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Abstract. In this paper an analytical first order solution for optimal low-thrust limited power transfers (no rendezvous)
between coplanar orbits with very small eccentricities in an inverse-square force field is presented. This analytical
solution is determined through canonical transformation theory and is expressed in terms of non-singular elements. A
preliminary analysis of interplanetary transfers is performed and the analytical results are compared to the ones
obtained through a numerical technique.
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1. INTRODUCTION

The purpose of this paper is to present an analytical study of optimal low-thrust limited power trajectories for
transfers (no rendezvous) between coplanar orbits very small eccentricities in an inverse-square force field. The study of
these transfers is particularly interesting because the orbits found in practice often have a small eccentricity and the
problem of transferring a vehicle from a low orbit to a high orbit is frequently met. Besides, the analysis has been
motivated by the renewed interest in the use of low-thrust propulsion systems in space missions verified in the last two
decades (Edelbaum, 1965; Marec and Vinh, 1977; Marec, 1979; Haissig et al, 1992; Kechichian, 1996, 1997; Vasile et
al, 2000; Sukhanov and Prado, 2001; Kiforenko, 2005).

The optimization problem associated to the space transfer problem is formulated as a Mayer problem of optimal
control with “Cartesian” elements — radial component of position vector and radial and transverse components of
velocity vector — as state variables. After applying the Pontryagin Maximum Principle (Pontryagin et al, 1962),
successive Mathieu transformations are performed and suitable sets of orbital elements are introduced. The short
periodic terms are eliminated from the maximum Hamiltonian function through an infinitesimal canonical
transformation built through Hori method (Hori, 1966) — a perturbation canonical method based on Lie series. The new
Hamiltonian function, resulting from the infinitesimal canonical transformation, describes the extremal trajectories
associated with the long duration maneuvers for simple transfers (no rendez-vous). The separation of variables
technique is applied to solve the Hamilton-Jacobi equation associated to the average canonical system and closed-form
analytical solution is obtained. A first order analytical solution for the non-singular orbital elements is then obtained
applying the transformation equations of the algorithm of Hori method.

Finally, the analytical solution is applied in preliminary analysis of interplanetary transfers and the results are
compared to the ones obtained through a numerical technique.

2. OPTIMAL LOW-THRUST TRAJECTORIES

Low-thrust power-limited systems or, simply, LP system, are characterized by low-thrust acceleration level and high
specific impulse (Marec, 1979). The ratio between the maximum thrust acceleration and the gravity acceleration on the
ground, 7,../9, , is between 107 and 107 For such system, the fuel consumption is described by the variable J

defined as
et
i 1
J 2 -‘-to 7/ dt y ( )

where yis the magnitude of the thrust acceleration vector I used as control variable. The consumption variable J is a
monotonic decreasing function of the mass m of the space vehicle,

J= Pmax(i_i\] ! (2)

m m,

where Ppa is the maximum power and m, is the initial mass. The minimization of the final value of the fuel
consumption J; is equivalent to the maximization of m, .

The optimization problem concerning with simple transfers (no rendezvous) between coplanar orbits will be
formulated as a Mayer problem of optimal control by using Cartesian elements as state variables. At time t, the state of
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a space vehicle M is defined by the radial distance r from the center of attraction, the radial and transverse components
of the velocity, u and v, and the fuel consumption J. The geometry of the transfer problem is illustrated in Fig.1.
In the two-dimension optimization problem, the state equations are given by

du Vv u dv  uv

—=— —=——45

dt r errR dt r

dr dd 1/, >

A &z ® ) ®

where g is the gravitational parameter, R and S are the components of the thrust acceleration vector in a moving frame
of reference, that is, I'=Re, +Se,, with the unit vector e, pointing radially outward and the unit vector e,
perpendicular to e, in the direction of the motion and in the plane of orbit.

The optimization problem is stated as: it is proposed to transfer a space vehicle M from the initial conditions at
t, =0,

u(0) =0 v(0) =1 r(0) =1 J(0)=0, @)

to the final state at the prescribed final time t, ,

u(t;)=0 V(tf):\[,u/rf ri¢g)=re, ®)

such that J; is a minimum. In the formulation of the boundary conditions, all variables are expressed in canonical
units, such that 4 =1.

M(t) m

Figure 1. Geometry of transfer problem.

Following the Pontryagin Maximum Principle (Pontryagin et al, 1962), the adjoint variables 4,, 4,, 4, and 4, are
introduced and the Hamiltonian function H(u,v,r,J,AU,/IV,/Ir,/‘LJ , R,S) is formed using the right-hand side of Egs (3),

2
H:/Iu(v——ﬁz+RJ+A(—£+S)+%,U+%(R2+SZ). (6)
ror r

The control variables R and S must be selected from the admissible controls such that the Hamiltonian function
reaches its maximum along the optimal trajectory. Thus,

R =-Zu CY—" @
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Since A, isafirstintegral and A, (t, ) =—1 (this results follows from transversality condition) one finds
A, () =-1. 8)
Thus, from Eqgs (7), the optimal thrust acceleration is given by

R =4, S =4, ©)
Introducing these equations into the Eq. (6), one finds

2

e cun oL A 2). 10
r r r

The problem of determining a first order analytical solution of the system of differential equations governed by the

Hamiltonian H™ is solved by means of the theory of canonical transformations as it will be described in the next
section.

3. FIRST ORDER ANALYTICAL SOLUTION

Consider the Hamiltonian function describing a null thrust arc in the two-dimensional formulation of the
optimization problem:

v oou uv v
H=uA +| —= A, —A, +—4,. 11
' (r r2 rﬂ“V r (11)

Note that H is obtained from Eq. (6) taking R=S =0 and adding the last term concerning to the differential

equation of the angular variable &, which defines the position of the space vehicle with respect to a reference axis in the
plane of motion. This variable is important for rendez-vous problems and plays no special role for simple transfer
problems, but it is necessary to define the canonical transformations described below.

In the transformation theory described in the next paragraphs, it is assumed that the Hamiltonian H” is augmented
in order to include term associated to the angular variable &; that is,

2
H*:u,irJr["——ﬁzJ/lu—ﬂzV +X/19+%(,1§+,1§). (12)
r r r r

H is the undisturbed part of H™ and plays a fundamental role in the theory.
The general solution of the system of differential equations governed by the Hamiltonian H can be expressed in
terms of a fast phase and is given by (da Silva Fernandes, 1999a, 1999b)

u:\/zesinf

p

v:\/z(l+ecos f)
p

_ p
1+ecos f

O=w+f

A, :\Fsinmﬁ\ﬁ‘mf(@ -4,
p uoe
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p p 2 r p sin f r
A, =2 |—=rA,+ |—\2cos f +ecos” f +e)—4, — ——{1+—}1 -,
Vu " Vu( )p Vu e p i -4)

ir:2£1p+cosf+e/1e_smf (lf —/1@)
r r re

dy =2 (13)

!

where p is the semi-latus rectum, e is the eccentricity, w is the pericenter argument and f is the true anomaly (fast
phase) and (4,,4,,4;,4,) are adjoint variables to (p,e, f,w) .
Equations (13) define a Mathieu transformation,

UV, 1,02, 4, 24 A )2 (e, L0, 4, A, A A,) -

The undisturbed Hamiltonian function H is invariant with respect to this canonical transformation and is written in
terms of the new variables as

o

— A
r.2

(14)

Equations (13) have singularities for circular orbits (e =0). In order to avoid this drawback, a set of nonsingular
elements is introduced. The transformation equations between the singular orbital elements and the nonsingular ones are
given by

a= n p2 h=ecosw
—-e
k =esinw L=f+w. (15)

These equations define a Lagrange point transformation. Following the properties of generalized canonical systems,
the Jacobian of the inverse of this transformation must be computed in order to get the transformation equations
between the corresponding adjoint variables. Thus,

Ay = (l—ez)iup

A =(/1€— 2ep2 /’thcosw+(ZL_/1‘”jsina)

l-e e
A :{ﬂe —(]%)ipjsinw—(/l" ;ﬂ‘”jcosa)
A=A, (16)

Equations (15) and (16) define a new Mathieu transformation between singular and nonsingular elements,
(e foo 4y, A, Ag, A,) 2 s(a,h k, L Ay, Ay A Ay )-

Substituting Egns (15) and (16) into the Eqns (13), one finds

u= fm(hsin L—kcosL)
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-’ -k?)
1+hcosL+ksinL

=L

a (hsinL—kcosL) T2
4, = [2loar, WM ZXOSE) 1 h2 k2 (4, sinL— 4, cosL
P Gusin - )

a a 1 r 3 h
A = [—42al V1-h*—k?| = |+ ————| — K| =h+2cosL+—cos 2L
! \/;{ : [rj \/1—h2—k2(aJ{[2 2

+Esin2L Ay, + §k+25inL—50052L+hsin2L A
2 2 2 2

J, = 2[%} A, +%[(h +cos LA, +(k +sinL)4, ]

A, =—kA, +hA + 1, .
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(17

Equations (17) are valid for all orbits. For quasi circular orbits, that is, orbits with very small eccentricities, these
equations can be greatly simplified if higher order terms in eccentricity are neglected. Considering first order terms in

eccentricity, one finds
u=na(hsin/—kcos/)
v=na(l+hcos/+ksin/)

a
fr=———0mo07—
1+hcos/+ksin/

0=1
A = \/E{Za[hsinf— kcos /]2, + [~k +sin/ +hsin2¢ —kcos 2/ ]2,
7]

+[h—cos ¢ —hcos 2/ —ksin2¢]4, +[—2+ghcosf+gksin4/l,},

A= \/E{Za[1+ hcos/ +ksin/}a, +{—gh + 2cos£+%hcos 20 +gksin2£}1h
U

+[—gk + 25in£+ghsin2£ —gkcos%}ﬂk +[hsinz - kcosf]/lé},

A, = 2(L+2hcos / + 2ksin /)4, + %[@h +00S/ + gcos 20+ gsinzzjzh

+ §k+5inf+KSin2f—EC052£ A s
2 2 2
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Ay =k +hA, +1,, (18)

n=4/u/a® isthe mean motionand ¢ =w+ M is the mean latitude.

Introducing Eqns (18) into the expression for H™ and considering first order terms in eccentricity, it results

H =na, + % oL+ 2hcos ¢ + 2ksin (Ja222 + [4acos ¢ + daksin 20 + 4ah cos 20 i, 4,
n’a

+[4asin ¢ + 4ahsin 2¢ — 4ak cos 2/}1, A, +[2ak cos ¢ — 2ahsen ¢]4, 4,

+ %—hcos€+ksin€+%cos%+hcos3€+ksinSZ}‘tﬁ

+| —2hsin/ —2kcos ¢ +gsin 20+ 2hsin3¢ — 2k cosSE}Ah/ik +Bk —25in£+%kcos 20 —%hsin 24}%@

+ %+hcoslé—ksinf—%cos%—hcos3£—ksin34/1ﬁ

+ —%h+2COSf+%h0052f+%k5in2f:|ﬂkﬂ,/+[2—3kSinf—3hCOS€]ﬂ§}.
' (19)

In order to get a first order analytical solution for the system of differential equations described by the maximum

Hamiltonian function H ", defined by Eqn (19), Hori method (Hori, 1966) is applied.
According to da Silva Fernandes (2009a), the new Hamiltonian F, and the generating function S, are given by the
following equations:

a 12912 5 12 12
F =422 +2 (42 + 22 ), 20
1 2#{ a 2( h k )} ( )

15
S, = /a—g{[4h'sin€’—4k'cos 0'la"2 222 + [4a’sin ¢’ — 2a'k ' cos 2¢' + 2a’'h'sin 2¢' | A,
Y7,
+[-4a’cos ¢ — 2a'h" cos 2¢' - 2a'k'sin 20| A,

+|—h'sin¢’ - k’cos£’+gsin 2€'+%h'sinSZ’—%k’cosBﬂ’}igz (21)

+| 2h'cos f’—2k’sin£’—%cos 25'—%h’cossf'—%k’sin%'}lgﬂ;

| hsine + k' cos ¢ — Ssin20' - Lhvsinae + Lk cos 307 A0
L 8 3 3
Terms factored by A, have been omitted in equations above, since only transfers (no rendez-vous) are considered.
Prime denotes the new variables resulting from the canonical transformation.

The general solution of the canonical system governed by the new Hamiltonian function F, can be obtained

applying Hamilton-Jacobi theory as described in (da Silva Fernandes, 2009a). For a given set of initial conditions, one
gets

’

o

1+ 46‘0[1Et2 —a,p. tj
u\2 ’

, 12 12
h'=h + {Eﬁ tan™ 4’;E - —tan™t ( 4’§E —1) , (23)
2C 5C“a, 5Ca’

al(t) =

, (22)
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N ] G 4uE L 4auE
k :ko+\/:—k tan | —o——1| |-tan|| E=-1] |t, (24)
2 C 5C*a, 5C‘a
a, Y 5 a, 1
2 _| %o 2 Y20 % .+
Ay _(a’)la"JrSC (a“ a’zj' (25)
A =, (26)
=2 @7)

with C and E given in terms of the initial conditions by

2 2 2
Ct= A+

au = ay(8lag 2, F +5(42 +27)).

The initial conditions for the state variables (generalized coordinates) are given by a'(0)=a;, h'(0)=h; and k'(0)=k;.

Equations (22) through (27) represent the solution of the canonical system concerning the problem of optimal long
duration low-thrust limited-power transfers between elliptic coplanar orbits with very small eccentricities in an inverse-
square force field.

For maneuvers with arbitrary duration, the periodic terms must be included. Following Hori method (Hori, 1966)
and applying the initial conditions, one gets a first order analytical solution:

15

a(t)=a'(t)+ a_3 {8n'sin¢"— 8Kk’ cos £']a24; + [4a’sin ¢ — 28k cos 2¢' + 2a'h'sin 20/ |4
7,

(28)
+[-4a’cos ¢’ — 2a'h’ cos 2¢" — 2a'k"sin 2¢' |, }{f; ,
arS
h(t) = h'(t) + |~ {[4a’sin ¢’ — 2a’k 'cos 2¢' + 2a'h'sin2¢' ]2,
7
[P ! ’ ’ 3 H ’ 2 et ’ 2 ’ ’ ’
+|—2h'sin¢’ — 2k’ cos ¢ +Zsm2/é +§h sin3¢ _§k cos3¢' |4/ (29)
' ' Tainm 0 3 ’ 2 ’ ’ 2 Iai APTAlA
+| 2h'cos ' — 2k’sin ¢ —Zcos% _§h cos 3/ _§k sin30" | A ol
a!S
k(t) =k'(t) + | = {[~ 4a’cos ' — 2a'h’ cos 2/’ — 2a'ksin 2¢' A,
7
’ ’ 1 ! 3 ’ 2 ! ’ 2 [P ! ’
+| 2h'cos ' — 2k’sin ¢ —Zcos% _§h cos 3/ _§k sin3¢' |4/ (30)

+ [Zh'sin/é’ +2k’cos ¢’ — %sin 20 —%h'sin%' + %k'cosSé'}lﬁ }

Equations (28) — (30) represents a complete first order analytical solution, including short period terms, for optimal
low-thrust limited-power trajectories concerning with the transfer problem between coplanar orbits with very small
eccentricities an inverse-square force field. This solution involves three unknowns, the initial values of the adjoint
variables, which must be determine to satisfy the two-point boundary value problem of going from the initial orbit
0O, : (ay,hy.k,))to the final orbit O, :(af,hf,kf)). This point boundary value problem can be solved through a

Newton-Raphson algorithm as described in da Silva Fernandes and Carvalho (2008) for transfers between arbitrary
elliptical coplanar orbits.
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4. PRELIMINARY ANALYSIS OF INTERPLANETARY MISSION

In this section, the analytical first order solution previously derived is applied in a preliminary analysis of
interplanetary missions considering Earth-Venus, Earth-Mars and Earth-Asteroids belt transfers. The following
assumptions are employed:

1. The orbits of the planets are circular;

2. The orbits of the planets lie in the plane of the ecliptic;

3. The flight of the space vehicle takes place in the plane of the ecliptic;

4. Only the heliocentric phase is considered; that is, the attraction of planets is neglected.

Table 1 shows a comparison between the results given by the analytical solution with numerical results obtained
through a neighboring extremals algorithm based on state transition matrix (da Silva Fernandes, 2009b). This algorithm
is applied to solve the two-point boundary value problem determined by the application of the Pontryagin Maximum
Principle to the Mayer formulation of the optimization problem with the original state variables r, u, v and J , presented
in Section 2. One sees the good agreement between the analytical and numerical results, mainly for transfers with long
duration and short amplitude.

Table 1 — Comparison between and numerical results (in canonical units)

re /T Duration Janalytical J pumerical
0.727 (Venus) 25 0.0005973 0.0005985
50 0.0002987 0.0002990
1.523 (Mars) 25 0.0007208 0.0007246
50 0.0003604 0.0003609
2.500 (Asteroids) 25 0.0027018 0.0028897
50 0.0013509 0.0013859

5. CONCLUSION

In this paper an analytical first order solution for optimal low-thrust limited power trajectories for simple transfer
(no rendezvous) between circular coplanar orbits with very small eccentricities in an inverse-square force field is
presented. This analytical solution has been obtained through classical mathematical methods of Analytical Mechanics
— canonical transformation theory, Lie-Hori perturbation method and separation of variables technique — and is
expressed in terms of non-singular elements. A preliminary analysis of interplanetary transfers is performed and the
analytical results are compared to the ones obtained through a numerical technique.
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