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Abstract: The turbulent flow over a backward-facing step has been investigated by many researchers due to its several applications
in engineering problems, as: diffusers, airfoils with separation, buildings, combustors and turbines blades. This problem is largely
used to validate numerical codes due to simplicity geometric. It’s important to supply data that can be used to ascertain turbulence
models, wall laws and their implementation in computational codes. The main goal of this work is to verify the performance of the
large-eddy methodology, which was implemented in a nine-node CVFEM-code. In this case none wall law was utilized. The domain
is discretized using nine-node finite elements and the equations are integrated into control volumes around the nodes of the finite
elements. The Navier-Stokes equations are filtered for large scale simulations and the sub-grid scale stress, which appear due to the
filtering process, are modeled by the eddy viscosity model of Smagorinsky. The principal parameter evaluated in this problem is the
reattachment length value and the appearing of a secondary recirculation at the corner eddy. The results are compared to
experimental data available in the literature presenting good agreement.
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1. Introduction

The main goal of this work is to simulate numerically turbulent flow over a backward-facing step by a control
volume finite element method (CVFEM) with large-eddy simulation methodology (LES). The computational domain is
discretized with nine-node quadrilateral finite elements.

The first CVFEM was presented by Baliga and Patankar (1980) for triangular elements and afterwards Raw and
Schneider (1986) used the method, therefore using quadrilateral elements. Since then, several other authors have
improved and applied the CVFEM in a vast number of problems in engineering.

Saabas (1991) developed a CVFEM to solve steady state flow problems in multi-dimensional domains using three-
node triangular elements and four-node tetrahedron elements. According to the author CVFEM offers the combination
of geometric flexibility of the finite element method (FEM) and the ease of physical interpretation associated with the
commonly used Finite Volume Method (FVM).

Recently, Lima, Campos-Silva and Mansur (2004) enhanced the CVFEM code built by Campos-Silva (1998)
including a Large Eddy Simulation (LES) methodology with the Smagorinsky viscosity model to simulate turbulent
fluid flows. In that work the authors presented a lid-driven cavity using nine-node quadrilateral elements to discretize
the domain presenting excellent agreement to literature results.

The first applications on LES in engineering were present by Deardorff (1970), in the investigation of a turbulent
flow inside a channel with high Reynolds number. Initially, LES was used to performer basic flows in simple
geometries; however, due to the rapid development of computational power, it has been applied to practical engineering
flows in relatively complex geometries (Hamba, 2003; Lohner, 2001).

In this study will be analyzed the turbulent flow over a backward-facing step. Such problem has been investigated
by many researchers due to its several applications in engineering problems, as: diffusers, airfoils with separation,
buildings, combustors and turbines blades. According to Eaton and Johnston (1981), who performed an experimental
study about this case, the backward-facing step offers one of the least complex separating and reattaching flows. The
separation line of the backward-facing step flow is straight and fixed at the step edge; therefore the process of
separation-reattachment can be examined without any complexities resulting from motion of the separation point. There
is only one separated flow zone with two opposing eddies.

The main parameters evaluated in the step flow are the reattachment length value (Lg/h) and the appearing of a
secondary recirculation at corner eddy. The results are compared to numerical and experimental results from literature.
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In next sections of this work, it will be reported the mathematical model, a summary about the used numerical method,
the problem description and the obtained results.

2. Mathematical Model

2.1 Governing Equations

The following equations set describe the mathematical modeling of a turbulent fluid flow, with constant properties.
According to Lima (2005) the dimensionless equations for large-eddy simulation are:
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The pressure term in Eq. (1) includes the kinetic turbulent energy, P, = P + 37
u
0
The dimensionless variables, in Egs. (1) and (2), are defined as follows:
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where,
Cs: Smagorinsky constant;
L: reference length;
P, Po: static pressure and reference pressure, respectively;
t: non-dimensional time;
up: reference velocity;
U;: velocities;
X;: coordinates;
L dynamic fluid viscosity;
vt kinematics turbulent fluid viscosity;
p: fluid density;
A: filter width;
*: dimensional variables.

In the large-eddy simulation methodology the physical quantities such as velocity and pressure are decomposed in
large grid-scale (LGS) and sub-grid scale (SGS) components through a filtering process. The filter function used in this
case was set be equal to the length of a control volume face where are considered the convective and diffusive fluxes.
The filter function most common is the filter function by volume. The filter width, A, is generally defined as:

A= (AxAyAz)l/3 in 3D and A = (AxAy)l/z in 2D problems with Ay being the grid size in the x; -axis. In the following

section it will be presented the numerical technique used in this work.
3. Numerical Method

The formulation of control-volume finite element method (CVFEM) involves five basic steps,
Saabas and Baliga (1994a, 1994b): (1) discretization of the domain into finite elements; (2) another discretization of the
domain into control volumes, which surround the nodes of the finite element mesh; (3) definition of element-based
interpolation functions for variables and physical properties of the fluid; (4) derivation of algebraic equations by using
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the sub-domain weighted residual method; and (5) assembling of the element equations creating the global matrix and
the choice of a procedure to compute the system of algebraic equations.

Figure 1 illustrates a nine-node finite element, control volumes and integration points (Ip) at faces of control
volumes inside an element. The continue lines, the bold points, dashed lines and arrows represent the finite element
contour, the nodal points, the control volumes contours and fluxes direction respectively. It can be noticed that each
nodal point is inside a control volume like in finite volume method (FVM) and the integrations are done in counter-
clockwise rotation.
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Figure 1 — Finite element divided in control volumes and integration points.

In order to simplify the integration process, each element in global coordinates (x,y), (Figure 2a), is mapped in a
master element in local coordinates (§,1), (Figure 2b). So, all the nodal points of the integration domain are definite in
the range [-1, 1], which is primordial to apply the integration Gaussian quadrature rule. However, it also must be done a
further mapping to each control volume area and contour inside elements.

X (=1.-1) . (1,=1)

Figure 2 (a) - Element in global coordinates (x,y). | Figure 2 (b) — Master element in local coordinates (§,1).

. . 1+l . .
Thus, the integrals in areas defined by E}z -‘:]2 f(emdedy €A0 be calculated by J‘_l Lg(r,s)drds , which facilitates the
integration process. Integrals in contours are of the type "'52 f(&)de OF J’ 7 f(p)dy» May be calculated as the definite
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In this way, the coefficient matrices are computed element by element in local coordinates and a global system of
equations is assembled like in the classical finite element method. In this work have been used nine Gauss points for
integration in areas to exactly integrate the mass matrix and three Gauss points for integration along contours. After the
assembling, the algebraic global system of equations in the matrix notation is as follow:

KU =F @)



Proceedings of ENCIT 2006 -- ABCM, Curitiba, Brazil, Dec. 5-8, 2006 — Paper CIT06-0681

where it can be seen that the global matrix K depends on the global vector of unknown parameters (U), this occurs due
to the non-linearity of the inertia terms. Iterative successive substitutions were employed to solve Eq. (4) until the
convergence is attained.

The global system of equations is solved by the frontal method developed by Taylor and Hughes (1981). In this
method the global system never is totally assembled in the computer memory. So, personal computers may be used to
solve large problems (with more nodal points or degree of freedom).

Following, is presented the integration process in each control volume. Integrating Egs. (1) and (2), ones obtain for
each element:

Vi g Ui [ 2 e [ o d GU‘ i id
| Yi 4a-0 (6)
QO’xi -

where Q and I' are symbols for area and contour of a control volume around a node inside elements, respectively. The
arrows in Figure 1 indicate the outward normal vector to the contour of a control volume, nj, in which there are

convective and diffusive fluxes. This normal vector for integration in the counter-clockwise direction has been defined
as: fidS =n, dSi +n,dS j = dyi —dxj .
In order to transform the integrals of Egs. (5) and (6) into algebraic equations, the variables in those integrals must

be interpolated by appropriate functions. In this study the variables and coordinates are interpolated by Lagrangian
interpolation functions. The variables inside each element are interpolated as:
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where, according to Dhatt and Touzot (1984),

a interpolation nodes for the velocities;

A: interpolation nodes for the pressure;

N, and N, : interpolation functions;

nnep and nnel:  node numbers for quadratic (parabolic) and linear elements, respectively;
P,: nodal pressure;

U, and V,: nodal values of velocity components;

Xg and Y, :  coordinates at the node a of the elements.

After the replacement of Egs. (7)-(9) into Egs. (5) and (6) ones obtain the set of algebraic equations:

MgUig +CapWipWip —SiapVis + HiapPp = Fia (12)
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DigpUip =0 (13)

where Myp, Cpp, Sigp, Higp, Digp and Fjg are mass coefficients, convection, diffusive, pressure term,

continuity matrices and the source term vector, respectively, for each element. The detailed definition for these matrices
can be founded in Campos-Silva (1998).

After the discretization of the transient term Ui B of Eqgs. (12) and (13) are obtained the following algebraic

equations:

Maﬂ n+l n+l n+l n+l
Uy +0(Cy =S pi +H,,,P," =
o (14)
A Ui = (1=0)(Cl; =S,V —(1-O)H,,,P
DigpU {}}” =0 (15)

where the time discretization parameter (@) is in the range [0, 1]. In the present work was employed the fully implicit
scheme, & = 1. In this case is not necessary the usage of any initial condition for the pressure field.

4. Results

Following are presented the simulations done for a classical benchmark problem: a flow over the backward-facing
step. Despite the simplicity geometrical it presents a substantial complexity in its flows due to the appearing of a
recirculation zone, which posses two opposite vortex.

The main goal of this study is to verify the capability of a turbulence model implemented in an in-house code to
predict the dependent features of the backward-facing step problem (Figure 3) as: reattachment length and corner eddy
recirculation. These results are function of independent parameters as: initial boundary layer state, the initial boundary
layer thickness, free stream turbulence, pressure gradient and aspect ratio.

The geometrical configuration and boundary conditions, for this challenge case, are shown in Figure 3. The inflow
is placed -1.33h upstream of the step (with h=step height). The outflow is located about 28h downstream of the step.
Two cases were performed in this study with different velocity profiles at the inflow (Uyp). In the first and second case
were imposed parabolic and uniform velocity profile conditions at the inflow, respectively. A set of null pressure was
forced at the exit boundary and a set of null velocities was imposed at the remaining walls. In both cases the square of
the Smagorinsky constant was set to ¢2 =0.0324 -
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Figure 3— Computational domain and boundary conditions of the flow in a sudden expansion of a channel.

Figure 4 presents a slice of the computational domain discretized by a non-uniform quadratic nine-node finite
elements; this grid was used for both the cases. This mesh amount 2,550 elements (or 10,413 grid points) and 23,483
degrees of freedom, which correspond to 13 by 51 and 121 by 81 nodal points at the entrance and in the tunnel span of
the channel, respectively.
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Figure 4 — Slice of the computational domain of the backward facing step discretized in 13 by 51 (entrance) and 121 by
81 (tunnel span) grid points.

In Table 1 are showed the boundary conditions for the backward facing step with parabolic velocity profiles in the
entrance. The coordinate R has been started in the middle point of the inlet. The calculations have been performed for
Reynolds numbers of 73 and 229.

Table 1 — Boundary conditions for the backward facing step with parabolic velocity profile in the entrance.

Re, =73
_ _p2 h
Inlet Conditions: Uo =1.330-R%) Re,=229
-1<R<1
Outlet Conditions: p=0
Channel Walls: u=v=0

Figures 5-6 show velocity profiles for Reynolds number equal to 73 along of the channel. The results were
compared to Winterscheidt and Surana (1994) and Campos-Silva (1998). In this second work wasn’t used none
turbulence model, however it can be noted that for this Reynolds number there isn’t a substantial influence of the
turbulence model, so the results present good agreement.
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Figure 5 — U-velocity profiles at the downstream of the backward facing step (X/h=2).
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Figure 6 - U-velocity profiles at the downstream backward facing step (X/h=06).

Velocity profiles for Reynolds number equal to 229 in two points in downstream of the step (X/h=2 and X/h=6)
were compared to Winterscheidt and Surana (1994); Figure 7 enlightens this comparison, which present good
agreement.
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Table 2 shows the reattachment point for the Reynolds number 73 and 229. The results were compared to
numerical (B and C columns) and experimental (A column) values. The experimental value was extract to

Figure 7 - U-velocity profiles at the downstream of the step.
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Winterscheidt & Surana (1994). The results of this work (D column) presented a small deviation (E column), below
14%.

Table 2 — Reattachment point (Lg/h) for the Reynolds numbers 73 and 229.

A B C D E

. Campos-Silva Winterscheidt &  Present ™
Rep, Experimental (1998) Surana (1994) Work [[(C-D)*100]/C|
73 4.0 5.0 53 5.9 11.3%
229 9.7 9.7 11.0 13.4%

Following are presented results which posses uniform velocity profile condition in the inflow of the step flow.
Table 3 presents the boundary conditions and Reynolds number imposed in this case.

Table 3 - Boundary conditions for the backward facing step with uniform velocity profile in the entrance.

Inlet Conditions: Upy=1 10,000 <Rey, < 71,000
Outlet Conditions: p=0
Channel Walls: u=v=0

The results presented are of calculations performed for Reynolds numbers of 10,000, 14,000, 45,000 and 71,000.
Initially, it was simulated the case for Re, = 2,000 with intention to use their velocity profiles as initial condition for
Re,=10,000, which would be used as initial condition for Re,=14,000 and so on, this procedure assisted in the
convergence process.

The numerical values (Lgr/h=7.3) obtained in the present study for all Reynolds numbers simulated shows an
excellent agreement to experimental results (Lg/h=7 £ 1) by Kim et al (1978). Thought the results can be noted that the
flow apparently becomes independent of the Reynolds number when the boundary layer is fully turbulent, this also was
observed by Eaton and Johnston (1981).

The streamlines are exhibited in the Figures 8-11 for Reynolds numbers of 10,000, 14,000, 45,000 and 71,000,
respectively. The streamlines become possible the visualization of the separation line of the flow over the backward-
facing step, which is straight and fixed at the downstream of the step. There is only one separated flow zone with two
opposing eddies.
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Figure 8 - Streamlines in a sudden expansion of a channel for Re;,=10,000.
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Figure 9 - Streamlines in a sudden expansion of a channel for Re,=14,000.
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Figure 11 - Streamlines in a sudden expansion of a channel for Re;=71,000.

5. Conclusions

In the present work were presented large-eddy simulations by a control volume—finite element or sub-domain finite
element method using nine-node finite elements with quadratic and linear interpolation functions for velocity and
pressure fields, respectively. The benchmark problem backward-facing step flows have been solved on Pentium 4
personal computer, 2 GHz and 2 Gb of RAM. Despite, no upwind technique has been applied and the fully implicit first
order method has been used for time discretization the results present excellent agreement to results available from the
literature.

In the flow over a backward facing step two principal parameters are evaluated: reattachment length values (a
comparison can be view in Table 2) and the appearing of the corner eddy recirculation, which can be noted in Figures 8§
-11. Both the results present good agreement to the literature.
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