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Abstract

This paper presents numerical simulation for turbulent flow in ducts of varying cross section.
Dissimilarities between Nusselt number and turbulent kinetic energy are investigated. A
marching-forward numerical integration technique is used to sweep the computational
domain. Cases of gradual enlargements or contractions in ducts with sinusoidal walls are
calculated. Turbulence is handled with the standard isotropic k-ε model. Results show that,
within contractions, turbulence is damped whereas, in diffusers, the valued of k is increased
also, in contracting ducts, while turbulence is damped, the turbulent Nusselt number
increases. Along enlargements, overall turbulent heat transfer is damped.
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1. INTRODUCTION

 Flow passages with contractions and enlargements are commonly found in a number of
engineering equipment. Accurate determination of turbulent kinetic energy values and heat
transfer rates in such devices contributes to efficiency increase, optimal design parameters
and, ultimately, reduction of cost-benefit relationship. Experimental work published on
turbulent flows deals, in its majority, with sudden expansion flow into a stagnant surrounding
(Buresti et al, 1998) or within a confining duct (Park and Chen, 1989. In all of the above,
recirculating flow due to abrupt expansion precludes the use of the mathematical treatment
below, which in contrast, is based on a marching-forward technique (Patankar, 1988). The
compilation work of Spencer et al, 1995, seems to be the only available experimental data
bank for turbulent flow within contractions and diffusers. Therein, experimental data from 11
institutions around the world, taken for flow of air and water in contraction and diffuser, were
compared with each other and with computational results using commercial CFD codes. The
authors conclude that, “numerical simulation of turbulent flow through simple pipe
components cannot be achieved with the commercial programs available”.



As a consequence, the use of numerical tools for quick analysis of simple engineering
flows, instead of using memory demanding CFD codes, has motivated many research efforts
recently. If no back flow is in order, marching-forward techniques, implemented along with
isotropic turbulence models, provide an economical means for engineering analysis with PC-
based workstations.

Following this path, the work of Matsumoto and de Lemos, 1990, presented results for
the developing time-averaged and turbulent fields in a coaxial jet along a circular duct of
constant area. Later, de Lemos and Milan, 1997, extended their calculations to flow in long
ducts through varying cross sections. De Lemos and Braga (1998) further considered coaxial
jets with higher (Ue>Ui) and lower (Ue<Ui) annular velocity in diverging (H>0) and
converging (H<0) ducts of the shape shown in Figure 1. Similar results for ducts with plane
walls have also been documented (Braga and de Lemos, 1999a). Experimentally observed
turbulence damping in contractions and corresponding enhancement in diffusers, reported in
detail by Spencer et al, 1995, was correctly simulated.

Heat transfer analysis followed with the work of de Lemos and Braga, 1999b, who
reported Nusselt numbers and turbulent kinetic energy in planar diffusers and contractions
therein, flow and heat transfer properties of coaxial jets, with higher inner velocity (Ui>Ue)
and temperature (Ti>Te), were predicted. Interesting dissimilarity between Nusselt number
and turbulent kinetic energy was calculated and discussed upon. While turbulence was
damped along accelerating flows (contractions), heat transfer was increased by a fair amount.

This opposing behavior is herein further investigated. The present contribution discuss
the problem of dissimilarities between Nusselt number and turbulent kinetic energy in ducts
of sinusoidal walls with an increase of up to 40% of the initial cross-sectional area (see Fig.
1).

2. ANALYSIS AND NUMERICS

2.1 Governing equations

The equations of continuity of mass, x-momentum and energy for a two-dimensional,
source-free, low speed, planar/axi-symmetric turbulent mixing layer can be written as,
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Figure 1 - Notation for general conical ducts
with diverging  (H>0) and converging (H<0)

walls of sinusoidal shape.

Table 1 – Input data for geometry of
Figure 1

Div Conv
Maximum H/D +0.4 -0.4
XL/D 100
XC/D 25
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In (1)-(2)-(3) u, v are the velocity components in the axial and transverse direction,
respectively, T is the temperature, ρ the fluid density, P the static pressure, and effµ , T

effΓ  the

coefficients of turbulent exchange given as µ+µ=µ teff  and PrTt
T
eff µ+σµ=Γ ,

respectively. Also, µ is the molecular viscosity, Pr the fluid Prandtl number and µt and σT the
turbulent viscosity and the Prandtl/Schmidt number, respectively. As usual, equations (1)-(2)-
(3) are written in a compact notation embracing planar (η=0) and axi-symmetric (η=1) cases.

2.2 Turbulence model

The turbulence model k-ε of Jones and Launder, 1972, has been used in the literature in a
number of publications. In this approach, the turbulent viscosity mentioned above is
calculated as ερµ µ /kc = 2

t  where cµ is a constant. Here, as done in de Lemos and Braga, 

1999b, only the case involving flow regions of high local Reynolds numbers are considered
(Launder and Spalding, 1974). With this, transport equations for k and ε can be written as,
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In (4) φ stands for k or ε. The diffusion coefficients are given by kt
k
eff +   = σµµΓ and

ε
ε σµµΓ teff +   = where the σ's are the turbulent Prandtl/Schmidt numbers for k and ε,

respectively. The last terms in (4) are known as "source" terms and are given
by  )-(P  = S kk ερ and )c Pc( = S 2k1k ε−ρ ε

ε , being c1=1.47, c2=1.92 and cµ=0.09. The

production term reads ( )yU   = P 2
tk ∂∂ρµ .

2.3 Boundary conditions and Computational Details.

The numerical approach adopted here and in de Lemos and Braga, 1999b, is the parabolic
solver technique of Patankar (1972, 1988). For clarity, it is reviewed below.

Inlet flows are given a uniform distribution. For temperature, constant value of T prevails
over the inlet. Also, the values of k and ε at entrance were given by U10=k m

-3
in and

y/ k 3/2
inin ′Κ=ε where Um is the overall mean velocity, Κ is the von Kármán constant (Κ=0.4)

and y' the distance to the wall. For the centerline (y=0) the symmetry condition is
implemented for all dependent variables φ=U, T, k and ε as ) 0 = y 0=y∂φ∂ . Wall proximity is

handled with the Wall Function approach (Launder and Spalding, 1972, 1974), giving for the
wall shear stress,
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Where E is a constant. In (5) the subscript "N" identifies the grid point closest to the wall. In
that region, the use of the Wall Function associated with the assumption of "local

equilibrium" for turbulence (Pk=ε) gives ( ) yk = and c/ = k N
3/2
NNwN Κερτ µ
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in the form )yU(w ∂∂µλ=τ  gives further,
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For temperature, the Wall Law is given by,
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where the last term in (7) fits experimental data and has been proposed by Kader and Yaglom,
1972. It reads 3.5cq =  for Pr<0.5 and 5.1cq = for Pr≥0.5. Either case, constant Tw or constant

qw, is analyzed with (7). The wall heat flux can be further given after rearranging (7) in the
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Figure 2 – Development of k/U*2 close to the
wall for contractions and enlargements
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Figure 3 – Development of k/U*2 at the duct
centerline for contractions and enlargements



Determination of the unknown pressure gradient is handled as explained in Patankar
(1988). That approach consists in finding the zero of a function representing the discrepancy,
at the downstream position, between the calculated and real duct area. All transport equations
for the mean and turbulent fields were solved by means of the marching-forward method of
Patankar, 1988.

3. RESULTS AND DISCUSSION

The flow field in the duct shown in Figure 1 was calculated for a long inlet region
followed by a converging/diverging duct before another long outlet sector. The objective of
this case was to investigate the changes in fully developed profiles occurring past an area
change section without the simultaneous hydrodynamic and thermal boundary-layer
development at the wall. Then, changes in the mean and turbulent quantities, solely due to
duct area variation, could be isolated for analysis. Data used in all cases are summarized in
Table 1.

Calculations for the hydrodynamic turbulent field along ducts with varying cross section
were discussed in de de Lemos and Milan, 1997, and de Lemos and Braga, 1998, for ducts
with sinusoidal and plane walls, respectively. Figures 2-3 summarizes major results therein
and shows the behavior of turbulence passing over a variation of area occurring in a duct in
the range 100<x/D<125 (see Figure 1 and Table 1). The figures present the non-dimensional
turbulent kinetic energy along a sinusoidal wall duct and at two radial positions, one close to
the wall (y/R=0.85) and the other at the centerline (y/R=0.0). It is interesting to note that,
within enlargements, Figures 2-3 indicate that an increase in k/U*2 takes place across the
entire cross section. Even though the mean flow is decelerating, enhancement of turbulent
transfer due to steep velocity gradients across the flow indicates that a greater portion of mean
kinetic energy is feeding turbulence. An opposite trend, for contracting ducts, is also shown in
the figures.

Accelerating flow tend to flatten velocity profiles decreasing turbulence production rates
leading, eventually, to relaminarization phenomenon. Ultimately, in a contraction, the mean
field acquires more kinetic energy but a lower fraction is made available for generating
turbulence. These results are in complete agreement with measurements compiled by Spencer
et al, 1995.

Corresponding results for the thermal field, calculated with data of Table 1, are shown in
Figures 4 and 5 for qw and Tw constant, respectively. The Nusselt number is calculated finding
first the bulk temperature Tb, the film coefficient h and then Nu with the help of the
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Both Figures show that within contractions, accelerated flow induces a higher Re causing
an enhancement on the magnitude of turbulent heat transfer through the wall. On the other
hand, for duct enlargements, lower speed flow reduces Nusselt numbers being both trends in
coherence with the overall correlation of the form mn PrReNu = .

When comparing Figures 2-3 with Figures 4 and 5 dissimilarity between Nusselt number
and turbulent kinetic energy seems apparent. In the first case (Figures 2-3), acceleration on
the flow damps turbulence but, on the other hand, it enhances Nusselt number (Figures 4-5).

Likewise, for flow within duct expansions, there seems to be an enhancement of turbulent
momentum transfer whereas heat crosses the wall layers at a lower rate. Therefore, along
contractions, while turbulence quantities are decreasing, the heat transfer coefficient
increases. Figure 6 summarizes the changes in Nu calculated at the exit of the long duct cases
(x/D=150). Plane wall values are taken from de Lemos and Braga, 1999b, and show a slight
dependence on wall duct geometry and nearly no influence of applied boundary condition, as
expected.

These results are interesting since, usually, the two flow properties presenting a
dissimilar behavior, namely the overall levels of turbulent kinetic energy and turbulent
Nusselt number are, at a first glance, expected to be similar. Finally, one should mention that
computations herein are intended to contribute to the preliminary design phase of enginering
equipment.

4. CONCLUDING REMARKS

This paper presented computations with the standard k-ε model for simulation of
confined isothermal flow in ducts of varying cross-section. Diverging and converging ducts
were calculated showing different or dissimilar behavior for Nusselt number and turbulent
kinetic energy. In general, accelerated flows in a convergent duct reduce turbulence level even
though Nu increases by a fairly amount. The opposing trend is observed in expanding
passages (decelerating flow). The results herein are expected to contribute to the design and
analysis of engineering equipment involving concentric turbulent jets. Potential application of
this study may include heat exchanger design and analysis.
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Figure 6 – Effect of contractions/expansions on Nusselt number for plane and sinusoidal duct shape
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