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Abstract. The word eutrophication comes from greek and means “well-nourished”. This is employed to denote the process of
nutrient addition in water bodies and its effects. The present contribution analyzes the dynamics of water body eutrophication from
a mathematical model with five variables: nutrients, phytoplankton, zooplankton and two different kinds of fishes. Basically, a
nonlinear dynamical system, discrete in space and continuous in time is proposed. Dynamical system is based on species
competition / population evolution and its elaboration involves the definition of a food chain that is based on complex relations
among animals and plants. Eutrophication dynamics is analyzed showing different kinds of response including chaos. The model is
capable to capture the general behavior related to eutrophication process in a qualitative point of view.
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1. Introduction

The word eutrophication comes from greek and means “well-nourished”. This is employed to denote the process of
nutrient addition in water bodies and its effects. Therefore, it is a phenomenon that is understood as the enrichment of
biological systems by nutrient elements, organic and inorganic matter, notably phosphorus and nitrogen. The natural
process of eutrophication can be culturally accelerated by human interference. External sources of nutrients includes
municipal and industrial wastes, agricultural and forest runoff, urban runoff and atmospheric fallout (Thomann &
Mueller, 1987).

Cultural process of eutrophication is perhaps one of the main problems related to the water quality. This process
may present drastic consequences to the environmental system breaking its ecological equilibrium. Therefore, the
analysis of the impact of human activities on the eutrophication process and its control is of special interest for the
environment.

The elevated level of nutrients promotes the growth of aquatic plants, which can be classified into two categories:
those that move freely with the water (planktonic) and those that remain fixed. The first category includes the
phytoplankton that is related to different kinds of algae, while the second includes rooted aquatic plants of various sizes
(benthic algae). In all cases, plants obtain the primary energy source from sunlight through the photosynthesis process.

Similar to aquatic plants, animal population in a water body may be classified into two different categories:
zooplankton, which can move freely with the water and fishes. Zooplankton is the primary consumer of phytoplankton
population and fishes consume either phytoplankton or zooplankton.

The excessive discharge of nutrients in water bodies tends to produce phytoplankton blooms and growth of aquatic
weeds. This is a consequence of conversion of inorganic nutrients into organic matter from photosynthesis process.
Algae bloom promotes nutrients and oxygen reduction that causes phytoplankton, zooplankton and fishes death.

The modeling of biological phenomena by mathematical models has increasing importance in recent years. These
models may describe time evolution and spatial distribution and may explain some important characteristics of these
systems. The mathematical analysis is exploiting the possibility that many biological phenomena or medical problems
may have their roots in some underlying dynamical effect: the so-called dynamical diseases (Holton & May, 1993).
Alligood et al. (1997) say that “of course, the idea of a real experiment being governed by a set of equations is a fiction.
A set of differential equations, or a map, may model the process closely enough to achieve useful goals”. Moreover,
Segel (1984) presents the following argument (Rafikov, 2002): ““ ‘Art is the lie that helps us see the truth’ said Picasso,
and the same can be said of modeling. On seeing a Picasso sculpture of a goat, we are amazed that his caricature
seems more goatlike than the real animal, and we may gain a much stronger feeling for ‘goatness’. Similarly, a good
mathematical model — though distorted and hence ‘wrong’, like any simplified representation of reality — will reveal
some essential components of a complex phenomenon”.

Recently, many authors are devoted to propose a theoretical framework to deal with ecological systems (Salthe,
2002; Reynolds, 2002; Odum, 2002; Jergensen, 2002). Marques & Jorgensen (2002) say that “biology and ecology are
more complex than physics, an it will, therefore, be much more difficult to develop an applicable, predictive ecological
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theory... But most biologists and ecologists probably feel inwards the need for a more general and integrative theory
that may help in explaining their observations and experimental results.”

Literature presents different models to describe ecological systems. In mathematical point of view, they can be
classified into three different classes: maps, which are discrete in space and time; ordinary differential equations
(ODEs), which is discrete in space and continuous in time; and partial differential equations (PDEs), which are
continuous in space and time.

Population evolution models are usually based on prey-predator systems or species competition. These models
could consider different variables, describing their interactions. Perhaps, the first model for population evolution is the
linear model due to Malthus. A nonlinear alternative is based on the logistic equation (May, 1976). Lotka-Volterra
model presents the first description of predator-prey model (Lotka, 1925; Volterra, 1926).

The analysis of aquatic populations is done with all of the cited approaches. Rinaldi & Solidoro (1998) consider
maps to describe plankton-fish interaction. EDOs are also considered in the analysis of plankton and aquatic
populations (Doveri et al., 1993; Solé, 1999; Vandermeer ef al., 2001; Edwards & Bees, 2001; Scheren, 2000; Lecture
& Miler, 2000). On the other hand, PDEs are employed to describe either the time evolution or the spatial distribution
of aquatic population (Malchow et al., 2000; Mordasova, 1999; Sorokin et al., 1998; Gilbert & Giavarini, 2000).

Alternative approaches are also used in order to describe eutrophication process. Triantafyllou et al. (2000)
describes benthic communities analyzing physico-chemical alterations related to functional groups. Menéndez & Comin
(2000) considers a statistical analysis of algae proliferation during spring and summer; Al-Homaida & Arif (1998)
develop an experimental analysis of algae bloom at Al-Kharj, Saudi Arabia. Aoki (1997) treats maturation of eutrophic
lakes using tolls of information theory. In recent years, chaos is of concerned associating this kind of response with
different biological behaviors (Medvinsky et al., 2002; Medvinsky et al., 2001a; Medvinsky et al., 2001b; Tikhonov et
al., 2001; Edwards & Bees, 2001; Malchow et al., 2000; Péntek et al., 1999; Doveri et al., 1993; Rinaldi & Solidoro,
1998; Jorgensen, 1995; Seip et al., 1994).

The present contribution analyzes the dynamics of water body eutrophication from a mathematical model.
Basically, a nonlinear dynamical system, discrete in space and continuous in time is proposed (EDOs). Dynamical
system is based on species competition (populational evolution) and its elaboration involves the definition of a food
chain that is based on complex relations among animals and plants. The proposed model considers five variables:
nutrients, phytoplankton, zooplankton and two different kinds of fishes. Eutrophication dynamics is analyzed showing
different kinds of response including chaos. The model is capable to capture the general behavior related to
eutrophication process.

2 — Mathematical Model

In order to establish a model to describe the dynamics of water body eutrophication, a discrete water volume is
considered. Moreover, a food chain with five variables is analyzed: nutrients, N, phytoplankton, F, zooplankton, Z, and
two different kinds of fishes (phytoplanktivorous, Pr, and zooplanktivorous, P;). Figure 1 presents a schematic picture
that establishes the food chain with these variables. Nutrients are consumed by phytoplankton, which may be consumed
by zooplankton and phytoplanktivorous fishes. On the other hand, zooplanktivorous fishes may consume zooplankton.
From these five variables, a conceptual model is proposed as suggested by Figure 2.

Figure 1 — Schematic picture of the food chain.
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Figure 2 — Conceptual model.

Basically, nutrient has an inflow defined by a(¢) and an outflow with a constant rate, 8. Moreover, this nutrient is
consumed by phytoplankton with a rate, £.

Phytoplankton grows as a consequence of an inflow, ¢, and also to the nutrient availability. The term, ySFP defines
this interaction. Parameter y is related to the solar radiation and other photosynthesis conditions. This population may
decrease as a consequence of outflow, A, or by the zooplankton consumption, 7. Zooplankton has an inflow x and
outflow . The term vnFZ establishes the interaction with phytoplankton. Parameter v defines consumption conditions
and c establishes quadratic interactions between phytoplankton and nutrients, while x; the same interaction between and

phytoplankton and zooplankton. Zooplankton competition with the own specie is described by the term @Z? .
Phytoplanktivorous fishes have an inflow, p. The interaction between phytoplankton and fish is defined by the term
TP F % . The term, T, P F % describes variable quadratic interactions, establishing that phytoplankton has importance
with respect to water conditions as oxygen. Moreover, there is an outflow &, and also, a competition with the own
specie, T3P1,%.
With respect to the zooplanktivorous fish, its equation has an inflow ¢, and an interaction with zooplankton defined
by the term v,¢{P,Z . Moreover, there is quadratic interaction related to the phytoplankton, v,P,F 2 Also, there is an

outflow, o, and the specie own competition, described by the term, U3PZ2 .
Therefore, the following mathematical model is proposed:

P =a(t)- BPF (1 + kF)- 6P

F =g+ yBPF(1+kF)—-nFZ(1+cZ)— ¢P-F — AF

Z=pu+vyF(l+cZ)-(P,Z —n,P,F* —yZ (1
Pp = p+1,¢P-F —1,P.F* —1,P? — 0P

P, = ¢ +0,(P,Z —v,P,F? —0,P} — P,

Notice that for a specific volume, parameters are constants related to other variables like oxygen, luminosity and
temperature. Moreover, the term «(f) represents nutrients inflow, understood as a driving force:
a(t)=ay,+ F0|sin( a)t)| . The term ¢ may represent any inflow described by linear piecewise functions. The sinusoidal

term is related to oscillations around . Non-dimensional variables are considered and time scale may be related to
days, months or years.
Numerical simulations consider fourth order Runge-Kuta method in order to perform time integration of equations.

3. Parameter Analysis

In order to analyze system parameters, a simple procedure is proposed. Basically, a single interaction is considered,
vanishing all other terms in governing equations. This procedure is similar to a laboratory experiment, where two
system variables are isolated. With these assumptions, it is possible to vary parameter values in order to induce
variables to reach experimental values. In this article, reference values are related to Rodrigo de Freitas Lake, Rio de
Janeiro — Brazil (Andreata, 2001).

As an example, consider the interaction between nutrients and phytoplankton. Hence, parameters f, 7, k, and A are
analyzed, vanishing the others. At first, parameter £ is considered. Figure 3 presents numerical simulation related to the



population of phytoplankton for different values of this parameter. Arrows indicate descent direction and, based on
experimental values, one can conclude a convenient range for parameter variation: 0.001< £ < 0.5. Similar procedure
can be developed for all other parameters and also for other populations, establishing the range of each one.
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Figure 3 — Parameter analysis.

4. Dynamical Response: Some Typical Behaviors

Some typical behaviors related to eutrophication process are now investigated evaluating the capability of the
model to describe the phenomenon. The following parameters are considered: a =20; p=1; &= 1x107; & =2; 7=0.4;
77:2x10'3; 77,:1x10'5; 772:lx10'3; =0; A=1x107; 1=1; v=0.1; 6=1x107"; p:1x10'2; o=1x107; 7;=0.2; =3.5x10°;
7=1x10°; ¢=1x107; 0,;=0.2; V,=3x10; 0;=0.2; Y=5x10"; c=1x107; F,=20; =1,

An oscillatory response is shown in Figure 4. Notice that zooplankton population is preponderant and its behavior is

delayed with respect to phytoplankton evolution.
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Figure 4 — Oscillatory response.

Altering the following parameters, ,B:1x10'3; =1, 772:lx10'3; A=1x10% 1=1; v=0.1; 77=1x107; 0=1x10"; F,=0;
=0, nutrients are increased and, as a consequence, phytoplankton population grows (Figure 5). This kind of response
may be associated with an eutrophic water body.
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Figure 5 — Eutrophic water body.



Altering parameters 3 =1x107%; F,= 20; ® = 1, keeping the others as before, the system presents an oscillatory
response again (Figure 6). Nevertheless, there is a dissipation characteristic. Notice that phytoplanktivorous fishes tend
to decrease indicating an excessive population of phytoplankton.
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Figure 6 — Oscillatory response with dissipation.

Varying parameters f=1.5; £=2 and y= 0.6 (Figure 7a), fish populations (Pr and P), has a significantly decrease.
On the other hand, assuming y = 0.7 (Figure 7b), phytoplankton population dominates the response and fish populations
tends to vanish. This second behavior is related to algae bloom.
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Figure 7 — Algae bloom.

5. Dynamics Investigation

This section is concerned with a dynamics investigation of the proposed model. This investigation provides a
picture of all possibilities related to the eutrophication phenomenon, considering different kinds of behaviors. This
analyzes employs some nonlinear tools related to the literature of nonlinear dynamics and chaos. Since the proposed
model is a six-dimensional system, the visualization of phase space becomes difficult, and it is necessary to consider
projections in subspaces. One of this subspaces considers fish populations, P = Pr + P, even though this is not a state
variable.

In order to start the analysis, bifurcation diagrams are considered. This diagram represents the stroboscopically
sampled variable values under the slow quasi-static increase of a system parameter. Basically, the analysis of parameter
7, in the range (0, 1), is of concerned. When y= 0, there is no luminosity, and when y= 1, it assumes a maximum value.
The following parameters are considered: a =20; # =1x107; § = 1x10% &= 2; 5 =2x10" 5, =1x10"; n=1x10,
r=1x10"; A=1x107; z=1; 1=0.02; =1x107; p =1x10?; o=1x107; 7=0.2; =3.5x10%; 7;=1x107; ¢ =1x10"; 0,=0.2;
0=3x10% L=1x107; y/:1x10'3; g=1x10'3. Figure 8 presents different variables of the system under the variation of
parameter y. Notice regions related to different number of points, indicating periodic responses, and also cloud of
points, associated with chaos.
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Figure 8 — Bifurcation diagrams under the variation of parameter .

It is convenient to enlarge some regions of bifurcation diagrams in order to obtain a better comprehension of the
system dynamics. Figure 9 and 10 presents these enlargements for different variables. Figure 9 shows the range 0.31 < y
<0.37, while Figure 10 shows a periodic window, inside a chaotic region.
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Figure 9 — Enlargement in the range 0.31 < < 0.37.

Nutrients
Phytoplankton

Figure 10 — Enlargement of periodic window.



Bifurcation diagrams provide a global picture of the system’s dynamics, indicating qualitative changes in the
system response. The forthcoming analysis considers different parameter values, showing the kind of response for each
one. The visualization of the system behavior is done considering subspaces of Poincaré section of the system, which is
obtained by sampling state variables of the system at a rate equal to the forcing period. At first, y = 0.28 is assumed.
This value is related to a period-1 response, as could be seen in Poincaré sections of Figure 11.
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Figure 11 — Period-1 response, y= 0.28.

After several bifurcations, for y = 0.4, the system presents a chaotic response (Figure 12). This conclusion is
assured assessing Lyapunov exponents that evaluate the sensitive dependence to initial conditions estimating the
exponential divergence of nearby orbits. These exponents have been used as the most useful dynamical diagnostic tool
for chaotic system analysis. The signs of Lyapunov exponents provide a qualitative picture of the system’s dynamics
and any system containing at least one positive exponent presents chaotic behavior. The algorithm due to Wolf ef al.
(1985) is employed showing one positive value.
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Figure 12 — Chaotic response, y=0.4.

When y = 0.67, the parameter is inside a periodic window, presenting a period-3 response. Figure 13 shows
Poincaré sections of this kind of response, showing three points.
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Figure 13 — Period-3 response, y = 0.67.



6. Conclusions

This article considers a mathematical model to describe the dynamics of water body eutrophication. Basically, the
proposed model is a nonlinear system, discrete in space and continuous in time, employing five variables: nutrients,
phytoplankton, zooplankton, phytoplanktivorous fish and zooplanktivorous fish. A procedure to estimate system
parameters is proposed. Numerical simulations are carried out showing that the model is capable to capture the general
behavior related to eutrophication process. A more detailed investigation of the system behavior shows that its
dynamical response is very rich. Periodic and chaotic responses are possible. The variety of responses obtained by the
mathematical model encourages its use to describe ecological systems and, at least as a caricature of the reality, it could
furnish useful information. The authors agree that this article contributes to the use of mathematical models to describe
dynamics of water body eutrophication. Nevertheless, other studies must be carried out in order to calibrate the
proposed model.
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