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Abstract. This work presents the main phenomenon that gowemsrack propagation in bearing rings, througte th
application of Linear Elastic Fracture MechanicsHEM) and Fatigue concepts. The complex stress sietieg on
the bearing ring produces a mixed-mode load overdfack faces. The proposed bearing problem corsiaeensile
mode and pure shear mode in the plane of the ddfettt under a cyclic regime. The stress interfaityor K and the

J -integral parameters define the fracture conditiarsd suffice to characterize the severity of crag&seloped in
bearing rings. The procedure for defect assessiselpased on the application of different failuréteria. Using the
parameters,K andJ, coupled to the defect assessment procedures,pivssible to estimate the remaining fatigue
life, through models that describe the crack progiamn rate. The results indicate that the mixed-edoading
considered in this work is one of the most impdrfmarameters in nucleation and propagation of begrdefects and
are responsible for a significant reduction in tréginal estimation of fatigue life.
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1. INTRODUCTION

The current situation in industry is heavily focdsen "Reliability", i.e., the definition of how awgn asset can
operate without failure for a set period of timedencertain operating conditions. This indicates the industry is not
only interested in the life of machines and compsiebut also in the knowledge that they may fegnpaturely.

Typically, this approach is practiced by mainteseateams and nowadays the variety of techniquesdodition
monitoring is quite wide. Among the most common dixBve techniques are highlighted vibration anelys
thermography, ultrasound and lubricant analysisadidition, these techniques allow monitoring theletion of a
particular flaw in the initial stage such as oc¢tims example in bearings.

Rarely bearings meet the estimated life cycle, itee incidence of premature failures in this tgbeomponent in
the industrial segment is quite common as showfigre 1. Only 08% of bearings reach the estimatadice life,
which natural failure mode would be the sub-surfiatiggue (SKF Group, 1994). This happens by theoaaif external
factors such as those cited in Figure 1, generatistinct failure modes, or even by an inadequaténidion of the
design parameters.

Subsurface

fatigue 8% Miscellaneous
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Inadequate
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Improper
mounting 29%

Figure 1. Occurrence of bearing failures, dividgabkigin (Harris, Kotzalas, 2007a)

The motivation for this study follows exactly theetme above, where from the evaluation of defeas l#ad to
catastrophic failure, it is possible to obtain pnéhary data as to its severity, providing supgdort decision making
involving the replacement of components with a meadnical background.

As there is a great variety of bearing designsfaitdre modes as well, this paper will restriceifgo the study of
single row cylindrical roller bearings and the swed crack type defect, generated from the inneewayg surface
fatigue. This approach is justified by the high @ewh of this bearing design, and by the high incideof premature
failure due to inadequate lubrication (43%), whithkdominant mode of failure would be the surfacigiz.

The purpose of this study is, therefore, proposeguiures and analysis tools for bearings defeased on
Fracture Mechanics and Fatigue concepts, enconmgabsisically the crack severity assessment and i&fgossible,
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the estimation of the bearing fatigue remaining.liln addition, it is intended also to quantify tfwgces that are
significant for crack propagation, thus providingls for bearing development.

2. METHODOLOGY
2.1. Problem Statement

Several factors affect the surface crack growtprosblems involving rolling contact forces. This limdes the shape
and slope of the defect, the hoop stress fieldimaigd from the rotation and bearing adjustmerg,Hlertzian contact
force, the lubricant pressure acting on the craelsythe shear stresses arising from sliding aint@nd friction
between the walls of the crack (Ballarini, Hsu, @9 hese conditions induce a complex stress stdtee bearing ring,
which culminates in a mixed mode loading problene(idelson, Ghosn, 1986).

Several studies have been conducted, aiming arhettkerstanding of each of these factors. Desggtagothree-
dimensional problem, much of the analysis availablihe literature is two-dimensional. In the deyghent of fatigue
cracking, few information on this phenomenon in etxnode loading are available in the literature.

In this study, we propose an analytical model fotaming the stress intensity factors and this iirst moment,
neglects some of the factors set forth above, dutiire determination of the stress field. For exanfhe friction
between the walls of the crack, which would culréna a slowing growth, the effect of lubricant ggare, considering
that the compressibility, inertia and oil viscoségt minimizing the pressure over the defect, amtact sliding, by
assuming a pure rolling interaction between rollensl raceway (Ballarini, Hsu, 1990). The latter &en partially
checked if the applied load meets the requiremeftsminimum load" defined by the bearing manufaetu(SKF
Group, 2005).

The centrifugal force that arises from the rollelgments is also neglected. This is because théawtis relatively
low and therefore not provides a force of significanagnitude (Harris, Kotzalas, 2007a). In addititrermal and
dynamic effects are not considered and the inflaeriil film on the Hertzian pressure distributias well.

Table 1 sets out the bearing specification to wiiieghmodel will be applied - NU 322. This type afhtponent is
widely used in medium size electric motors, resfmasto drive centrifugal pumps, vacuum pumps, fasts. The
specified bearing, when introduced into the moddl, be subjected to typical operating conditiorfsetectric motors,
1200 rpm of the inner ring and a radial force ia thost loaded rolling element of 10 kN, 15 kN afk®l. According
to SKF Group (2005), these values are considerederate when applied to the reference bearing. titiad, the
component will also be subjected to a more sevengliion, with a load of 40 kN and a less severigh W kN. The
relationship between the total radial lo&d) (@pplied to the bearing, and their resultant fanehe most loaded rolling
element F) is given by eq. (1) (Harris, Kotzalas, 2007b)uktion (1) is only valid for normal internal rad@éarance,
which Z is the number of rolling elements afithe contact angle between roller and raceway.

_Fk.Z.cos¢

F
' 5

@)

The defect type planar crack will be induced onghdace of the inner ring, it is figured by théioaof crack length
and width of the specimealW=0,1 and the direction perpendicular to the rollingface. This configuration is comum
in crack problems involving bearings, based on wwek of Mendelson and Ghosn (1986), and Ballarind disu
(1990).

As mentioned, the analysis of defects in bearirsga imixed mode loading problem. This conditionngpdsed
mainly by the multiaxial stress field, derived frafme Hertzian contact forces and hoop stress, raigd from the
bearing adjustment and rotation speed. These arentist important loads to consider in the analysidlowing, we
present an analytical model to determinate the iexidtl field, which then supports the stress iniigngactors
calculation.
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Table 1.Cylindrical roller bearing NU 322 (SKF Gmi2005)

Description Data

Number of rolling elements Z=14

Rolling elements diameter Dye = 34,000mm
Rolling elements length Lye =34,000mm
Shaft inner radius as = 0,000mm
Shaft outer radius b, =55024mm
Inner ring bore radius a =54,995mm
Inner ring raceway radius b =71500mm
Outer ring raceway radius a, =105500mm
Outer ring outside radius b, =120000mm

2.2. Multiaxial loading

Regarding the hoop stress, Saada (1983) defires at rotation and interference fit dependent. The2 shows
this dependence for application via the imperiatam of unitsgy, is the hoop stresg,, the bearing steel density,
the Poisson's rati@y the angular velocity anél the mounting pressure between inner ring and ,siaith also comes
from Saada (1983}; is a random radius in the inner ring.

_3+v 2, 2, &0 _1+3v , (a/r)f+1
Top =5 PP 07 +a% + 2 3 i +P'(Iq/ai)2—l 2

From eq. (2), it appears that tbg, values vary along the radius of the inner ringMeein 65.8 and 88.5 MPa. This
0ge Value is smaller as decreases, due to the press fit reduction and besroantrifugal effect.

The next step is to find the stresses arising fcomtact between rolling element and the racewais Wil apply
the theory developed by Heinrich Rudolph Hertz &2, which is based on the condition that the dsiwrs of the
contact area are smallest compared with the sizolals in contact and the curvature radius, theef® applied are
perpendicular to the surface and deformations occtlre elastic field (Harris, Kotzalas, 2007b).

In this context, it appears that the Hertz theavyers reasonably well the problem postulate, camsid only radial
forces, which results in a stress field that betongthin to the elastic field. There are other e more precise and
complex that can be used to find the pressureiffarent contact patterns, for example, applicatianth misalignment
forces. One of the most used today is caBéding TechniquéHarris, 1969), however, is not discussed in wisk.

The proposed model neglects the curvature raditiseofaceway, bringing it to a uniform flat plaféis is because
the relationship between the thickness of the aingd the inner radius of the raceway is small. Meeeoin view of the
transverse uniformity of stress distribution in tig 2-b, the model will be restricted to two dimens.

According to Smith and Liu (1953), the stress conguds are defined as, oy, 0, and 1. For the proposed
problem, the equation for components in planersstite is given by eqgs. (3) and (4).

o, = —%{(bﬁ +2x% + 2.z2)é.w - Z.EEZ - 3x.24Y + .|:(2.X2 -2h2 - 3.22)4/ + 2.71.% +2.(bﬁ -x%- zz)éw}} (3)

I, = —%,{221// + Uy {(bﬁ +2x%+ 2.zz)éw - 2.77.& - 3.x.21//}} 4)

where R, is the maximum pressure of the elliptical pressiaid, 4; the coefficient of friction andy, the minor semi-

axis of the ellipse¥ e ¢ are functions ofx and z coordinates, and df, (Smith, Liu, 1969).
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(a) (b)

Figure 2. a) Schematic drawing illustrating theteohbetween rolling element and raceway b) Presdistribution on
the contact area for purely radial loading of punléng motion (Harris, Kotzalas, 2007b)

Subsequently, the solution is presented for calitigahe maximum pressuf® and the radius of the semi-axis of
the ellipseby,. Py is the distribution of contact pressure (HertZ82)8 This equation is valid only when the lengtttha
contact surfaces is equal. Typically, the applaatf bearings considers that the Poisson ratioedasticity modulus
of rings and rolling elements are equal.

X2

P =P, 1—E ®)
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It will be considered that during the movementtwd tolling element over the defect, the changintheHertzian
forces pattern is minimal (Ballarini, Hsu, 1990)gle 3 represents the stress distribution of €)sand (4). Note that
the data shown are normalized, i.e., are valichfgr loading on the rolling elements)(and therefore any contact area
(br).

Distributions shows the stress values for a giveadf point (zero position on the abscissa axispedding on the
position of the rolling element. Under normal streg the highest values are observed with the rolilggnent on the
reference point, and decrease when the roller maweg. In the case of shear strggsthere is a rise in values, when
the rolling element approaches the point of refeeehowever, they suffer a reversal sign when eflerrcrosses from
one side to another, reaching zero value exactihemeference.

The normal stresses are maximum on the surfae®, but the shear stress is null. Its magnitude igimmam on
z=by/2, however, as the dimension of depth increasesy#iue is reduced.

In bearing problems, normally, the tangential fere@plied come from normal forces)( induced on the raceway
by the coefficient of frictiory:. The friction coefficient varies with the lubrieah condition, that is, the ability of the
lubricant film to separate the surfaces in contacipplications with partial separation, i.e., whsome rough edges
still in touch,ys 00.1 (Harris, Kotzalas, 2007a).
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Figure 3. a) Stress distributigpy b) Stress distributiog,, in the inner ring to various depths, as a redutbatact and
movement of the rolling element

Position over the Raceway (x/b)

2.3. Stress Intensity Factors

As mentioned on Section 2.1 and exposed on 2.2p#aeing ring is subjected to multiaxial loadinghem in
operation. An aggravating of this condition is faet that loading vary cyclically with each passt@ rolling elements.
characterized in a way, the failure mode that vtenid to study in this article, the surface fatigeeom the nucleation
of a defect in the inner ring raceway, it is poksito estimate the remaining fatigue life of th@mponent, until the
defect reaches a critical size, which will resaltuinstable crack propagation and subsequent rupkoréhis end, it is
necessary to develop a method for calculating siregensity factors, which serve as criteria toleate the severity of
the defect and calculation of remaining life.

The method of stress intensity factors calculatsovalid for surface defects nucleated at the ceoftéhe inner ring
raceway, assuming the existence of plane straie,sia illustrated in Figure 4. The calculationgpagters are the same
as set out in sections 2.1 and 2.2, i.e., Herte@mact forces and hoop stress, originated fromnigeadjustment and
rotation. By neglecting the curvature radius, the-timensional model applied is approximated taagdlate, uniform,
over which moves a cylinder, simulating the rolltbé rolling element along the inner ring - FigdrdMendelson,
Ghosn, 1986).
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Figure 4. lllustrative model of the bearing innieigr, exposing the component settings and loadinéler

Looking at the layout of the defect and the assediatress, it is concluded that the open modesedated with
the normal stresses in tedirection and the pure shear mode with the sheesses on th¥Z plane. For the problem
of Figure 4 there is no incidence of the shear miodmngitudinal directions (Massoti, 2011). In ghtontext, the
determination of stress intensity factor for modg ihfluenced by the Hertzian contact forces, wfidop stresses. The
stress intensity factors are additive,k§acan be calculated separately for each type ofihgaand then added to. The
portionsK, andK; of which come from the Hertzian contact forces deéned by eq. (8) (Tada et al., 1985) and the
portion of K, arising from hoop stresses, by eq. (9) (Andersd@95). Previously, the concepts of Linear Elastic
Fracture Mechanics has been validated with the afatae proposed problem (Massoti, 2011).

{EIII } i % ’z {sz}m { I g// 3}"2 ®)
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where f(z/a) and f(a/W) are functions depending on the loading mode aretisgen geometry. In particular,
f (/W) is only valid to SENT specimen (Anderson, 1995). is the load resulting fronw, .

Earlier, the analytical model was validated on Wk of Mendelson and Ghosn (1986). The authordieghphe
Boundary Integral Equation Method to calculate shress intensity factors of a flat surface crad&ced on the inner
race of a high speed radial bearing. Figure 5 ptesthe stress intensity factors for various loadd conditions
proposed, and relationshigw=0,1

Stress Intensity Factor - K| Stress Intensity Factor - K,

e

——|—R=627.1MPa ——R=627.1MPa

——R =886,9 MPa
R =1086,2 MPa

--- R=12542 MPa

-~ R =17733 MPa

Ki (MPa*(m*0,5))
o 2N v & o o
Ki (MPa*(m*0,5))
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Position over the Raceway (x/b;) Position over the Raceway (x/by)
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Figure 5. a) Stress intensity factor ranige b) Stress intensity factor randg, on the crack tip, according to the
rolling element positions for different loads

Within K|, it is noted that the combination of loads, Hemzicontact pressure and hoop stress, generates an
interesting effect on the variation of magnitudesus the position of the rolling element. Initiallip positions
relatively far from the crack area/§,=0), K, tends to be equal to the value from the hoop s, =6,52
MPa.(mf*, which is constant and valid for aiy. As the rolling element moves in the vicinity dfetcrack, they,
stresses arises from the Hertzian forces, genaratenpressive effect on the defect. Thus, theaediscrease in overall
valueK;, so that for valueB;>1200 MP3a no effect of crack opening, when the rolling etgmlying in the vicinity of
the defect, in view of null global values I§f.

Another interesting aspect comes from the clye627,1 MPg whichK, presents a stable behavior along the route
considered. Because it is low magnitude loading,cibmpressive stressggshow little influence on the overall value
K, of which is basically constituted by the portion tbk original hoop stresses. In this case, althahghcontact
pressure is low, it is the case that the crackulgested to the most significant effect of opennéss, K, varying
betweerPy=4,59-6,52 MPa.(n)°>.

In case ofK, the variation of magnitude much resembles the Wiehaf 1,, (Figure 3b), i.e.K; decreases
dramatically when the rolling element moves awayrifrthe crack, but quickly gains magnitude, as firapches and
reaches its maximum value in the regigi,=+1,0. Notice the reversal in the direction of sheagsdrand consequently
the signalK; when the roller moves into the vicinity of the dkapassing from one side to another of the defEut
change in signal indicates only that the sensé@fiswas changed, the effect is maintained ovedefect.

Ky has zero value when the roller is positioned dyam the crack, indicating no shear, as the Hantziontact
forces are distributed equally on both sides. Oigpde that observed ti;, K, presents greater magnitudes as greater
the Py value. In this case, the maximum is Ry=1773,3 MPax/b,=+1,0 andK, = #16,82 MPa.(nf)°.

K, andK, variations illustrate again the existence of aytbading on the bearing. This reinforces the penee of
fatigue on the bearing service life. According tertdberg (1996)Kc value for the bearing steel AISI 52100 is about
14,3MPa.(m§">.

2.4. Defects Assessment and Failure Criteria

A component fails locally for a given condition sffess and strain, also defined by a critical stietensity factor
Kc (Anderson, 1995). In the case of bearing steell AI&L00, K¢ is fairly available for the three modes of crack
loading. Normally onl\K¢ is available in the literature.

In previous sections, the crack is considered stiltge mixed mode loading, i.e., mode | and Il. histcase, it is
necessary to apply models to assess the seveugfetts in mixed mode, just consideridg as parameter. According
to Pook (2010), these models express the mixed rfaatbng in the form of equivalent mode |, i.e., equivalent
driving forceJqq originated fromJ(K;, K, , K;;) to compare with the fracture toughness in mode .
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Several models are available under the name “Fafuiteria”, with no great similarity between thelmfact, as the
name implies, these criteria are adopted diffeyeintkach model. For the current case, three madili®e applied to
the analysis of defect severity, Coplanar Propaga@riteria (Thiemeier et al., 1991), Maximum Ho®fess Criteria
(Thiemeier et al., 1991) and finally, the critesidopted by the European Fitness-for-Service NetWlerkNET, 2006).

Based on the data of Figure 5, the three methaalggplied separately and the results are showigurd-6. By
analyzing the curves, it appears that only Ry1773,3 MPain all criteria, the stress field generated ineslv
developing of a driving force greater than the tinee toughness of the material. Thus, the riskra€tiire becomes
imminent at the given moment of analysis, and craakassified as critical. So, for all loads isspible to calculate the
remaining fatigue life, except for the critical eashere the propagation is unstable and contraljed,c, Region 1l of
the curveda/dN vs 4K (Dowling, 1999). Further details in the next seatio

Previously mentioned, the loading on the crackesawith the position of the rolling element. Insticase, it appears
that the driving force is maximum ath,=#1,0, independent oP,. A comparative analysis of the curves and the
assessment line, allows to notice that the cravkrigtg of the FITNET criteria is superior if compeal to the levels
stipulated in other criteria, especially betwedin=10,5 and +4,0 In this context, there are two ways of analysés,
one related to a possible conservatism of FITNETehand another, as resemblance to reality.

From the equivalent parameters of fracture is ptsgd determinate the critical crack size, acaggdio the three
failure criteria. The calculation comes from theplégation of eq. (9), replacingg,=gggmaxy The presence d{a/W)
requires that the calculation is interactive, frthva variation of crack lengtl, up toKc. The following Table 2 lists

theac values for the various criteria.

The smallest critical crack lengths comes from FEMNCriteria, which according to the comments abevayld be
an expected result because it is the criteria wimitial severity of the defect, was ranked thehsist. The larger critical
crack lengths results from the Coplanar Propagafioteria. For small load$2,=627,1 MPaandP,=886,9 MPathe
Maximum Hoop Stress and FITNET Criteria are eq@msli.e., the critical crack lengths are identical

These results demonstrate the relevance of théndriforce under mode Il loading, which is somewhaire
emphasized by FITNET through their formulationsT{RET, 2006). This aspect is reinforced by the asialgiven in
section 2.3, which appears that thesitess intensity factors of smaller magnitude, esritom the contact forces of
greatest magnitude, and goes against to what happeler mode Il and showed on Figure 6.

Coplanar Propagation Criteria

Maximum Hoop Stress Criteria
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1,20E-03
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Figure 6. a) Driving force rangé,, b) K, range c)K.qrange on the crack tip, according to the rollingnegnt

positions, for different loads. Assessment accgdinl- e K- d) K, xL, range for different loads, according to
FITNET criteria (FITNET, 2006)
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Table 2. Critical crack length according to failaeréeria

R (MPa) ac (mm)- Coplanar Prop. ac (mm)- Max. Hoop Stress ac (mm)- FITNET

627,1 5,40 4,95 4,95
886,9 5,20 4,45 4,45
1086,2 4,55 3,90 3,63
1254,2 3,90 3,50 2,97
17733 2,40 2,15 1,78

2.5. Remaining Fatigue Life Calculation

The calculation of the remaining fatigue life issbd on the previous incidence of a defect on timeriring
raceway. The remaining life is defined as the tionenumber of cycles for the initial crack reach tréical size.
Initially, to have a considerable remaining lifegtdriving force acting on the crack, must be léss the fracture
toughness of the material. Otherwise, the crackhagation rate is relatively high and unstable, Itegpin a negligible
number of cycles (Dowling, 1999).

The proposed model is valid for region Il of tda/dN vs K curve (Dowling, 1999), however, it will also be
applied to estimate the number of cycles underalstpropagation, according to results of sectign &ccording to
Massoti (2001), the crack propagation rate is altbeelimiar region. All calculations developed img section are
based on results from FITNET Criteria.

The calculation of remaining life is based on twifedent models. The first is based on a numerictdgration of
the curvedN/daversus the instantaneous crack length for constading cycle. The second refers to a function of
variable amplitude loading (Dowling, 1999).

The use of these methods requires, first, knowleafgbe critical crack length, which values comenfr Table 2,
column FITNET. WherePy=1773,3 MPathe calculation indicates a critical crack lengilyger than the original,
already demonstrated as critical in Section 2.4s Thbecause depending on the position of théngklement, the
driving force does not exceed the valig3MPa.(mf>. In this case, the estimated remaining fatigue if based on
the value of Table 2.

In general, the first and second models are defemedqgs. (10) and (11), respectively (Dowling, J9%uch
equations were previously formatted to be implemeéim the proposed problem.

ac

C1%(dN
RL—E.I[EJ.da (10)

2

RL = 1 a((:l—rrVZ) - a(l-"VZ)
3'cltaw)aoa]" 1-m2)

(11)

where the following values were considered for tbastantsC e m respectively, 587102 m/ciclo/(MPaa/E)m
and 478, adjusted properly by ,/0max (Tanaka, Akiniwa, 2002Ac, is the equivalent stress range.

From the models, follow in Table 3 the remainintigiae lives for each condition. The results indicthat the
magnitude calculated is the same in both methaaistie two lower loads, the variation is small agdimem, and for
larger loads is greater.

The assessment between models allows to indicatee salvantages and disadvantages of each. For exampl
considering the load profile, the second methodksaa more detailed reading of the curve tharfitbe in order to
divide the curve of load on different regions. Téfere, the variation of the driving force for thasgage of the rolling
element is better characterized. On the other haedirst model allows for the calculation to cangthe rate change
dN/daas function of instantaneous crack size. Thio&sible because of the tean
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Table 3. Remaining fatigue life of NU 322 (rollepwement — load cycles)

R (MPa) RL (Numericallint.) RL(F.V.A)
627,1 22.817.688 21.516.570
886,9 1.190.854 1.405.796
1086,2 117.480 193.893
1254,2 24.522 39.073
1773,3 375 573

The results above were compared to similar sinaniatiP,=886,9 MPg made by Mendelson and Ghosn (1986).
The results demonstrate equivalence in magnitutieess the values of the two studies and theref@efgreat value
to the goals.

3. CONCLUSION

At the end of the study, it's possible to enumethge following conclusions, according to the ordéithe topics
covered:

— The complex stress state induced in the bearigaulminates in mixed mode loading on the cracksya
- ox andr,, are one of the most important parameters to cengidthe nucleation and propagation of cracksearimg
rings. In general, these components originate fitmenrotation and bearing adjusment, and the Hertzéntact forces

between rollers and raceways;

- In the proposed problem, the mixed mode loadindefned by the presence of the open mode andghear in the
plane of the defect;

- The cyclical behavior d, andK;, (Figure 5) reinforces the prevalence of fatiguatenbearing life;

— The stress intensity factdf and theJ -integral parameters define the fracture conditiamg suffice to characterize
the severity of cracks developed in bearing rings;

- For low magnitude loads {#627,1 MPa) the open mode contributes more effelstito the crack propagation than
the shear mode. As for loads of medium and larggnihades, this condition changes and mode Il besome
progressively more relevant. This can be evidernethe results presented in section 2.4, wherg@pears that the
regions of higher I coincide with the higher K

— The three failure criteria presented convergehto dame result of defect severity. By the analgsisormed, it is
noted that the FITNET Criteria indicated greateresity of the crack than the other, and this asgeems to be more
real;

- The remaining fatigue life calculation showed thath models used, converge on the same scaldusdsia

— The short periods of remaining life RL indicatésttto achieve values of greater magnitude, theirmpanust be
subjected to smaller loads;(land reduced number of cycles (n);

- TheRL values are not absolute, because it comes froeralesimplifying assumptions, and should only beduas
references in order of magnitude;

— The analysis carried out are of great value todeeelopment of hew materials and bearing desigasyell as
contribution to the reliability analysis relatediearings;

— As next step for this study, the present methagiokhall be validated experimentally.
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