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d�êz}tê T!UNM×ìxILKNXn­Zí¢­Z¦�­ZítfLM1M:h�¦N¥#­Zí¨ILK

1 ÷Rùnû/ór�Lñ�ö
ú�ï��+ó�÷vúªûi÷«ûgöa�Sð�ð�ñb÷vøvò}ùR÷vñnóªö
ïxøa�V�iû/ý õ�ñZô!ò}ö
ï/÷vøvïxü�ò}ù«ÿ¢õ�óªùp÷vò ïxó�ï/ÿ�û�öa�Sð�ð�ñb÷vøvò}ùH.
D
0�û/óªô�û�öa2xñ��L�döa�Sð�ð�ñb÷vøvò}ù

.
W̄
0R÷vñnóªö
ïxø]úªûxö9÷vú�ñ�ÿ¢ïxý ý ï��+ò ó��>�xñnó�ñnø_û/ýLÿ¢ïxøvð=$

T = ᾱ0I + ᾱ1D + ᾱ2W̄
2 + ᾱ3D

2 + ᾱ4
(

DW̄ − W̄D
)

+ ᾱ5
(

W̄DW̄
)

+

+ᾱ6

(

D2W̄ − W̄D
2
)

+ ᾱ7

(

W̄DW̄
2 − W̄ 2DW̄

) .'i�i�0

�+ú�ñnøvñ�÷vú�ñ!ùbï#ñ���ùbò ñnóx÷_ö
ᾱi

û/øvñDÿ¢õ�óªùp÷vò ïxóªö+ï/ÿYövùnû/ý}û/ø]ò ó	�/û/øvò}û/óx÷pö�$

ᾱi = ᾱi(trD, trD
2, trD3, trW̄2, trDW̄

2
, trD2W̄2, trD2W̄2DW̄)

.'i5q	0

d�ê ~�ê ¯tí¨VGW�§¢ít��ìx¥#­Zí¨ILKNX
�dIª¬�­bj�I�k_®Ní¨V'MSKNXní¨ILKN¥�§«í¨KNìxILVGWN¬iMSXZXZí�©�§¨MR��I:j�X

d�ê ~�ê¨éLê ¤g§¨¥�KNMc��I:j�X
n/!%õªûi÷vò ïxó\.'i�i�09ò}ö�ö
ò �xó�ò )Lùnû/ó%÷vý �Ìö
ò ð�ü�ý ò )ªñZôÌÿ¢ïxø�ü�ý}û/ó�ñgò óªùbïxð�ü�øvñZövö
ò ��ý ñH�ªï���ö�.t@�ïxüLñxþ�O"P:Q5`��#úªûxö�ô#ïxó�ñ�÷vú�ò}ö+ÿ¢ïxø

W
ò ó

÷vú�ñgü�ý}ûxùbñ�ï/ÿ
W̄
09�


�ñnóªö
ïxø
W̄2

ùnû/ó=�Lñ�ñ�+#ü�øvñZövö
ñZôÌûxö+û�ÿ¢õ�óªùp÷vò ïxó�ï/ÿ
D2
þ#÷vø

W̄2
û/óªôJ÷vø

D2
�


�ñnóªö
ïxø
W̄DW̄ = − 1

2
(trW̄2)D

�

�ñnóªö
ïxø

D2W̄ − W̄D2 = 0
�


�ñnóªö
ïxø
W̄DW̄2 − W̄2DW̄ = − 1

2
(trW̄2)(DW̄ − W̄D)

�
��õ�ø
÷vú�ñnøvð�ïxøvñxþ

trD = trD3 = trDW̄
2
= trD2W̄2DW̄ = 0

.'i�s:0
B�ñnóªùbñxþ�ñ"!%õªûi÷vò ïxóªöH.'i�i�0]û/óªôD.'i5q	0RøvñZô#õªùbñ�÷vï�$

T = α0I + α1D + α3D
2 + α4

(

DW̄ − W̄D
) .'i�`�0

αi = αi(trD
2, trW̄2)

.'i5^	0
d�ê ~�ê[d�ê4�C� í¨XnOtV'VGM%­n¬ií¨ìC��I:j�X

1 ÿ��9ñ9ùbïxóªö
ò}ô#ñnøvñZô!û�+#ò}öa�Sð�ð�ñb÷vøvò}ùYò óªùbïxð�ü�øvñZövö
ò ��ý ñ��ªï���önþ�ú�ï��Rñ��xñnøZþZ÷vú�ñ9ïxó�ý �gö
ò ð�ü�ý ò )Lùnûi÷vò ïxó!ò}ö�÷vúªûi÷N÷vñnóªö
ïxø
W̄DW̄2−

W̄2DW̄
øvñZôSõªùbñ�÷vï − 1

2
(trW̄2)(DW̄ − W̄D)

�

d�ê[��ê ¤DM%¬�� Iª¬iV'¥�KNìxM1í¨K�XZUNMS¥#¬J¥�KN®�M � ­ZMSKNXZí¨ILK
n��xñnø&�>�Sò}övùbïxð�ñb÷vøvò}ù,�ªï���ò}ö9ý ï#ùnû/ý ý ��ûkö
ò ð�ü�ý ñ�ö
ú�ñZû/ø/�ªï��6�x��ïxø]ö
ò ð�ü�ý ñgö
ú�ñZû/ø��ªï���.

v = γ̇x2e1
þ:�+ú�ñnøvñ

γ̇
ò}öR÷vú�ñ�ö
ú�ñZû/ø

ø_ûi÷vñ�0pþ�n/!w�z.'i�`�0/�xò �xñZö9÷vú�ñ�ÿ¢ïxý ý ï��+ò ó���ñ�+#ü�øvñZövö
ò ïxóªöRÿ¢ïxø]÷vú�ñgð�ûi÷vñnøvò}û/ýLÿ¢õ�óªùp÷vò ïxóªö�$

ηs ≡
T21

γ̇
=

1

2
α1

.'i	Q50

Ψ1 ≡
T11 − T22

γ̇2
= α4

.'i5v	0

Ψ2 ≡
T22 − T33

γ̇2
=

1

4
(α3 − 2α4)

.'i5P	0

��ïxø�ñ�+S÷vñnóªö
ò ïxóªû/ý��ªï���ö
.
v = ε̇x1e1 − 1

2
ε̇ (1 + b)x2e2 − 1

2
ε̇ (1− b)x3e3

�+ú�ñnøvñ
0 ≤ b ≤ 1

û/óªô
ε̇
ò}ö�÷vú�ñ�ñ�+S÷vñnóªö
ò ïxó

ø_ûi÷vñ�0pþ�n/!w�z.'i�`�0/�xò �xñZö9÷vú�ñ�ÿ¢ïxý ý ï��+ò ó���ñ�+#ü�øvñZövö
ò ïxóªöRÿ¢ïxø]÷vú�ñgð�ûi÷vñnøvò}û/ýLÿ¢õ�óªùp÷vò ïxóªö�$

η̄1 ≡
T11 − T22

ε̇
=

3 + b

2
α1 +

4− (1 + b)2

4
α3ε̇

.oq�Y	0

η̄2 ≡
T33 − T22

ε̇
= bα1 − bα3ε̇

.oq�O�0

nx+S÷vñnóªö
ò ïxóªû/ý��ªï���önþ�úªû"�xñ�÷vú�øvñnñ�üsï%övö
ò ��ý ñgùnûxö
ñZö9ÿ¢ïxø+ü�ý}û/ó�ñ!û/óªô�û�+#ò}öa�Sð�ð�ñb÷vøvò}ù<�xñnïxð�ñb÷vøvò ñZö�$Yü�ý}û/óªû/ø]ñný ïxó��%ûi÷vò ïxó*.
b =

1
0pþYõ�ó�ò}û�+#ò}û/ý9ñný ïxó��%ûi÷vò ïxó�.

ε̇ > 0
û/óªô

b = 0
0!û/óªô%��ò}û�+#ò}û/ý9öf÷vøvñb÷_ù_ú�ò ó��N.

ε̇ < 0
û/óªô

b = 0
09�*��ïxø!÷vú�ñC)ªø_öf÷�ùnûxö
ñxþN÷vú�ñ

ð�ûi÷vñnøvò}û/ýsÿ¢õ�óªùp÷vò ïxóªö�û/øvñA�xò �xñnóR�:�K$

η̄1 ≡
T11 − T22

ε̇
= 2α1

.oq	i�0

s
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η̄2 ≡
T33 − T22

ε̇
= α1 − α3ε̇

.oq�q	0

��ïxø�÷vú�ñ�ö
ñZùpïxóªô�ùnûxö
ñxþ9÷vú�ñ�ö
ñZùbïxóªô��Sò}övùbï%ö
ò ÷#�N�iû/ó�ò}ö
ú�ñZö�û/óªô��9ñ×ùnû/ó-ô#ñ�)ªó�ñ�û�ÿ¢õ�óªùp÷vò ïxó
ηu
ûxö�ïxó�ñ���÷vú�ò ø_ôQï/ÿ�÷vú�ñ

ñ�+S÷vñnóªö
ò ïxóªû/ý��Sò}övùbï%ö
ò ÷#�K$

ηu ≡
T11 − T22

3ε̇

∣

∣

∣

∣

b=0

=
1

2
α1 +

1

4
α3ε̇

.oq5s:0

E ý ý«öf÷vñZûxô��1ð�ûi÷vñnøvò}û/ý�ÿ¢õ�óªùp÷vò ïxóªögû/øvñkô#ñ�)ªó�ñZô3�+ò ÷vú�÷vú�ñ�ôSñbÿ¢ïxøvð�ûi÷vò ïxó�ø_ûi÷vñ�ûxö�÷vú�ñ�ò óªô#ñnüLñnóªô#ñnó%÷6�/û/øvò}û5��ý ñ�� E ó�ï/÷vú�ñnø
�/û/øvò}û5��ý ñgò}ö�ó�ñnñZô#ñZôÌ÷vïJùbý}ûxövö
ò ÿt�J÷vú�ñ!÷��Süsñ!ï/ÿ�÷vú�ñ��ªï��6�L_�ò ÷vú1÷vú�ñZö
ñ!÷��9ïC�/û/øvò}û5��ý ñZönþ�õªö
ò ó��Cn/!w�z.'i�`�0L�9ñ�ùnû/ó1ï��#÷_û/ò ó\.'i	Q50
÷vïD.oq5s:0+ò óªô#ñnüLñnóªô#ñnó%÷vý ���gîSïªþªÿ¢ïxø�÷vú�ò}ö�øvñZûxö
ïxótþ�÷vú�ñ�øvñZö
õ�ý ÷�ùbïxóªùbñnøvó�ò ó���÷vú�ñkô#ñnüsñnóªô#ñnóªùbñ�ïxó�÷_ú#ñ�övùnû/ý}û/ø�ò ó:�iû/øvò}û/ó%÷_ö
.'i5^	0pþ
ï��#÷_û/ò ó�ñZô�ÿ¢ïxø�ü�ý}û/ó�ñ>�ªï���önþ�û/øvñ�ñ�+S÷vñnóªô#ñZôF÷vï×û�+#ò�öa�Sð�ð�ñb÷vøvò}ù
�ªï���ö��c
]ú�ñnøvñbÿ¢ïxøvñ�ò ÷
�+ò ý ý/�sñJùbïxóªö
ò}ô#ñnøvñZô�÷vúªûi÷!ÿ¢ïxø!ü�ý}û/ó�ñ
û/óªôGû�+#ò}öa�Sð�ð�ñb÷vøvò}ùr�ªï���önþ

αi = αi(trD
2, trW̄2)

ïxø!ò ó'û/óFñ"!%õ�ò �/û/ý ñnóx÷!ÿ¢ïxøvð ÷vúªûi÷�ö
ú�ï���ögñ�+#ü�ý ò}ùbò ÷vý ��÷vú�ñJò}ô#ñZû1ûi÷!÷vú�ñ
�sñ��xò ó�ó�ò ó���ï/ÿ�÷vú�ñgüªû/ø_û5�xø_ûiü�ú�$

αi = αi(γ̇, R)
.oq	`�0

�+ú�ñnøvñ
γ̇ ≡ (2trD2)

1
2

ò}ö]÷vú�ñ!ôSñbÿ¢ïxøvð�ûi÷vò ïxóÌø_ûi÷vñgû/óªô
R ≡ − trD2

trW̄2

ò}ö�û
�ªï��L��÷#�SüLñgùbý}ûxövö
ò )ªñnø"�

d�êz�têR� §¨I:jrkv­_O�WRM1ìx§¨¥�XZXZít��M%¬

1 ó�ïxø_ô#ñnø�÷vï'ù_úªû/ø_ûxùp÷vñnøvò �nñÌ÷vú�ñc�ªï��gþ]÷vú�ñ�ùbøvò ÷vñnøvò õ�ð ü�øvñZö
ñnóx÷vñZô7ò ó E öf÷_û/øvò ÷_û�þAO"P:Q�P�þp�ªûxö
ñZôQïxóQ÷vú�ñ×ò ó:�iû/øvò}û/óªùbñ�ï/ÿ
÷vú�ñJøvñbý�ûi÷vò �/ñ�� ø_ûi÷vñ�� ïiÿ[� øvïi÷_ûi÷vò ïxó�÷vñnóªö
ïxøZþ�ò}ö!õªö
ñZô�ú�ñnøvñ��=
]ú�ñJô#ñbÿ¢ïxøvð�ûi÷vò ïxó�ø_ûi÷vñ�üªû/ø_û/ð�ñb÷vñnøC.

s2
0gû/óªô�÷vú�ñJøvï/÷_ûi÷vò ïxó�ø_ûi÷vñ

üªû/ø_û/ð�ñb÷vñnø6.
w2
0]û/øvñ�ô#ñ�)ªó�ñZôÌøvñZö
üLñZùp÷vò �xñný �Jûxö�$

s2 = tr(S2) = SmnSnm
û/óªô

w2 = −tr(W2
) = −WmnWnm.

.oq�^	0
] ñ�)ªó�ò ó��

R
ûxö9÷vú�ñgø_ûi÷vò ï>�Lñb÷��9ñnñnóÌ÷vú�ñZö
ñ�÷��9ï�!%õªû/ó%÷vò ÷vò ñZö�$

R =
w2

s2
= −WmnWnm

SmnSnm

.oq:Q50

�+ú�ò}ù_úÌ÷_û52xñH�iû/ý õ�ñZö9ÿ¢øvïxð
0
÷vï ∞.
]ú�ò}öp2Sò óªô�ï/ÿ�üªû/ø_û/ð�ñb÷vñnø9ùnû/ó4�Lñ�õªö
ñZô�÷vï�ùbý}ûxövö
ò ÿt�r�ªï���ö�� 1 ÷]ò}ö9ý ï#ùnû/ý�þSï���udñZùp÷vò �xñxþSò}ö9ó�ï/÷]øvñZöf÷vøvò}ùp÷vñZô�÷_ïkûkùbý}ûxövöRï/ÿ��ªï��

û/óªô�ò}ögñnóx÷vò øvñný �(2Sò ó�ñnð�ûi÷vò}ù=.�÷vú�ñnøvñ�ò}ö�ó�ïÌð�ûi÷_ñbøvò�û/ý�ü�øvïxüLñnø
÷#�1ò ó	�xïxý �xñZô�09� 1 ÷!ò}ögûÌð�ñZûxö
õ�øvñkï/ÿ9ú�ï�� ð!õªù_ú�÷vú�ñ�ð�ûi÷vñnøvò}û/ý
û��xïxò}ô�ö!öf÷vøvñb÷_ù_ú�ò ó��c�:��ð�ñZû/óªö!ï/ÿ�û1øvï/÷_ûi÷vò ïxó�.¢øvñný}ûi÷vò �xñ�÷vï1÷vú�ñJü�øvò óªùbò üªû/ý9ô#ò øvñZùp÷vò ïxóªögï/ÿ�öf÷vøvñb÷_ù_ú�ò ó��:09� 1 óF÷vú�ò}ö�ö
ñnóªö
ñxþ�ò ÷
ò}ö�ñ�+#üsñZùp÷vñZôF÷vúªûi÷�ûi÷kïxó�ñJö
ò}ô#ñJï/ÿ+÷vú�ñÌý ò ð�ò ÷vò ó���ùnûxö
ñZö�öf÷_û/óªô�ög÷vú�ñÌñ�+S÷vñnóªö
ò ïxóªû/ý/2Sò ó�ñnð�ûi÷vò}ùnönþF�sñZùnû/õªö
ñ�÷vú�ñJð�ûi÷vñnøvò}û/ýRò}ö
ó�ï/÷gû"�xïxò}ô#ò ó���÷vï4�Lñköf÷_øvñp÷pùvú�ñZô×ûi÷�û/ý ý'�K�+ú�ò ý ñ�ûi÷D÷vú�ñ�ï/÷vú�ñnø�ö
ò}ô#ñ�ò}ö�÷vú�ñkøvò �xò}ô=�Lï�ô���ð�ï/÷vò ïxótþw�+ú�ñnó1÷vú�ñkð�ûi÷vñnøvò}û/ý�ò}öDó�ï/÷
öf÷vøvñb÷_ù_ú�ñZô�� 1 ó(ÿ¨ûxùp÷Zþ«ò ÷�ùnû/óN�Lñ1ö
ú�ï��+óy. E öf÷_û/øvò ÷_û�þ?O"P:Q�P	0�÷vúªûi÷�ÿ¢ïxø�ü�õ�øvñÌñ�+S÷vñnóªö
ò ïxóªû/ý/�ªï��gþ

R � Y�û/óªô(ûxö�÷vú�ñR�ªï��
û/ü�ü�øvï%ûxù_ú�ñZö�÷vï×û×ö
ïxý ò}ôD�Lï�ô���ð�ï/÷vò ïxótþ

R → ∞ �=n��/ñnø&��ï/÷vú�ñnø�2Sò óªôFï/ÿp�ªï���ý ò ñZö!ò ó%�Lñb÷#�9ñbñnótþ�ò óªùbý õªô#ò ó��×ü�õ�øvñ�ö
ú�ñZû/ø�ªï���önþ:�+ú�ñnøvñ
R � Oxþ:�+ú�ò}ùvúJò}ö]ùbïxóªö
ò}ô#ñnøvñZôk÷vïr�Lñ�û/ó�ï/÷vú�ñnøRý ò ð�ò ÷vò}ó���ùnûxö
ñr.¢ïxóÌûri�� ]  9û/ø
÷vñZö
ò}û/ó>�ªï��7÷vú�ñA�/û/ý õ�ñ R = 1

ò}ö
÷vú�ñ�ö
õ�ü�øvñnð!õ�ð�ÿ¢ïxø9ñný ý ò ü#÷vò}ùnû/ý��ªï���ö<. E öf÷_û/øvò ÷_û�þwO"P�P�O�0pþ%û/óªô�û!ò ó�)ªð!õ�ð ÿ¢ïxø]öf÷vøvïxó��H�ªï���önþK.o
Nû/ó�ó�ñnø9û/óªôCB�õ�ò ý �xïxý�þKO"P:Q5`50&09�

]ú�ò}öküªû/ø_û/ð�ñb÷vñnø
�9ûxö�)ªø_öf÷vý �Fõªö
ñZôGò óQùbïxóªöf÷vò ÷võ#÷vò �xñJð�ï#ô#ñný}ö�)ªø_öf÷kò}óQî#ù_ú%õ�ó�2'û/óªô(î#ùbøvò �xñnótþ,O"P�P�Y�þ��+ú�ñnøvñJñ�+S÷vñnóªö
ò ïxóªû/ý
û/óªô×ö
ú�ñZû/ø<�Sò}övùbï%ö
ò ÷#�Ìñ�-sñZùp÷_ö<�9ñnøvñ�ô#ñZùbïxõ�ü�ý ñZô��sò óFîSïxõ��nû4J1ñnóªô#ñZöDñb÷�û/ý'� þFO"P�P	`Sþ��+ú�ñnøvñkû�ó�ñ����Rñnò �xú%÷Dÿ¢õ�óªùp÷vò ïxó1ÿ¢ïxøD÷vú�ñ
�Sò}övùbï%ö
ò ÷#���9ûxö�ü�øvïxüLï%ö
ñZôkû/óªô!÷vú�ñ+ü�øvñZô#ò}ùp÷vò ïxó�ÿ¢ïxø�÷vú�ñ�ö
ñZùbïxóªô�ó�ïxøvð�û/ý#öf÷vøvñZövöYô#ò -sñnøvñnóªùbñL�]ûxö�ò óªùbý õªô#ñZô�û/óªô�ò ó�
]ú�ïxð�üªö
ïxó
ñb÷!û/ý'� þ�O"P�P�P�þK�+ú�ñnøvñ�û/ý ýN÷vú�ñ�øvú�ñnïxý ï��xò}ùnû/ý�ÿ¢õ#óªùp÷vò ïxóªö�ÿ¢ïxø!öf÷_ûi÷vò ïxóªû/ø&�R�ªï��gþtò óFö
ú�ñZû/ø>.¢ò óªùbý õªô#ò ó��Ì÷vú�ñr)ªø_öf÷gó�ïxøvð�û/ý�öf÷vøvñZövö
ô#ò -sñnøvñnóªùbñ�0]û/óªôÌñ�+S÷vñnóªö
ò ïxó�û/øvñA�Lñnò ó���ùnû/øvøvò ñZô�÷vï�øvñ��xò ïxóªö9ï/ÿYùbïxð�ü�ý ñ�+C�ªï���ö��

]ú�ò}ö?!%õªû/óx÷vò ÷#�Jùnû/ó=�Lñgó�ïxøvð�û/ý ò �nñZô�÷vï�û"�xïxò}ôJó%õ�ð�ñnøvò}ùnû/ý�ü�øvï���ý ñnð�öL�+ú�ñnó

R→∞ $

D =
1−R
1 +R

.
.oq�v	0


]ú�ñ!övùnû/ý}û/ø
D
�+ò ý ýt÷_û52/ñ6�/û/ý õ�ñnö,�Lñb÷#�9ñnñnóR�bO!û/óªô(�
O��/��ïxø+ü�õ�øvñ!ö
ú�ñZû/øL�ªï��gþ

D = 0
��ÿ¢ïxø�ü�õ�øvñgñ�+S÷vñnóªö
ò ïxóªû/ýK�ªï��gþ

D

= +1
û/óªô×ûxö�÷vú�ñ
�ªï��
û/ü�ü�øvï�+#ò ð�ûi÷vñZö+÷vïÌûJö
ïxý ò}ôc�Lï#ô���ð�ï/÷vò ïxótþ

D → −1 �A_�ò ÷vú�÷vú�ò}öDð�û/ü×÷vúªûi÷�ü�ý}ûxùbñZö�÷vú�ñ!÷#�SüLñkï/ÿ2Sò ó�ñnð�ûi÷vò}ùnö]÷vúªûi÷]÷vú�ñH�ªõ�ò}ôÌò}ö,�xïxò ó���÷vú�øvïxõ��xú�û/óÌñ�+�ùbñný ý ñnó%÷+÷vïSïxýsÿ¢ïxø]÷vú�ñgò óx÷_ñbøvü�øvñb÷_ûi÷vò}ïxóJï/ÿ�øvñZö
õ�ý ÷_ö]ò}ö]ü�øvï��Sò}ô#ñZô��

d�ê[��ê ¯tMSìxILKN®7§¨¥	j Iw�+­ZUNM%¬iV'It®�OtKN¥�V'í¢ìxX

d�ê[��ê¨éLê HJ¥#­ZM×Iw�LjkIª¬��Q®NILKNM�©tO(­ZUNM1Xn­n¬iMSXZXk­ZMSKNXZIª¬

]ú�ñgø_ûi÷vñ�ï/ÿF�9ïxø&2�ô#ïxó�ñH�:��÷vú�ñ!öf÷vøvñZövöR÷vñnóªö
ïxø]÷vúªûi÷Dùbïxóx÷vøvò ��õ#÷vñZö]÷vïk÷vú�ñ!ù_úªû/ó��xñ�ï/ÿ�ò óx÷vñnøvóªû/ýtñnó�ñnø&����ò}ö

T : ∇v �

`
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_�ú�ñnó
T
ò}ö,�xò �/ñnóR�:�4n/!w�z.'i�`�0pþS÷vú�ò}ö?!%õªû/ó%÷vò ÷��Ìùnû/óR�sñH�+øvò ÷
÷vñnó1ûxö�$

T : ∇v = tr[α1D
2 + α3D

3]
.oq�P	0

��ïxø�û*GH�<I��ªõ�ò}ô�þ9ö
ñZùbïxóªô'ý}û"�Aï/ÿ�÷vú�ñnøvð�ï#ô��Sóªû/ð�ò}ùnö
�9ïxõ�ý}ô'øvñ"!%õ�ò øvñ�÷vúªûi÷
T : ∇v ≥ 0

�\
]ú�ò}ökò}ökñ"!%õ�ò �/û/ý ñnó%÷�÷vï
ûxövö
õ�ð�ò ó���÷vúªûi÷D÷vú�ñ�ø_ûi÷vñ!ï/ÿx�9ïxø&2Jò}ö�û/ý �9û��#ö�ô#ò}övö
ò üªûi÷vò �xñ��?
]ú�ò}öDúªû/ü�üLñnóªö?�LñZùnû/õªö
ñ�û4GH�<I%�ªõ�ò}ô1ò}ö�û�ö
õ��ªöf÷_û/óªùbñ��+ú�ï%ö
ñ
÷vú�ñnøvð�ï�ô��Sóªû/ð�ò}ù�öf÷_ûi÷vñ�ò}ö�ô#ñ�)ªó�ñZô��:�G÷#�9ïFò ó%÷vñnóªö
ò �/ñ�÷vú�ñnøvð�ï#ô��Sóªû/ð�ò}ùÌü�øvïxüLñnø
÷vò ñZö�� 1 ÷Jùnû/óQó�ï/÷�ü�øvñnô#ò}ùp÷Jû/ó:�'ñný}ûxöf÷vò}ù
ð�ûi÷vñnøvò}û/ý«ÿ¢õ�óªùp÷vò ïxó'ïxø��sñnúªû"�Sò ïxø"�×îSò óªùbñ4�9ñJùnû/óGð�û52xñ�û/ó:��÷vñnóªö
ïxø
�Lñb÷#�Rñnñnó

D2
û/óªô

D3
ô#ïxð�ò óªû/ó%÷ZþN÷vú�ò}ökùbïxó�ô#ò ÷_ò ïxó

�9ïxõ�ý}ôÌøvñnö
õ�ý ÷�ò ó�$

tr[α1D
2] ≥ 0

.os	Y	0

tr[α3D
3] ≥ 0

.os�O�0

îSïxð�ñ�ùbïxóªùbý õªö
ò ïxóªöA�Rïxõ�ý}ô3�Lñ�÷vúªûi÷
α1 ≥ 0

þ�û/óªô
α3
úªûxöD÷vú�ñ�ïxü�üLï%ö
ò ÷vñ�ö
ò �xó�ï/ÿ

trD3
�>
]ú�ñZö
ñ�øvñZöf÷vøvò}ùp÷vò ïxóªö�ô#ïÌó�ï/÷

ó�ñZùbñZövövû/øvò ý �kû/ü�ü�ý �k÷vïg÷vú�ñDü�øvñZö
ñnó%÷Rð�ï�ô#ñný�þSô#ñZö
ü�ò ÷vñ�÷vú�ñ�ÿ¨ûxùp÷R÷vúªûi÷R÷vú�ñ�öf÷vøvñZövöYò}ö9û!ö
ïxý ñ+ÿ¢õ�óªùp÷vò ïxóJï/ÿs÷vú�ñDü�øvñZö
ñnó%÷«÷vò ð�ñ�û/óªô
üsï%ö
ò ÷vò ïxó��
��ïxø�û�üLñnø
ÿ¢ñZùp÷�ñný}ûxöf÷vò}ùJð�ûi÷vñnøvò}û/ý�þYò ÿ<�9ñÌúªû��/ñÌõ�ó�ò}û�+#ò}û/ý9ñný ïxó��%ûi÷vò ïxótþYò ÷�ò}ökñ�+#üsñZù_÷_ñnôG÷vúªûi÷�÷vú�ò}ökð�ûi÷vñnøvò}û/ýp�+ò ý ý+öf÷vïxøvñ

ñnó�ñnø&���xþ�û/óªô�ÿ¢ïxø�ûc��ò}û�+#ò}û/ýRöf÷vøvñb÷_ù_ú�ò ó��ªþNò ÷_ö!ò ó%÷vñnøvóªû/ýRñnó�ñnø&���(�9ïxõ�ý}ôGô#ñZùbøvñZûxö
ñ(.¢ò óF÷vú�ò}ö�ùnûxö
ñxþ�÷vú�ò}ö
�Rïxõ�ý}ôFøvñ"!%õ�ò øvñ�÷vúªûi÷
α3 ≥ 0

09�x��ïxø9û6�Sò}övùbï#ñný}ûxöf÷vò}ù]ð�ûi÷vñnøvò}û/ýLû!ô#ò}övö
ò üªûi÷vò �xñDû/óªô�û/ó�ñný}ûxöf÷vò}ù+ø_ûi÷_ñ+ï/ÿ��9ïxø&2�ñ�+#ò}öf÷_öY÷_ï��xñp÷_ú#ñnø"� 1 ÷]ùnû/óC�Lñ�öf÷vøvñb÷_ùvú�ñZô
.¢ò óªùbøvñZûxö
ò ó���ò ÷_ö�ò ó%÷vñnøvóªû/ýYñnó�ñnø&����0?�+ò ÷vú�ïxõ#÷�ù_úªû/ó��xñZö�ïxóFô#ñnóªö
ò ÷#��û/óªô×÷vñnð�üsñnø_ûi÷võ�øvñ��>��ïxø!û/ó�ò óªùbïxð�ü�øvñZövö
ò ��ý ñkð�ûi÷vñnøvò}û/ý
û/óªôÌò}ö
ï/÷vú�ñnøvð�û/ýw�ªï��gþS÷vú�ñ!ö
ñZùbïxóªôJý}û��4ï/ÿN÷vú�ñnøvð�ï#ô��Sóªû/ð�ò}ùnöp�sñZùbïxð�ñZö6.oJ×ûxù&2/û"�Jû/óªô E öf÷_û/øvò ÷_û�þ�O"P�P�^	09$

T : ∇v ≥ ρ
Da

Dt

.ts:i�0

�+ú�ñnøvñ
a
ò}ö]÷vú�ñ�B�ñný ð�ú�ïxý ÷&��ÿ¢øvñnñgñnó�ñnø&������
]ú�ñnøvñbÿ�ïxøvñxþS÷vú�ñ!ø_ûi÷vñ�ï/ÿxB�ñný ð�ú�ïxý ÷&��ÿ¢øvñnñgñnó�ñnø&����ò óªô#ò}ùnûi÷vñZö]÷vú�ñgñný}ûxöf÷vò}ù�üªû/ø
÷+ï/ÿ

÷vú�ñ�öf÷vøvñZövöDüLï��9ñnø"�6��ïxø�ûJüLñnø
ÿ¢ñZùp÷�ñný}ûxöf÷vò}ù!ð�ûi÷vñnøvò}û/ý�þKn/!w�z.ts:i�0�ú�ïxý}ô�ö�ûxö�û/ó�ñ"!%õªû/ý ò ÷#���6��ïxø�û=GH�<I\�ªõ�ò}ô�þs÷vú�ñkøvò �xú%÷�ö
ò}ô#ñ
�/û/ó�ò}ö
ú�ñZö��
E ó�ï/÷vú�ñnø«ò ð�üLïxø
÷_û/ó%÷«ï��ªö
ñnø&�/ûi÷vò ï/óký ò ñZöYïxó�ïxó�ñ�ï/ÿL÷vú�ñ�ð�û/ò ó�ô#ò -sñnøvñnóªùbñZöx�Lñb÷#�9ñnñnó�ö
ò ð�ü�ý ñDö
ú�ñZû/øF�ªï��7û/óªôkñ�+S÷vñnóªö
ò ïxóªû/ý

�ªï��6� 1 óGö
ò ð�ü�ý ñJö
ú�ñZû/øZþtó�ïxøvð�û/ý«öf÷_øvñnövö
ñZögû/øvñ�ô#ñZùbïxõ�ü�ý ñZô�ÿ¢øvïxð��Sò}övùbïxõªögöf÷vøvñZövö
ñZö��4�Nò ø_öf÷�û/óªôFö
ñZùbïxóªô�ó�ïxøvð�û/ýRöf÷vøvñZövö
ñZö
ô#ò -sñnøvñnóªùbñZö]ò óÌö
ú�ñZû/ø+û/øvñ�öf÷vøvò}ùp÷vý ��øvñný}ûi÷vñZô�÷vïkñný}ûxöf÷vò}ùDñ�-sñZùp÷_öL�+ú�ò ý ñgö
ú�ñZû/øp�Sò}övùbï%ö
ò ÷#��ò}ö+ôSò�övö
ò üªûi÷vò �/ñ��/7DóJñ�+S÷vñnóªö
ò ïxóªû/ýw�ªï��
÷vú�ñnøvñ�û/øvñkïxó�ý ��ó#ïxøvð�û/ý«öf÷vøvñZövö
ñZö�û/óªô�÷vú�ñnøvñbÿ¢ïxøvñkïxóFò ÷_ö�ð�ûi÷vñnøvò}û/ý�ÿ¢õ�óªùp÷vò ïxóªö�÷vú�ñnøvñ�û/øvñ�ô#ò}övö
ò üªûi÷vò �xñ�û/óªô�ñný}ûxöf÷vò}ùkñ�-sñZùp÷_ö
ùbï#ñ�+#ò}öf÷vò ó�����îSï�÷vú�ñDùvúªû/ó��xñ]ï/ÿ�ûA�Sò}övùbïSñný}ûxöf÷_ò}ùRð�ûi÷vñnøvò}û/ýSÿ¢øvïxð û/ókñ�+S÷vñnóªö
ò ïxóªû/ý�2Sò ó�ñnð�ûi÷vò}ù9÷vïgö
ò ð�ü�ý ñ�ö
ú�ñZû/ø«ùnû/ór�sñ+ö
ñnñnó�ûxö
ûr)ªý ÷vñnø�÷vúªûi÷Dö
ñnüªû/ø_ûi÷vñZö+ô#ò}övö
ò üªûi÷vò �/ñ�ÿ¢øvïxð ñný}ûxöf÷vò}ù�ñZö
üLñZùp÷vø_û��/
]ú�ñnøvñbÿ¢ïxøvñxþ#ò ÷�ô#ïSñZö+ó�ï/÷Dö
ñnñnð û/ü�ü�øvïxü�øvò}ûi÷vñ�÷vï�õªö
ñxþ#ÿ¢ïxø+÷vú�ñ
ó�ïxøvð�û/ý�öf÷vøvñZövö
ñZö9ô#ò -sñnøvñnóªùbñZö9ò óÌñ�+S÷vñnóªö
ò ïxótþ%÷vú�ñ�÷vñnøvð�� ñ�+S÷vñnóªö
ò ïxóªû/ý

viscosities � ��
]ú#ñ�ïxøvò �xò ó�ï/ÿ�÷vú�ñ�ó�û/ð�ñ�ò}ö9ü�øvï��ªû5��ý �øvñný}ûi÷vñZô�÷vïk÷vú�ñ6��ñ��]÷vïxó�ò}û/óC�ªõ�ò}ô�þ��+ú�ñnøvñD÷vú�ñnøvñ�ò�ö9ó�ïkñný}ûxöf÷vò}ùbò ÷#��û/óªô�÷vú�ñnøvñbÿ¢ïxøvñ�ñ�+S÷vñnóªö
ò ïxóªû/ýLð�ûi÷_ñbøvò�û/ýªÿ¢õ�óªùp÷vò ïxóªö]ò ó:�/ïxý �xñ
÷vú�ñ!ö
ú�ñZû/ø,�Sò}övùbï%ö
ò ÷#��ïxó�ý ���

7Dó�ñ(�9û��Qï/ÿ�ÿ¢ïxøvð!õ�ý}ûi÷vò ó��G÷vú�ò}ö�ò}ô#ñZû�.¨ö
ñnñ3
]ú�ïxð�üªö
ïxótþ<i5Y�Y�O�0�ò}ö�÷vï(ö
ñnüªû/ø_ûi÷vñ1ñný}ûxöf÷vò}ù×û/óªô�ô#ò}övö
ò üªûi÷vò �/ñ×ñ�-sñZùp÷_ö�ï/ÿ
ñ�+S÷vñnóªö
ò ïxóªû/ý��Sò}övùbï%ö
ò ÷#���:�Jõªö
ò ó���ûküªû/ø_û/ð�ñb÷vñnø

β
.
0 ≤ β ≤ 1

0pþ#÷vú�ñgñ�+S÷vñnóªö
ò ïxóªû/ý�ô#ò}övö
ò üªûi÷vò �xñgùbïSñ���ùbò ñnó%÷"$

ηu = (ηu)diss + (ηu)elast = βηu + (1− β)ηu
.ts	q	0

7Dó�ñ�ùnûxö
ñ�ï/ÿ9ò óx÷vñnøvñZöf÷Zþsÿ¢ïxøH�Sò}övùbïSñný}ûxöf÷vò}ù!ð�ûi÷vñnøvò}û/ý}önþsò}öA�+ú�ñnó�÷vú�ñ�ô#ò}övö
ò üªûi÷vò �xñküªû/ø
÷�ï/ÿR÷vú�ñkñ�+S÷vñnóªö
ò ïxóªû/ýF�Sò}övùbï%ö
ò ÷��
ηu.�ÿ¢ïxø�û�+#ò}öa�Sð�ð�ñb÷vøvò}ù,�ªï���öb0«ò�ö9ñ�+�ûxùp÷vý �k÷vú�ñgö
ú�ñZû/øp�Sò}övùbï%ö
ò ÷#��� ] ñ9)ªó�ò ó��

T̄R
ûxöRïxó�ñ���÷vú�ò ø_ô�ï/ÿt÷vú�ñ�õªö
õªû/ý�
�øvïxõ#÷vïxó�ø_ûi÷vò ïªþ%÷vú�ñ

ñ�+S÷vñnóªö
ò ïxóªû/ýtô#ò}övö
ò üªûi÷vò �xñgùbïSñ���ùbò ñnó%÷+ò}ö�$

β =
1

T̄R

.ts�s:0

 Rïxóªö
ñ"!%õ�ñnó%÷vý �xþS÷vú�ñgñný}ûxöf÷vò}ù�üªû/ø
÷+ï/ÿ�÷vú�ñgñ�+S÷vñnóªö
ò ïxóªû/ý��Sò}övùbï%ö
ò ÷#��ò}ö�$

(ηu)elast =
T̄R − 1

ηs

.ts:`�0


]ú�ò}ö�ûxövö
õ�ð�ü#÷vò ïxó�.ts�s:0�øvñný}ûi÷vñZö�÷vú�ñ�
�øvïxõ#÷vïxó�ø_ûi÷vò ï4�+ò ÷_ú�÷vú�ñkñný}ûxöf÷vò}ùbò ÷#�1ï/ÿR÷vú�ñr�ªõ�ò}ô��r
]ú�ñ�ú�ò �xú�ñnø�ò}öD÷vú�ñ�
�øvïxõ#÷vïxó
ø_ûi÷vò ïªþS÷vú�ñ�ð�ïxøvñ�ñný}ûxöf÷vò}ù�ò}ö9÷vú�ñH�ªõ�ò}ôÌûxö9÷vú�ñgý ò ÷vñnø_ûi÷võ�øvñ�øvñnüsïxø
÷_ö��F��ïxø<GH�<I3�ªõ�ò}ô�önþ

T̄R = 1⇒ β = 1
û/óªô

(ηu)elast = 0
þ

�+ú�ò}ù_ú�ð�ñZû/óªö9÷vúªûi÷+÷vú�ñgñ�+S÷vñnóªö
ò ïxóªû/ýK�Sò}övùbï%ö
ò ÷#��ò}ö9÷vï/÷_û/ý ý �Jô#ò}övö
ò üªûi÷vò �xñ��
;9ñZùnû/õªö
ñ�ï/ÿ«÷vú�ñ�ô#ò ��ùbõ�ý ÷#�1ò ó�øvñZûxùvú�ò ó��Ìöf÷vñZûxô��1öf÷_ûi÷vñkò ó�ð�û/ó:�1ñ�+S÷vñnóªö
ò ïxóªû/ý��ªï���ö�ï/ÿRüLïxý �Sð�ñnøvò}ù!ý òz!%õ�ò}ô�önþs÷vø_û/óªö
ò ñnó%÷

ô�ûi÷_û(û/øvñ3�xñnø&�Qò ð�üsïxø
÷_û/óx÷"��;9ò ø_ô�ñb÷1û/ý'� þ�O"P�v:Q�øvñnüLïxø
÷_öÌö
ïxð�ñ×ð�ñZûxö
õ�øvñnð�ñnó%÷_öJð�ûxô#ñ3�:��.oJ1ñnò}övö
ó�ñnøZþ
O"P�v5s:0>�+ò ÷vú6û
üsïxý �Sò}ö
ï���õ#÷��Sý ñnó�ñDûi÷

T = 296K
ïxók÷vú�ñ

elongational stress growth function η̄+
�+ò ÷vú�øvñZö
üLñZùp÷«÷vïg÷vò ð�ñ��x
]ú�ñZö
ñDô�ûi÷_û

û/øvñ�ó�ïxøvð�û/ý ò �nñZô�ûxö�ÿ¢ïxý ý ï���ö�$�ÿ¢ïxø!ü�ý}û/óªû/ø�ñný ïxó��%ûi÷vò ïxótþ�÷vú�ñ�ô�ûi÷_ûÌÿ¢ïxø
η̄+1

ò}ö!ô#ò �Sò}ô#ñZôD�:�(sªþ
η̄+2

ò�ögô#ò �Sò}ô#ñZôD�:�*iÌû/óªô�ÿ¢ïxø
õ�ó�ò}û�+#ò}û/ý�ñný ïxó��%ûi÷vò ïxó�û/óªô(��ò}û�+#ò}û/ý�öf÷vøvñb÷_ù_ú�ò ó��ªþ

η̄+
ò}ö�ô#ò �Sò}ô#ñZô(�:�(q���
]ú�ò}ö�ò}ö�ô#ïxó�ñ�ö
ïJ÷vúªûi÷�÷vú�ñ�ö
ñb÷_ö�ö
ú�ïxõ�ý}ô×ñ"!%õªû/ý

η+
þ

÷vú�ñ
shear stress growth function

ò óÌ÷vú�ñ�ý}ò ó�ñnû/ø,�Sò}övùbï#ñný}ûxöf÷vò}ùDý ò ð�ò ÷"�

^
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]ú�ñZö
ñJøvñZö
õ�ý ÷_ökû/øvñJò ó(ûxùnùbïxø_ô�û/óªùbñC�+ò ÷vú'÷vúªûi÷�ûxövö
õ�ð�ü#÷vò ïxó��*�ªïxøkö
ð�û/ý ý
ε̇
þ
η̄+u

ò}ökû×ý ò ÷
÷vý ñR��ò ÷�ú�ò �xú�ñnø�ÿ¢ïxøkõ�ó�ò}û�+#ò}û/ý
ñný ïxó��%ûi÷vò ïxó�÷vú�ñnó

η̄+
û/óªô�ÿ¢ïxøp��ò}û�+#ò}û/ýsöf÷vøvñb÷_ùvú�ò ó��

η̄+u
ò}ö9û!ý ò ÷
÷vý ñA��ò ÷]ý ï��9ñnø«÷vú�ñnó

η̄+
þ�.¨ö
ñnñHq5s:09�F��ïxø9ü�ý}û/ó�ñ?�ªï���önþ η̄+
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ò}ö+ý ï��9ñnø]÷vú�ñnó
η̄+

.¨ö
ñnñ6q	ikû/óªôRq�q	09�
E ó�ï/÷vú�ñnø�ùbûxö
ñ�ï/ÿ]ò ó%÷vñnøvñZöf÷gò}ö6�+ú�ñnóFó�ïxó��dö
ü�ú�ñnøvò}ùkøvò �xò}ô�üªû/ø
÷vò}ùbý ñZögû/øvñ�ûxô�ô#ñZô�÷vï×û=��ñ��]÷vïxó�ò}û/óGö
ïxý �/ñnó%÷"�C
]ú�ñnøvñ�û/øvñ

ùnûxö
ñZöRò óR�+ú�ò}ùvúJ÷vú�ò}ö9ü�øvï#ùbñZô#õ�øvñ<�9ïxõ�ý}ô�øvñZö
õ�ý ÷]ò ó�û�ô#ò -sñnøvñnóªùbñ�ï/ÿt÷vú�ñgö
ú�ñZû/øp�Lñnúªû"�Sò}ïxøRð�û52Sò ó��!÷vú�ñA�ªõ�ò}ôJö
ú�ñZû/øa��÷vú�ò ó�ó�ò ó��
�+ò ÷vú�ïxõ#÷�ùvúªû/ó��xò ó��×ö
ò �xó�ò )Lùnû/ó%÷vý �×÷vú�ñ�ñ�+S÷vñnóªö
ò ïxóªû/ý��Sò}övùbï%ö
ò ÷#��� 1 óF÷_ú#ò�ö�ùnûxö
ñ

T̄R > 1
ô#ïSñZögó�ï/÷�ò ð�ü�ý ��÷vú�ñ�ü�øvñZö
ñnóªùbñ�ï/ÿ

ñný}ûxöf÷vò}ù]ñ�-sñZùp÷_ö��x
]ú�ò}öYò}ö«û�ùbïxð�ü�ý ñ�+r�Lñnúªû��Sò ïxø�÷vïgð�ï#ô#ñný'�F
]ú�ñ+ü�øvï���ý ñnð ò}ö�÷vúªûi÷Rö
ò ð�ü�ý ñ+ð�ï�ô#ñný}ö�ü�øvñZô#ò}ùp÷Rö
ò ð�ò ý}û/ø��Lñnúªû��Sò ïxø
�sñb÷��9ñnñnó�ñ�+S÷vñnóªö
ò ïxóªû/ýªû/óªô�ö
ú�ñZû/ø��Sò}övùbï%ö
ò ÷vò ñZöx�+ú#ò}ý ñDùbïxð�ü�ý ñ�+kð�ï#ô#ñný}ö«ü�øvñZô#ò}ùp÷9ô#ò -sñnøvñnóx÷p�Lñnúªû��Sò ïxø«ô#õ�ñ+÷vï!ñný}ûxöf÷vò}ùbò ÷#���F
]ú�ñ
ü�øvñZö
ñnó%÷+ð�ï�ô#ñný�ò}ö+û5��ý ñ�÷vï�ü�øvñZô#ò}ùp÷Dô#ò -sñnøvñnóx÷?�sñnúªû"�Sò ïxøL�sñb÷��9ñnñnóÌ÷vú�ñZö
ñ�!%õªû/óx÷vò ÷vò ñZö+ò ó�ò ó�ñný}ûxöf÷vò}ù<�ªõ�ò}ô�ö��
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� ¦NKNì/­Zí¨ILKNX
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]ú�ïxð�üªö
ïxótþ�i5Y�Y�OD÷vú�ñnøvñ�ò}ö�ô#ñb÷_û/ò ý ñZôJò ó#ÿ¢ïxøvð�ûi÷vò ïxó�û5�Lïxõ#÷+÷vú�ñ!ùvú�ïxò}ùbñZö9ÿ¢ïxø]÷vú�ñ

αi

ÿ¢õ�óªùp÷vò ïxóªö��

]ú�ñ!ùbïSñ���ùbò ñnó%÷

α0
ò}ö+ö
õªù_úÌ÷vúªûi÷+ð�û52xñZö9÷vú�ñgñ�+S÷vø_û��döf÷vøvñZövö«÷vñnóªö
ïxø�ô#ñ��Sò}ûi÷vïxøvò}ù/þSïxø"$

α0 = −p− 1
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nx+�û/ð�ò óªûi÷vò ïxó�ï/ÿKn/!%õªûi÷vò ïxóªö?.'i	Q50�÷vïC.oq5s:0Nò óªô#ò}ùnûi÷vñZöN÷vúªûi÷9ùbïSñ���ùbò ñnó%÷
α1
ò}ö«øvñný}ûi÷vñZô!÷vï!ô#ò}övö
ò üªûi÷vò �xñ]ü�ú�ñnó�ïxð�ñnóªûH�+ú�ò ý ñ

α3
û/óªô

α4
û/øvñ�øvñný}ûi÷vñZô�÷vï�ñný}ûxöf÷vò}ù�ñ�-sñZùp÷_ö��


]ú�ñ�ùbï#ñ���ùbò ñnóx÷
α1
ò}ö�ð!õ�ý ÷vò ü�ý �Sò ó��

D
û/óªô1÷vú�ñnøvñbÿ¢ïxøvñ�ò ÷gúªûxö�ûÌöf÷vøvïxó��Jøvñný}ûi÷vò ïxó(�+ò ÷vúD�Sò}övùbï%ö
ò ÷#������ïxøgö
ò ð�ü�ý ñ�ö
ú�ñZû/ø

�ªï���öRò}öR÷vú�ñ�ö
ú�ñZû/øp�Sò}övùbï%ö
ò ÷#��û/óªô�ÿ�ïxø]ñ�+S÷vñnóªö
ò ïxóªû/ý��ªï���ö9ò}ö9øvñný}ûi÷vñZô�÷vï�÷vú�ñ�ñ�+S÷vñnóªö
ò ïxóªû/ýw�Sò}övùbï%ö
ò ÷#���Yî#ùvúSõ�ó�2�û/óªôÌî#ùbøvò �xñnótþ
O"P�P�Y�þ�ü�øvïxüsï%ö
ñZô�ûR�Sò}övùbï%ö
ò ÷#��ÿ¢õ�óªùp÷vò ïxóF÷vúªûi÷��9ûxö�÷vú�ñ�û/øvò ÷vú�ð�ñb÷vò}ù�ð�ñZû/óD�Lñb÷#�9ñnñnó�÷vúªûi÷�÷#�9ï=�Sò}övùbï%ö
ò ÷vò ñZö�� E ö6�xñnó�ñnø_û/ý ý �
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þª÷vú�ò}ö�ÿ¢ïxøvð�õ�ý}ûi÷vò ïxóc�Rïxõ�ý}ôc�xò �xñ�û�ó�ñ��%ûi÷vò �xñ��Sò}övùbï%ö
ò ÷��Jÿ¢ïxø?�ªï���ö�ò ó(�+ú�ò}ù_ú
1 ≤ R < ∞ û/óªô�÷vú�ñ��Ìò óªùbý õªô#ñZô1÷vú�ñ

ùbïxóªô#ò ÷vò ïxó
R ≤ 1
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�Sò}övùbï%ö
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õ�ð�ü#÷vò ïxó�ï/ÿ�û6�xñnïxð�ñb÷vøvò}ù]ð�ñZû/ó��sñb÷��9ñnñnó
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√
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ñZô1ïxó×÷vú�ñ
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)ªóªôk÷vú�ñ�övû/ð�ñL)ªóªû/ý�øvñZö
õ�ý ÷Yÿ¢ïxø�÷vú�ñ�ü�øvïxüLñnø
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.�÷vú�ò}ö«ò}öYó�ï/÷Y÷vøvõ�ñ]ÿ¢ïxøY÷vú�ñ�û/øvò ÷vú�ð�ñb÷vò}ù]ð�ñZû/ów09�

;]ûxö
ñZôkïxók÷vú�ñ�ò}ô#ñZûxöYü�øvñZö
ñnó%÷vñZôkò ó�÷vú�ñ+ý}ûxöf÷9ö
ñZùp÷vò ïxótþxò ók÷vú�ñ�ü�øvñZö
ñnó%÷��9ïxø&2!ò}öYü�øvïxüsï%ö
ñZôkûH�xñnó�ñnø_û/ý ò �Zûi÷vò ïxó�ï/ÿs÷vú�ñ?�Sò}övùbï%ö
ò ÷��
ÿ¢õ�óªùp÷vò ïxóJü�øvïxüsï%ö
ñZôr�:��îSïxõ��Zû
J1ñnóªô#ñZöRñb÷+û/ý'� þwO"P�P	`�� 1 ÷9ð�û52xñZöY÷vú�ñ�ùbïxõ�ü�ý ò ó��
�Lñb÷#�RñnñnóÌö
ú�ñZû/ø/�Sò}övùbï%ö
ò ÷#��û/óªô�ñ�+S÷vñnóªö
ò ïxóªû/ý
ô#ò}övö
ò üªûi÷vò �xñ�üªû/ø
÷+ï/ÿ�ñ�+S÷vñnóªö
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ò}öY÷vúªûi÷Zþxò ó�ö
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ú�ñZû/ø+øvú�ñnïxý ï��xò}ùnû/ý�ô�ûi÷_û�����ïxø�ö
ú�ñZû/ø,�Sò}övùbï%ö
ò ÷���ïxó�ñ!ùnû/ó

ð�ï�ô#ñný�ûxö+û
�düLï��9ñnøa� ý}û"� � �ªõ�ò}ô�þªïxø�û>�Sò}övùbïxü�ý}ûxöf÷vò}ù�ð�ï#ô#ñný�ö
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÷vñnøvò}öf÷vò}ù!÷vò ð�ñZö�ï/ÿ«÷vú�ñ
�ªõ�ò}ô�ò ó�ö
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ñ"!%õ�ñnóªùbñ�ï/ÿ ] ò}övùbøvñb÷vò �Zûi÷vò ïxó%n«øvøvïxø_ö!ò óG÷vú�ñ
��õ�ð�ñnøvò}ùnû/ý� 9û/ý}ùbõ�ý}ûi÷vò ïxóJï/ÿF�Dò}övùbïSñný}ûxöf÷vò}ùH�Ný ï��L�/þ�������ïxó�����ñ��]÷vïxó�ò}û/ó=�Ný õ�ò}ô=J1ñZùvú�� þ��Yïxý'��O"v�þ#ü�ü���O�Q�q���O"v5^��

n«ýKBDûxô�upþ:J%�%û/óªô>
Nû/ó��xõ��%þ5@F� E � þwO"P�P�Y�þ"� E �Nò ó�ò ÷vñ<n«ý ñnð�ñnóx÷p@«øvï�ùbñZôSõ�øvñA Rïxõ�ü�ý ñZô>�+ò ÷vú�÷vú�ñ<J1ñb÷vú�ï�ô�ï/ÿ� Rúªû/ø_ûxùp÷vñnøvò}öf÷vò}ùnö
ÿ¢ïxøDîSò ð!õ�ý}ûi÷vò ïxó�ï/ÿ��Dò}övùbï#ñný}ûxöf÷vò}ùA�Ný õ�ò}ô=�Ný ï��L�/þ������Dïxó:����ñ��]÷vïxó�ò}û/ó=�Ný õ�ò}ôcJ�ñZù_ú�� þ��Yïxý'��q�^�þSü�ü���q�q�q��:q5s�P��

n��/û/óªönþ:m6�	n?�#û/óªô�_Fû/ý ÷vñnø_önþ:¢>� þwO"P�v�^�þ��#�Ný ï��y Rúªû/ø_ûxùp÷vñnøvò}öf÷vò}ùnö E övö
ï�ùbò}ûi÷vñZô>�+ò ÷vú E ��øvõ�ü#÷< Rú�û/ó��xñZö«ò óRG�ñbïxð�ñb÷vø&��ò ó�÷vú�ñ
 9ûxö
ñ�ï/ÿxB�ò �xú�ý �Cn«ý}ûxöf÷vò}ù6Itòz!%õ�ò}ô�ö#�/þ�������ïxó�����ñ��]÷vïxó�ò}û/ó=�Ný õ�ò}ô=J1ñZù_ú�� þ��Yïxý'��i5Y�þ#ü�ü���O�O���i5P��

n��/û/óªönþ�m6�wn?��û/óªôc_Fû/ý ÷vñnø_önþ�¢>� þ�O"P�v�P�þ��#�ªõ#ø
÷_ú#ñnøHm+ñnð�û/ø&2#ö�ïxó1÷vú�ñ>Itò ü��V�Yïxø
÷vñ�+cJ1ñZù_úªû/ó�ò}ö
ð ï/ÿ��Yïxø
÷vñ�+cn«ó�úªû/óªùbñnð�ñnóx÷
ò óR@«ý}û/óªû/øa�a Rïxó%÷vø_ûxùp÷vò ï/óR�Ný ï���ö#�/þ�������ïxó�����ñ��]÷vïxó�ò}û/ó=�Ný õ�ò}ô=J1ñZù_ú�� þ��Yïxý'��q	i#þ#ü�ü���P	`��wO"Y�`��

�ªïxø
÷vò ótþ?J%�+û/ó�ô�nRövö
ñný}û/ïxõ�ò�þ ] �}þ�O"P�v:QSþ/� E �Nò ó�ò ÷vñDn«ý ñnð�ñnó%÷=@«øvï#ùbñZô#õ�øvñ1ÿ¢ïxø4�Dò}övùbïSñný}ûxöf÷vò}ù(�Ný ï���ö#�/þ 1 ó%÷"�L�xïxõ�øvóªû/ý�ÿ¢ïxø
��õ�ð�ñnøvò}ùnû/ý�J1ñb÷vú�ï#ô�ö]ò óc�Ný õ�ò}ô�önþ��Yïxý'�KQSþ#ü�ü���O"Y�q	`���O"Y�`�i:�

G�ûi÷_öa2Sò þw
H�w;A�Lû/óªô×îSüsñ��nò}û/ý ñxþ� <�KGr� þ�O"P�P�q�þ:�&7Dócnx+#ü�ý ò}ùbò ÷ E ý �xñ���ø_û/ò}ù!î%÷vøvñZövö<J1ï#ô#ñný}ö+ÿ¢ïxøH Rïxð�ü�ý ñ�+c
�õ�ø&��õ�ý ñnó%÷A�Ný ï���ö#�/þ
�����Ný õ�ò}ô=J1ñZù_ú�� þ��Yïxý'��i�`�sªþSü�ü��w`5P���Q�v��

G�û��Søvò ý}û52Sò}önþ�îK� þ>O"P�P	i#þL�#��õ�ð�ñnøvò}ùnû/ý!îSò ð�õ�ý}ûi÷vò ïxó6ï/ÿ>Itï��L��m]ñ��Só�ïxý}ô�ö#����õ�ð
�Lñnøc
�õ�ø&��õ�ý ñnóx÷3�Ný ï��¦
]ú�øvïxõ��xú6û7î%÷vø_û/ò �xú%÷
î�!%õªû/øvñ ] õªùp÷a�/þ������Ný}õ#ò�ô=J1ñZùvú�� þ��Yïxý'�wi�s�sªþSü�ü���O"Y�O��wO"i5P��

BDû/øvý ï��gþ:�p��B���û/óªô�_�ñný}ù_útþ����	n?� þ�O"P�^	`#þ5�#��õ�ð�ñnøvò}ùnû/ý� 9û/ý}ùbõ�ý}ûi÷vò ïxó�ï/ÿ�
]ò ð�ñ�� ] ñnüsñnóªô#ñnóx÷,�Dò}övùbïxõªö 1 óªùbïxð�ü�øvñZövö
ò ��ý ñA�Ný ï��
ï/ÿF�Ný õ�ò}ôR�+ò ÷vúc��øvñnñ�î%õ�ø
ÿ¨ûxùbñ��/þ�@«ú:�#ö����Ný õ�ò}ô�önþ��Yïxý'��v�þ�ü�ü��wi�O"v	i��:i�O�v5P��

B�õ�ò ý �xïxý�þ�m6��m6�ªû/óªôR@«úªû/ó���
]ú�ò ñnótþ����}þ�O"P�v�^�þ 1 ó%÷<����n«ó��xó����Lî#ùbò'� þ��Yïxý'��i�sªþ#ü�ü���O�Q:O��wO�Q�P��
B�õ�ò ý �xïxý�þwm6�wm6� þ�O"P�v�Y�þ	�& Rïxð�ð�ñnó%÷_ö+ïxó � 7A��udñZùp÷vò �xñ!û/óªôcG�ñnó�ñnø_û/ý ý � E ü�ü�ý ò}ùnû5��ý ñ> Røvò ÷vñnøvò}û�ÿ¢ïxø<�Ný ï��� Rý�ûxövö
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H� þAO"P�P�v�þF�aG�ñnó�ñnø_û/ýLnx+�ü#ý}ò}ùbò ÷ E ý �xñ���ø_û/ò}ù�î%÷vøvñZövö�m+ñný}ûi÷vò ïxóªö�û/óªô�;9ñZöf÷ E ü�ü�øvï"+#ò ð�ûi÷vò ïxó(ÿ¢ïxø

]ú�øvñbñ�� ] ò ð�ñnóªö
ò ïxóªû/ý��Ný ï���ö#�iþ 1 ó%÷vñnøvóªûi÷vò ïxóªû/ý��/ïxõ�øvóªû/ý�ï/ÿ�n«ó��xò ó�ñnñnøvò ó���î#ùbò ñnóªùbñxþ��Yïxý'��q�^�þ#ü�ü��KQ�q�P���Q�^�q��
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H� þ4O"P�P�v�þA� E ùnùbïxõ�ó%÷vò ó���ÿ¢ïxøDm+ñ��Só�ïxý}ô�öFîx÷_øvñnövö�û/óªô ] ò}övö
ò üªûi÷vò ïxó�m�ûi÷vñ
E ó�ò}ö
ï/÷vøvïxü�ò ñZö9ò ó 1 ó�ñnø
÷vò}û/ýtû/óªôR��ïxó�ò ó�ñnø
÷vò}û/ý���ø_û/ð�ñZö#�/þ�@«ú	�#ö����Ný õ�ò}ô�önþ��Yïxý'��O"Y�þSü�ü���^:Q�s5�:^�v�s��
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]ú�øvïxõ��xú�û/ó
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7�÷
÷vò}ó#ïªþ�����J%� þ	O"P�v�P�þ9�"
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ò ÷#�RB?�SüLï/÷vú�ñZö
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m+ñ��Só�ïxý}ô�önþw7
� þKO"v�P	`#þ5�&7Dó�÷vú�ñ ] �Sóªû/ð�ò}ùnû/ý�
]ú�ñnïxø&��ï/ÿ 1 óªùbïxð�ü�øvñZövö
ò ��ý ñ<�Dò}övùbïxõªöL�Ný õ�ò}ô�ö+û/óªô�÷vú�ñ ] ñb÷vñnøvð�ò óªûi÷vò ïxóJï/ÿ�÷vú�ñ
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m+ò �Sý ò ótþ:m6�SîK�xû/óªô>n«øvò}ù&2#ö
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;9ñb÷#�Rñnñnó!÷vú�ñp�Ný ï��Gï/ÿ���ïxó�����ñ��]÷vïxó�ò}û/ó
�Ný õ�ò}ô�ö�û/óªô�
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