Proceedings of COBEM 2011 21* Brazilian Congress of Mechanical Engineering
Copyright © 2011 by ABCM October 24-28, 2011, Natal, RN, Brazil

MINIMUM MASS IN THERMOELASTIC SOLID STRUCTURES

José Alves de Oliveira Neto, jaoneto5@uol.com.br
Instituto Federal da Bahia (IFBA), Unidade de Eunapolis, Avenida Jonas David Fadini, S/N, Rosa Neto, CEP 45823-431,
Eunapolis—BA, Brazil.

Jodo Carlos Arantes Costa JUnior, arantes@ufnet.br
Federal University of Rio Grande do Norte (UFRN), DEM (PPGEM), Campus Universitario, Lagoa Nova, Technological Center,
CEP 59072-790, Natal — RN, Brazil.

Karilany Dantas Coutinho, karilany@ufrnet.br
Federal University of Rio Grande do Norte (UFRN), DEM (PPGEM), Campus Universitario, Lagoa Nova, Technological Center,
CEP 59072-790, Natal — RN, Brazil.

Marcelo Krajnc Alves, krajnc@emc.ufsc.br
Federal University of Santa Catarina (UFSC), EMC (POSMEC), Campus Universitario, Trindade, Technological Center, CEP
88040-900, Florianopolis — SC, Brazil.

Abstract. This work proposes a formulation for optimization of tridimensional (3D) structure layouts submitted to
mechanic and thermal shipments. The main goal of the formulation is to minimize the structure mass submitted to an
effective state of stress of von Mises, with stability and lateral constraint variants. A criterion of global measurement
was used for intents a parametric condition of stress fields. To avoid singularity problems was considerate a release on
the stress constraint. On the optimization was used a material approach where the homogenized constitutive equation
was function of the material relative density. On the solution of the optimization problem, was applied the Augmented
Lagrangian Method, that consists on minimum problem sequence solution with box-type constraints, resolved by a
second order projection method which uses the method of the quasi-Newton without memory, during the problem
process solution. The topology optimization problem when considerate some stress criterion, can generate feasible
topology results like solutions of realistic problems of engineering, but this causes ill-conditioning of the optimization
problem.
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1. INTRODUCTION

The objective of this work is to develop a computational procedure for the determination of the optimum topology
of structures and components subjected to mechanical and thermal loads. The reduction of the cost of manufacturing a
given component or product may be obtained by applying some optimization tool. In the particular case of components
or products obtained by an injection process (plastic or metal powder), the possibility to consider complex geometry
allow us to explore the flexibility of the process by designing optimized molds with an optimum topology for the
domain of the component.

One of the most difficult decisions in the designing phase is to specify the layout of the geometry of the component.
Once the layout or topology of the component is defined we may concentrate in the definition of the optimum shape of
the domain, sizing of some additional geometric parameters used to define the model and some material properties,
(Suzuki and Kikuchi, 1990; Suzuki and Kikuchi, 1991; Bendsoe and Kikuchi, 1998; Bendsoe, 1995).

In general, the appropriate choice of the layout is strongly dependent of the designer, what implies in the necessity
of a designer with a large practical experience. The decision process associated with the definition of the optimum
layout of component may be done automatically by employing a topology optimization software, (Bendsoe and
Sigmund, 2003; Bendsoe and Rodrigues, 1991; Bendsoe et al. 1993).

In this work, the layout optimization is done by considering a Solid Isotropic Microstructure with Penalization
(SIMP). The material density function o are the design parameters and varies continuously from 0 to 1, taking the

value of 1.0 for a solid material and 0.0 for a void material, Costa Jr. and Alves (2003). To avoid numerical singularity,
the lower bound of material, p,,,, is introduced as

0<pn < p=<1.
@)
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2. FORMULATION OF THE PROBLEM
2.1. Determination of the Thermo Mechanical Problem

The thermal problem considered in this work is illustrated in Fig. 1.
q
r

q

Iy
Figure 1: Definition of the Thermal Problem.

Here, the body domain is defined by Q that is a tridimensional solid structure, with 6Q=T"; UT';; ' NI, =J.
Denoting by T'; and T, the part of the boundary where the temperature and the heat flux are prescribed respectively.
At this point, we define the set of admissible temperatures, W, , and the set of the temperature variations, Var, , to be
given as: W. :{T |Te HY(Q): T=T at FT} and Var, :{'I:"I:e HY(Q): T=0at FT}, where T is a prescribed
temperature imposed over the temperature boundary T"; . We consider the source/sink to be given by a convection heat
transfer from the body to a fluid, i.e., r=—h(T —T_) where T_ denotes the temperature of the fluid and h the
convection heat transfer coefficient. Notice that, if T >T_ then heat is removed from the body and if T <T, heat is

given to the body, (Alves and Alves, 1999; Silva, 2007).
The weak formulation of the thermal problem may be stated as: Let T =T~ +T,, whereT, eW; is a known field.

The problem consists in the determination of T eVar, such that,
a. (T",T)=1.(T), VT eVar,

(2)
where
aT(T*,f):jKHVT*-vfdQ+th*fdQ @)
Q Q
and
. . e feror
IT(T)_ih(Tw Tp)TdQ+JquF iK VT, -VTdQ @

q

Here, the conductivity matrix K" =k"1, where k™ is the homogenized thermal conductivity of the material that is
porous material dependent, such that
k" = p"k
o ®)
where k is the conductivity parameter for the fully density material, o the relative density material and # is the SIMP

penalty parameter, (Cho and Choi, 2005; Rodrigues and Fernandes, 1993).
The mechanical problem considered in this work is illustrated in Figure 2.

Figure 2: Definition of the Mechanical Problem.

Here oQ =T, UT,; I', I, =< .Here, T, and T', represent the part of the boundary where the displacement and
the traction are prescribed respectively. At this point we define the set of admissible displacements, W, , and the set of
the  displacement  variations,  Var, to be given as: W, = {U|U€ [H'( Q] u=tat Fu} and

Var, = {V|V€ [HY()TP:v=0at Fu} . Here, for simplicity we consider t=0. As a result, W, =Var, .

The weak formulation of the mechanical problem may be stated as: Let T W, be the solution of the thermal
problem. Then, the problem consists in the determination of u e W, such that
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a,(u,v)=1,(v), vveVar,

(6)
Where
a,(u,v) = i o(u)-£(V)dQ @
I,(V)=|b-vdQ+ |t-vdl
L) J I | (®)
and been T, the reference temperature of the body
o(u) = D"g(u) - (T -T;)B" ©)
Now, since we consider the material (matrix) to be isotropic, we have:
Ea
Bij = Boé'ij, BO = E (10)

Here, o is the linear thermal expansion coefficient, (T —T,)B; is the thermal stress tensor and D is the generalized
Hooke's law for a linear elastic body, (Brahim-Otsmane et al., 1989; Francfort, 1983). Moreover,

Dijrs = ﬂ’é‘lj 5rs + :u(é‘iré‘js + é‘isgjr) (11)
with
A= L , ’u:G: E .

A-v)(1-2v) 2(1-v) (12)

Where A and g are the Lame’s constants, v is the Poisson’s ratio and E is the Young modulus.

The constitutive matrix D" adapted to intermediary density material, proposed by Cho and Choi (2005) is given
Di?kl :p”DijkI . (13)
2.2. Formulation of the Problem

The objective of this work is to determine the optimum layout of the structure obtained as solution to an
optimization problem. The optimization problem consists in the minimization of the mass of the structure subjected to
an effective von Mises equivalent stress and side constraints. The design variable is the relative density of the material,
represented by p, for dealing with the problem of stress criteria in mass minimization was used SIMP exponential

penalty system to describe the constitutive relation of the material, which is used 7 =3, with this choice, proposed by

Sigmund and Petersson (1998), we get a description of feasible microstructure material.
The problem may than be formulated as:

min| e, (14)
such that

0': (p(x),u(p(x),X,T),T)—O'ySO (15)
P =P <0 (16)
P Pap <0, VXeQ) 17)
where u and T are obtained as a solution to the problem:

a (T T)=1.(T), VTeVar (18)
a,(u,v)=1,(v), Vv eVar, (19)

and T=T" +T_, foragiven T eW, . The effective von Mises stress, for this microstructure is considered to be given
as:

e = (20)
P
The Karush-Kuhn-Tucker necessary optimality conditions associated with this problem is given by: Let L denote
the lagrangian functional associated with the problem, i. e.,

L(p.uT" 4, 4, 4) = [ pdQ+ [ 4, (02, (0, u(e. X T T) =0, )dQ+ [ 4 (o = p) dQ+ [ A (0= £y A2, 1)
Q Q Q Q

where 4_, 4, and A, are the Lagrange multipliers associated with the inequality constraints, Costa Jr. and Alves
(2003). Then, the optimality conditions are given by:
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4,20, 420,  A=>0

22
A, (04=0,)=0, Ao —P)=0,  A(p—py) =0 EZS;
O —0,=0, py—p=<0, p-—p, <0 and o
101 %% 4020 wxea.
S - (25)

2.3. Stress Singularity Problem

In order to open the degenerated parts of the design space with the possibility of creating or removing holes without
violating the effective stress constraint we apply the « - relaxation technique (Duysinx, 1998; Duysinx and Sigmund,
1998; Duysinx and Bendsoe, 1998). In this work, we implement an automatic and systematic strategy to reduce the
initial perturbation parameter x. The stress relaxation parameter is decremented as we get closer to the solution. Now,

let p,, =1 be the relative density associated with the full material condition. Then, knowing that u = u(p(x),x,T),
the relaxed admensionalized effective stress constraint may be written as:

ou(P(¥).uT)
X),u,T)=p(X)| —————=-1|+x(p,, —,(X))<0

o(pts)uT) - e 2 (- p() <0 -

From this consideration, the relaxed minimization problem may be formatted as:

i dQ
”L'”i” (27)
such that

a1 )<0

— K -p)<
P >, Pap — P (28)
Pint —P <0 (29)
P Pap <0, vVxeQ (30)

3. DISCRETIZATION OF THE PROBLEM

In order to solve the thermo-mechanical problem we apply the Galerkin Finite Element Method. Moreover, we
consider the material density associated with each finite element linearly distributed. Consequently, the material
properties related to given element are characterized by a single microstructure. Thus, for each element we have a
design variable “a” which represents the size of the void of the microstructure that fully represents the given finite
element material properties. From this consideration, the number of design variables is given by the number of finite
elements in the mesh.

Furthermore, we make use of the slope-constrained conditions proposed by Petersson and Sigmund (1998). These
conditions are employed in order to ensure the existence of a solution to the layout optimization problem and to
eliminate the well-known checkerboard instability problem (Bendsoe, 1995; Sigmund and Petersson, 1998), that occur
in the Galerkin finite element discretization, when using a low order interpolation base function, in the approximation
space. Thus,

2 2 2
(a—pj <C?, %] <c? and (8_,0} <C’?
ox oy y oz (31)

Here, the constants C,, C, and C, define the bounds for the components of the gradient of the relative density.

These bounds are imposed component wise with the objective of properly imposing a symmetry condition, which may
be used in some particular cases.
The discretized problem may be formulated as:

mplnide (32)
such that
o-:q(p(X),U(p(X),X,T),T)+K i_l ~-1<0 VXxeQ

o, P P o 9
and

Pt =P =0, (34)
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P =Py <0, i=1,...,n (nis the number of nodes in the mesh) (35)

3.1 Global Stress Condition

Notice that, the effective stress constraint is a parametric constraint that must be satisfied for Vx Q. In order to

handle this parametric constraint we relax the pointwise criteria and consider a global integrated constraint. This can be
done by replacing a parametric constraint of the type

g(p(x),u(p(x),x,T),T*(p))go, VxeQ (36)
by the following associated global constraint:
i

_ « 1 .
a(p(x).u(p(x).xT).T"(p)) ={5J<0(X)1U(P(X),X,T)'T (o))’ dﬂ} -0 @7
Q
Here, in order to enforce the point wise constraint we must consider p — -+oo . However, for practical purposes we
consider p=2 where (g(e)) denotes the positive part of the function g(e), i. e., (g(e)) = max{0,g(e)}, Silva (2007).

3.2 Formulation of the Discretized Problem

In order to discretize the problem is applied the Galerkin Finite Element Method. It is employed a four nodes
tetrahedron finite element that interpolates not only the displacement components but also the relative density p .

Consequently, the discretization formulation of the problem way be stated as:

A e - U Wy, W, p

X

Figure 3: Displacement and density fields.
minjde (38)
Q

Subject to:
(i) Stress Constraint:

p(x){ae (o) u(p().%)

Oy

_1]+ p(X)( oy —p(x)) 0 (39)

at this work was proposed the follow global criteria:
Ve

ol '
P . -1 +p7<(psup—p) dQ;, <0 (40)

y

1

g(p.u(p)) = 5I

Q

where, <f (x)> =max {0, f (x)}, for all positive part of f(x).

0
A 7))o @
(if) Side Constraint:
P —p <0 and p —p,, <0; i=1,..,n (nisthe number of nodes in the mesh) (42)
(iii) Stability Constraint

Y

= 1 P .
hj(P):{5£<hej(Xe)> dQ} ’ ]:X’yandz (43)

with
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%
h 9 1] d 1
. = N =X VA e=1,....n
] (p) c. > J ] y; an > s e (44)

J
The constants c,, ¢, and ¢, impose a superior limit to the components of the relative density gradient.

Consider a generic element, according to Fig. 3, with x, =(x.¥;,z); i=1..,4 vertices coordinates and

Xo =(Xn» Ym: Zyn ) @S barycenter coordinates of tetrahedral element.

X

1

Figure 4: Four nodes tetrahedral coordinates.
oo =min|d;|| o/ i=1...4
]

(45)
Ce _ Ce _ Ce _ 1
x — Y%y — V2 _K' (46)
3.3 Augmented Lagrangian Method
Being p e X with X = {p € R”| Pint SO S Py 1=100, n} and n is the number of nodes in the mesh.
Step — 1. Initial Conditions: k=0, A* =0, p“=0, erro=10, ¢, o* and tol .
Step — 2. While erro > tol , to do:
(i) Solution of the minimization problem with side constraint:
minH(p,k,u;;’,w), VpeX (@)
where,
H(p’ﬂ"l"L’é/:O‘)): f(p)—"_1 g 74’2‘ +23: i > \P:( Cl)/,l)
= i K= e (48)
with
. )
9.(9.+¢4) ., ifg, 2—%
A, (9..¢%) = 2 :
e e e 49
() g <R (49)
2 2
and
(N ) i -
hJ a),ue = 2 iy j:].,...,3.
( J) (wjyejj Cifh My (50)
(if) Update of Lagrange multipliers
2
A5 =max{0, 4 +=g, (X*
e maxfo.g 2, ()} o1
and
1 = max0 L2 (xk) ; j=1..,3
ﬂej huej wj e ’ 1y e (52)

(iii) Update of penalty parameters
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é/k+1 :{Klé/k with Y 6(0,1), if j/lé’k >§crit

é/crit (53)
and
Kl ﬂjwr with ﬁj 6(0,1), if ﬁ]a);( > a)jcrlt o
a)j = crit y J = 1, ...,3. (54)
w;
(iv) Error
a=max| A" =4, b=max|u" - |, c=max|u" - p,| and d =max|u - u, (55)

so, erro =max{a,b,c,d}.

Step - 3. End

The problem can be formulated as: A, i, 1, 1, € R™, n, is the number of elements in the mesh and
¢, w,m,,0, R, determinate p* €R", such that:

p =argminII(p, byl @), VpeX

4. ALGORITHM

Here was used a solver of bound constrained Truncated-Newton method. The Truncated-Newton method is
preconditioned by a limited-memory Quasi-Newton method with a further diagonal scaling. Similar results were
obtained with the TANGO algorithm of Andreani et al. (2004), Andreani et al. (2005) and Birgin and Martinez (2002).

5. NUMERICAL APPLICATIONS

5.1 Problem Case (1)

Here we consider a cube with 0.05m of edge according to illustrated in Figure 5, which the material properties
(stainless steel AISI 304) to be given as: Young Modulus E =193GPa, Poisson's ratio v =0.29. The distributed load

(on the top), t=207,000kN/m. The reference (initial) temperature of the body is T, =20°C, the temperature of the
fluid is T, =25°C and the prescribed temperature at the clamped edge (on the bottom) is T, =100°C . The yield stress,
S, =207 MPa . The heat conductivity of the material, k =16.6 W /m°C . The coefficient S =17x10"° m/m°C. The

convection heat transfer coefficient, h=5W/m*°C .
Here, it was analyzed the ¥ of block structure with 2504 elements and 594 nodes.

Figure 5: Definition of the Problem Case (1).

Density 2
S lz.mxz
Ioamz 1.9601
062464 1727
073606 -1.494
064528
056161 + 12600
047303 - 1.0278
0.38625 0.7947
0.20857 0.56161
(b) 021089 0.32852

Figure 6: (a) Full Problem with optimum mass distribution; (b) Mass distribution topology of the problem and
(c) failure function distribution.
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The same problem analyzing % of block structure with 3629 elements and 850 nodes.

Density
1 Failure Funct
lo.sﬂm 17658
0.83574 l 15211
-0.75361 13785
-0.67148 -12319
- 0.58936 g 10673
-0.50723 'g:‘z’
0.4251 1
[ =
0.26084 036424

Figure 7: (a) Full Problem with optimum mass distribution; (b) Mass distribution topology of the problem and
(c) failure function distribution.

Now, a mesh with 1034 nodes and 4557 elements.

Density

1
I 09128
0.82569
0.73839
- 0.65118
0.56398
0.47677
0.38957
I 0.30236

0.21516

()
Figure 8: (a) Full Problem with optimum mass distribution; (b) Mass distribution topology of the problem and
(c) failure function distribution.

5.2 Problem Case (2)

Consider a problem according to Figure 9. The case consists in one block of dimensions: a=0.1m, b=0.04m and
c=0.01m. The properties material are: Young’s modulus, E =193GPa, Poisson’s ratio v =0.29. The distributed
load, t=207kN/m. The reference (initial) temperature of the body is T, =20°C, the temperature of the fluid is
T, =25°C and the prescribed temperature at the clamped edge (on the bottom) is T, =100°C . The yield stress,
S, =207MPa. The heat conductivity of the material, k=16.6W /m’C. The coefficient g=17 x10°m/m°C. The

convection heat transfer coefficient, h=5W / m*C .
Here, it was analyzed Y2 of block structure with 1302 elements and 354 nodes.

Figure 9: Definition of the Problem Case (2).

Failure Funct

4330
l 3.9329

Figure 10: (a) Full Problem with optimum mass distribution; (b) Mass distribution topology of the problem and
(c) failure function distribution
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The same problem analyzing %2 block structure with 5976 elements and 1358 nodes.

Figure 11: (a) Full Problem with optimum mass distribution; (b) Mass distribution topology of the problem and
(c) failure function distribution.

6. CONCLUSION

The usage of a multigrid approach or remeshing procedure is important to increase the rate of convergence to the
optimum layout of the problem. With this approach, we are able to handle problem with a large number of design
variables.

The results were promising, given the stress constraint and tested in meshes with few elements, but for a sharp
optimum layout require a very refined mesh, suggesting high computational cost. This formulation shows be promising
for the implementation of h-adaptive process, that is, the implementation of an intelligent process of refinement of the
mesh with information of the topology gotten in the original mesh.

One of the disadvantages of the adopted approach is that we need to determine the element matrices and vectors
what increase the computational cost when compared with the pixel type of strategy employed by many Authors.
However, the pixel approach requires a refined mesh in order to describe the material boundary with some precision.
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