accurate.
Thus, V ô�ô , V ô�ê and V êNê are computed as follows:4 6�6�Wú ü ý þ 4 6�6ú ü ý �YX . � 4 6�6 	 4 6�9 	 4 9Z9 
[	 4 6�9�Wú ü ý þ 4 6�9ú ü ýU�\X * � 4 6�6 	 4 6�9 	 4 9P9 
[	 4 9P9�Wú ü ý þ 4 9P9ú ü ýI�\X�] � 4 6�6 	 4 6�9 	 4 9P9 
[	

4 6�6�^`_ a ï�bú ü ý þ 4 6�6ú ü ý � ���� � X . � 4 6�6 	 4 6�9 	 4 9P9 
 �\X . � 4 6�6�W 	 4 6�9�W 	 4 9P9�W 
��G	4 6�9 ^`_ a ï�bú ü ý þ 4 6�9ú ü ý$� ����c� X * � 4 6�6 	 4 6�9 	 4 9P9 
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��
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In equations (26)–(28), terms which are not defined at cell position are obtained by averaging, that is:ø ú ü ý û ïñcn þ ø ú¼û ïñ ü ý � ø ú¼û ïñ ü ý û/. � ø úRF ïñ ü ý � ø úGF ïñ ü ý û�.o 	 � ú¼û ïñ ü ý n þ � ú ü ý û ïñ�� � úÂû/. ü ý û ïñS� � ú ü ý F ïñS� � ú¼û�. ü ý F ïño T � ��p 

The Poisson equation (see step qGr Section 3) is discretized at cell centres using the five-point Laplacian, namely,s ú¼û�. ü ý " � s ú ü ý � s úRF
. ü ý��0 * � s ú ü ý û/. " � s ú ü ý � s ú ü ý F
.� : * þ �ø ú¼û ïñ>ü ý

" �ø úGF ïñ5ü ý��0 � �� ú ü ý û ïñ
" �� ú ü ý F ïñ� : T �Gt u 


Equation (30) leads to a symmetric and positive definite linear system for v í ò ó . In order to solve this linear system we
employ the conjugate gradient method as implemented in GENSMAC (see Tomé et al. 1996). The final velocities are
obtained by (see step q�qwq , Section 3):ø'x û�.ú¼û ïñ ü ý þ �ø ú¼û ïñ ü ý

" A s ú¼û�. ü ý " s ú ü ý��0 D 	y�Ex û�.ú ü ý û ïñ þ �� ú ü ý û ïñ
" 1 s ú ü ý û/. " s ú ü ý� : ; T �Gt < 


The pressure is obtained by (see step qwr , Section 3): z í ò ó|{~}z í ò óU�j���G� ����Q�



5.1 Free Surface Stress Conditions

On the free surface, Eqs. (16) and (17) are expected to hold. They are imposed on every surface cell by considering
the local orientation of the free surface. For instance, if a surface cell has only one face in contact with an empty cell
than the free surface is considered to either horizontal or vertical. In this case, we take ���������[��� or �������)����� so that
equations (16) and (17) simplify to�������@�I�'��J���'�'��'�¡  ¢ � �¤£K¥ and ��@�I�'��J�§¦��'��'¨©  �'ª�'«

¬
  ¢�­�® £K¥�¯ where � is either « or ¨�° ±G² � ³Equation (32) and the mass equation Eq. (5) are employed to compute the pressure ´µ·¶w¸ ¹ and the velocities at the free

surface. These are computed using the same methodology given by (Tomé et al 2002). On the other hand, if a surface cell
has only two adjacent faces which are in contact with empty cell faces than the free surface is considered to be at 45 º with
the coordinate axes. For these cells we take �»�½¼�¾À¿ ÁÁ �P¾À¿ ÁÁBÂ . In this case Eqs. (16) and (17) reduce to��
��ÃPÄRÅ �7±R� ­ � ® ³BÆ�@�I�'�� �Ç¦ �'��'¨   �'ª�'«

¬
  ¢ ­�­   ¢ ­�®   � Ã�ÄRÅ �7±R� ­ � ® ³ ¢ ­�® £K¥I¯ ÃPÄRÅ �·±R� ­ � ® ³SÈ ��U�I�'�� �B¦ �'ª�'¨ � �'��'«

¬
  ¢ ®P® � ¢ ­�­�É £Ç¥ °Ê±G²�² ³Equation (33) and the mass equation Eq. (5) are used to calculate the pressure and the velocities on surface cells which

have two adjacent faces in contact with empty cell faces. Details of finite difference involved can be found in (Tomé et al
2002).

5.2 Computation of the non-Newtonian extra-stress components on solid surfaces

When the discretized momentum equations and the discretized non-Newtonian extra stress equations are applied at nodes
that are adjacent to the boundary then the values of Ë�Ì Ì , ËIÍ�Í and Ë�Ì Í on the boundary cells are required.
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B-cell having only the �GÓ/ÔÖÕÁ � face in contact with an interior cell.

They can be obtained by using the equations derived in Section 3.1 and by inspecting the boundary cells. For instance,
if a B-cell has only the �GÓ×Ô ÕÁ � -face in contact with an interior cell we assume that the solid boundary is parallel to theØ -axis. In this case, Eqs. (14) and (15) give¢�­�­ÙÛÚ$ÜÝ�Þ ß £K¥�¯ ¢�­�®ÙÊÚUÜÝEÞ ß ±gà � Ú � ³ £ ��á Üâ@ã�äæå ¢�­�® ±gà � ³   ¼ Æ � �'��J� Â �'ª�'« ±R« ÙÛÚ$ÜÝ ¯ ¨ ß ¯ à�ç ³Iè � Üâ@ã�äæå � ÆZé ±G²�ê ³¢�®P®ÙÛÚ$ÜÝ�Þ ß ±gà�� Ú � ³ £ ��á Üâ@ã äæå ¢�®P® ±gà�� ³   ë à �'ª�'« ±R« ÙÛÚ ÜÝ ¯ ¨ ß ¯ à�ç ³ è �ìá Üâ@ã äæå ¢�­�® ±gà�� ³   ¢�­�® ±gà�� Ú � ³ é ±G²�í ³where î ïî Ì �wð ¶Ûñ ÜÝ � Ø�¹ �[ò[ó�� is obtained by averaging î ïî Ì �Gð ¶Ûñ ÜÝ � Ø�¹ �[ò�� at times ò�ô and òæô ñ Õ , namely

�'ª�'« ±R« ÙÛÚ ÜÝ ¯ ¨ ß ¯ à�ç ³ £ Æ� è �'ª�'« ±R« ÙÊÚ ÜÝ ¯ ¨ ß ¯ à�� ³   �'ª�'« ±R« ÙÊÚ ÜÝ ¯ ¨ ß ¯ à�� Ú � ³ é °These derivatives are approximated by expanding õ in a Taylor series at the point �Gð ¶Êñ ÜÝ � Ø ¹ ��ò ô � as follows:
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ö ��ì÷ � � ª�'« � ±R« ÙÊÚ ÜÝ ¯ ¨ ß ¯ à�� ³  

ö�ø
² ÷ �

ø ª�'« ø ±gù Ù ¯ ¨ ß ¯ à�� ³ ±G² ú ³where ûü�Q�wð©ý�ð ¶Ûñ ÜÝ � . Evaluating (36) at ðO�8ð ¶Ûñ Õ and ðO��ð ¶Ûñ Á we obtainõ
�wð ¶Ûñ Õ � Ø ¹ �[ò ô �I�8õ/�Gð ¶Êñ ÜÝ � Ø ¹ ��ò ô �·Ôjþ ðÿ�� õ� ð �wð ¶Ûñ ÜÝ � Ø ¹ �[ò ô �7ÔQþ ð Á��� Á õ� ð Á �Gð ¶Êñ ÜÝ � Ø ¹ ��ò ô �7Ôjþ ð��� ��� ��õ� ð � �	� ¶ � Ø ¹ �[ò ô �I� ��

�E�õ
�wð ¶Ûñ Á � Ø ¹ �[ò ô �I�8õ/�Gð ¶Êñ ÜÝ � Ø ¹ ��ò ô �·Ô 
 þ ðÿ�� õ� ð �Gð ¶Êñ ÜÝ � Ø ¹ ��ò ô �·Ô � þ ð Á� � Á õ� ð Á �Gð ¶Ûñ ÜÝ � Ø ¹ �[ò ô �7Ô ÿ � þ ð��� ��� ��õ� ð � �	� ¶ � Ø ¹ ��ò ô ������
 � �
Multiplying (37) by -9 and adding to (38) and solving for î ïî Ì �Gð ¶Êñ ÜÝ � Ø ¹ ��ò ô � we obtain the second order approximation
(since õ/�Gð ¶Êñ ÜÝ � Ø ¹ ��ò ô �$� � due to the no-slip condition)
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The required values of �������� � and ��� ���� � are then computed by linear interpolation using the nodes !	"$#&%')(+*
, and !	"$#.- (/*
, .
Boundary cells having the left side contiguous with an interior cell are treated similarly. On the other hand, if a B-cell has
only the top face in contact with one interior cell then we assume the solid boundary is parallel to the 0 -axis in which case
Eqs. (12) and (13) give132426587
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The derivative v�wv � !	0 � (yx �Gz @B (G{S|}, is evaluated in the same manner as v�~v � !	0 ��z @B (yx � (G{S|}, . We take the Taylor series at!�0 � (yx �Gz @B (G{S|}, and apply it at the points !�0 � (yx �Gz % (G{S|}, and !	0 � (Gx �Gz ' (y{S|}, and solving for v�wv � !	0 � (Gx �Gz @B (y{S|}, we obtain the
second order approximation���� x !	0 � (Gx �Gz @B (y{ | ,�� � ��� �Gz %^� � �	� �Gz '����� x ( � ��� �Gz % � � ��z @B � �Gz % # � ��� @B � �Gz %� ( � �	� �Gz ' � � ��z @B � �Gz ' # � �	� @B � �Gz '� � !	� � ,
6. Validation and numerical results

The finite difference equations presented in this work have been implemented into the FREEFLOW2D code (see
Castelo et al. 1999) in order to simulate free surface flow of an Oldroyd-B fluid.

6.1 Fully developed channel flow

We validate the numerical treatment for calculating the viscoelastic extra-stress tensor on rigid boundaries and on
interior points by simulating the flow in a two-dimensional channel. We consider a 2D-channel formed by two parallel
walls at a distance � from each other and having a length of �q� (see Fig. 3). At the channel entrance we impose the
analitical profiles of fully developed flow and at the exit the conditions presented in this paper for outflow boundaries
are employed. On the channel walls the no-slip condition and the expressions for the viscoelastic extra-stress tensor (see
Section 3.1) are applied. We start with the channel empty and inject fluid at the inflow at a prescribed velocity. The fully
developed flow imposed at the inflow is given by] 58< F3H l b����58< l ����� F o W � : � H c 58bL� F

13242658< F�H ��� J hj J k h�l mUom E p�� \U]\ <�� o : 1324_ H hj J k h�l mUom E p�� \U]\ <�� : 13_V_ H c 58b�b F
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. Channel flow set up parameters.

To simulate this problem we used the following input data � � - , ¥ � - , ¦ � - , § % � �
and the ratio § '�� § % was

set equal to 0.5. Hence ¨ª© � �^¥ � ¦ � - and «¬© � § % ¥ � � � �
. To verify the convergence of the numerical method

proposed in this work we run this problem on three meshes as follows: Mesh1 -
� 0 � � x­�¯® � � ( �±° � � cells); Mesh2 -� 0 � � x��²® � - ( - ® °¤� ® cells) and Mesh3 -

� 0 � � x��²® � ® � (
� ® °³- ®q® cells). Initially the channel is empty and fluid is

injected at the inflow until it reaches the outflow and steady state is established. Under steady state conditions the velocity
field and the viscoelastic extra-stress on the channel must have the same values as those on the inflow. Figure 4 displays
snapshots taken from the simulation on Mesh2 at different times. Figure 5 displays the calculated values of the velocity�

and the values of the non-Newtonian extra-stress component �A��� at the line 0 � � � � (middle of the channel) together
with the respective analytic values (see Eqs. (43)(44)) on Mesh1, Mesh2 and Mesh3, respectively. As we can see in Fig.
5 the agreement between the exact and the numerical solutions is very good. Indeed, the relative ´ ' -norm of the errors,µ � � �·¶ !/� � �¸ ��¹ º/» � � � �| wL¼ ¸;½ � º;¹V¾ , '¶ !a� � �¸ �L¹Qº/» , ' ( µ ��� � ¶ !a�����¸ ��¹Qº/» � �����| wL¼ ¸;½ � º;¹V¾ , '¶ !/� ���¸ �L¹Qº/» , '
are

µ � � �¿® � ®q® -q- �qÀ ,
µ ��� ��® � ®q® � Àq�6Á on Mesh1,

µ � � �¿® � ®q®6® �6Â Á and
µ ��� ��® � ®q® �6� ® - on Mesh2 and

µ � � �¿® � ®q®6® �6À ,µ ��� �¿® � ®q® -�Â Á on Mesh3. These results demonstrate the convergence of the numerical method presented in this paper.



ÃgÄ�Å�Æ$Ç�È¤É
. Numerical simulation of the channel flow. Fluid surface and velocity contours of the Ê -velocity and the

components of the non-Newtonian extra stress S Ë�Ë and S Ë�Ì , respectively. Times shown are t = 4 (on the left) and t = 100
(on the right).
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. Numerical and analytic solutions of the velocity Ê and the component of the non-Newtonian stress ÓOË�Ë

at time Ô�Õ¿Öq× at position ØÙÕ¿ÚUÛÜÖ .

6.2 Numerical simulation of the transient extrudate swell of a planar jet

To demonstrate that the numerical method presented in this paper can simulate viscoelastic free surface flows we
simulate the extrudate swell of a planar jet emerging from a die.

We consider the time-dependent flow of a two-dimensional jet flowing through a slit and extruded into air. The no-
slip condition is imposed on the wall of the slit while fully developed flow is imposed at the fluid entrance (see equations
(43) and (44)). On the fluid free surface we imposed the full stress conditions (see Eqs. (16) and (17)). The flow domain
is sketched in Fig. 6.

ÃgÄaÅ�Æ�Ç�È¤Ý
. Definition of the flow domain for the extrudate swell simulation.



The following input data were employed: Slit width: Þ¿ßáà�â mm; ãLä³ßiãLåYßáà mm Poisson solver tolerance æèçèéêßà�âUëeì ; Fluid definition: í�î­ßïâ)ð â)à Pas, ñ³ßòà Kgm ëeó , ôeõnßáâ}ð â}à s, ô�ö�ß÷â}ð âqâ6ø s; scaling parameters: Þiß÷â}ð â}à m,ù ßúà ms ë õ , í3îûßiâ}ð â}à Pas and gravity effects we neglected. Hence, üÏýfßúà and þ¬ýÿßïà . We observe that the value
of þ¬ýnß·à used in this simulation is not the effective Weissenberg number. The effective Weissenberg number for the
Oldroyd-B model, as pointed out by Yoo and Na (1991), is���������	��

���������������� �����
Thus, in this simulation we used þ¬ý�� ��� !	"ªßiâ}ðÜø . The results of this simulation are displayed in Fig. 7. Figure 7 shows
different time frames of the jet flowing through the slit and then being extruded into the air. As the calculation proceeds
the fluid jet undergoes large swelling deformation due to viscoelasticity; the final frame in Fig. 4 shows the jet at the later
time #�ß¿â}ð $&% s where the jet has achieved the maximum swelling ratio of é
' ß)(+*-,/.10�Þ ßiàqð 2�3 .465 785
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<>=@?BADC�EGF
. Numerical simulation of the channel flow. Fluid surface and velocity contours of the H -velocity at times:IBJ t = 0.09 s, K J t = 0.15 s, L J t = 0.20 s and M J t = 0.34 s.

7. Concluding Remarks

This paper has been concerned with the implementation of a numerical method for solving viscoelastic free surface
flows into the FREEFLOW2D code. In particular, we have been dealing with flows governed by the Oldroyd-B model.
The finite difference method described has improved the technique presented by Tomé et al. (2002) in several ways:
we have replaced the explicit Euler solver by the explicity modified Euler method, obtaining a second order method for
calculating the intermediate velocities; the same procedure was applied to compute the components of the non-Newtonian
extra stress tensor. By using local Taylor series expansions, the derivatives NPORQSUT and NPO	QS . in Eqs. (18)-(19) are obtained
by second order schemes; the same treatment has been used to compute the derivatives VXWV T and VXYV . when calculating the
non-Newtonian stress on rigid boundaries. The implementation has been validated by simulating the flow of an Oldroyd-
B fluid inside a channel and the numerical results were compared to the analytic values of a fully developed flow. We
used þ¬ýÙß[Z and performed mesh refinement and the results demonstrated convergence of the numerical method. To
demonstrate that the numerical method presented in this paper can simulated viscoelastic free surface flows we simulated
the classical extrudate swell problem. We used þ¬ý�\�]�]�\�^`_�ß�â)ð ø and a grid containing 10 points inside the slit and obtained
a swelling ratio éa' ß¬à6ð 213 . Tomé et al. (2002) has simulated this same problem using a grid with 20 points inside the slit
and obtained éa' ß¬à6ð 213 . Thus, the implementation described in this paper produced the same result using a coarser grid.
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