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Abstract. This work aims to study transient diffusion in solids with cylindrical shape. A numerical solution of the diffusion equation 

for this geometry is presented, for the boundary condition of the third kind. The one-dimensional diffusion equation was discretized 

using the finite volume method, with a fully implicit formulation. The solution can be used to simulate diffusive processes and to 

determine thermo-physical parameters, via optimization techniques. The developed package was applied to study the thin-layer 

drying of peeled bananas, using experimental data available in the literature. Three models were used to describe the drying 

process: 1) the volume V and the effective mass diffusivity D are considered constant; 2) variable V and constant D; 3) V and D are 

considered variable. For all models, the convective mass transfer coefficient h is considered constant. The statistical indicators 

enable to conclude that model 3 describes the drying process much better than the other models. 
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1. INTRODUCTION  

 

It is well known that to increase the post-harvest life of agricultural products, methods as cooling and drying, among 

other, should be used. For the drying case, many mechanisms as solar and hot air are available to accomplish the 

process. Moreover, in order to describe the drying process, generally a mathematical model is used. 

Liquid diffusion models are used by several authors to describe the thin layer drying of foodstuffs (Phoungchandang 

and Wodds, 2000; Gastón et al.,2002; Lima et al., 2002; Doymaz, 2005; Amendola and Queiroz, 2007; Resende et al., 

2007; Hacihafizoglu et al., 2008; Silva et al., 2008). In order to use a diffusive model, the diffusion equation must be 

solved. If the geometry of the solid is simple and the shrinkage is neglected, in general an analytical solution can be 

obtained (Luikov, 1968; Crank, 1992). Moreover, if the effective diffusivity is supposed to be variable, as well as the 

volume of the solid, the diffusion equation should be numerically solved. Among the available methods, one commonly 

used is the finite volume method (Patankar, 1980; Silva et al., 2008). As example, Wu et al. (2004) used this method 

employing a fully implicit formulation to describe heat and mass transfer inside a single rice kernel during the drying 

process. In this work, the authors used generalized coordinates due to the irregular shape of the grain, and they 

considered the diffusivity and the volume as constant values. Another example of the use this method can be found in 

Lima et al. (2002). These authors used finite volume in order to describe the drying process of peeled bananas, coupling 

mass and heat transfer. 

According to Baini and Langrish (2006) the world production of bananas is increasing almost every year. Banana is 

a typical fruit of wet tropical weather zones, being consumed mainly in natura. In countries as India (first producer) and 

Brazil (second producer), the product losses is approximately of 40%. In order to avoid losses, bananas are also 

consumed as “banana-passa”, which is the dried product. Several research works are found in the literature to describe 

drying of this product, using experimental data (Queiroz and Nebra, 2001; Lima et al., 2002; Karim and Hawlader, 

2005; Amendola and Queiroz, 2007). In these works, several diffusion models considering analytical and numerical 

solutions are proposed to describe the drying process of peeled bananas, involving hypotheses with respect to the 

boundary conditions, shrinkage and effective mass diffusivity, among other. In this sense, it seems appropriate to 

examine what is the most adequate model to describe the drying process of this product. 

This article uses a solution of the diffusion equation with the boundary condition of the third kind in order to 

compare models used to describe thin-layer drying of peeled bananas. To accomplish that, the diffusion equation was 

numerically solved through the finite volume method, using the fully implicit formulation. For the analyzed models, the 

effective mass diffusivity and convective mass transfer coefficient was determined via optimization, using the inverse 

method. After that, these parameters were used to simulate the drying process, and the best model was determined by 

the statistical indicators. 

 

2. MATERIAL AND METHODS 
 

The diffusion equation, many times used to describe water transport in porous media, can be written for an infinite 

cylinder as (Luikov 1968; Crank 1992): 
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where M  is the moisture content in dry basis, t is the time, r defines the radial position within the cylinder, and D is the 

effective water diffusivity. 

In this paper, three diffusion models will be used in order to describe the drying of banana, supposing this product as 

an infinite cylinder submitted to the boundary condition of the third kind. The first model assumes constant volume and 

effective diffusivity. The second model supposes variable volume and constant effective diffusivity. Finally, the third 

model supposes variable volume and effective diffusivity. 

In order to solve numerically the diffusion equation considering the three models above mentioned, the finite 

volume method (Patankar, 1980), was used with a fully implicit formulation. In this sense, the following hypotheses 

were assumed: 1) diffusion is the only transport mechanism of water inside the solid; 2) the solid is considered 

homogeneous and isotropic; 3) the convective mass transfer coefficient is constant during the water diffusion; 4) the 

diffusion process presents radial symmetry; 5) the characteristics of the drying air do not change during the whole 

process. 

 

2.1. Numerical solution 
 

Figure 1 presents a cylinder and its uniform grid. The control volumes have a thickness ∆r  and the control volume 

“i” has a nodal point “P”. 

 

 
 

Figure 1. (a) Cylinder of radius R and height L; (b) Uniform grid. 

 

If the height L is much greater than the radius R and the radial symmetry exists, then Eq. (1) can be used to describe 

a drying process. 

Figure 2 shows the control volume with nodal point “P” and its neighbors to west (W) and east (E). The lowercases 

“w” e “e” refer to the interfaces of the control volume “P”. On the other hand, 
w

r  and 
e

r  are the radius of the 

circumferences at the faces “w” and “e” of the control volume. 

 

 
 

Figure 2. Control volume P and its neighbors to west (W) and east (E). 

 

Using the finite volume method (Patankar, 1980) with the fully implicit formulation and integrating Eq. (1) on space 

(2 π rP �r L) and time (from t up to t + ∆t), the following result is obtained for the control volume P: 
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where the subscript 0  means “former time” and its absence means “current time”.  

 



Proceedings of COBEM 2011         21
st
 Brazilian Congress of Mechanical Engineering 

Copyright © 2011 by ABCM October 24-28, 2011, Natal, RN, Brazil 

  

2.1.1. Internal Volumes 
 

For the internal control volumes, the partial derivatives can be approximated as follows: 
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Thus, from Eq. (2), the discretized equation for an internal volume is written as follows: 
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2.1.2. Control volume 1 
 

For the control volume 1, due to the symmetry, the third term of Eq. (2) is zero. Then, the discretized equation 

becomes: 
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with 
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2.1.3. Control volume N 
 

For the control volume N, Eq. (3) is given in the following way: 

 

2/∆r

MM

r

M Pb

e

−
≅

∂

∂
,           (9) 

 

where bM  is the value of M at the surface (boundary). On the other hand, the boundary condition of the third kind is 

expressed as 
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in which M∞ is the equilibrium moisture content (dry basis). Substituting Eq. (9) into Eq. (10), it is obtained: 
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Equation (11) can be used to express 
bM  as follows: 
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Substituting Eq. (12) into Eq. (10) and the result into Eq. (2), the following expression is obtained for the discretized 

equation: 

 

BMAMA PpWw =+ ,           (13) 

 

where 
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If the initial moisture content is known, then in each time step the system of equations given by Eq. (5), (7) and (13) 

can be solved, for instance, by the TDMA method (Press et al., 1996). If the radius of the cylinder varies, then, in each 

time step, its value must be calculated again, and also the thickness ∆r .  

Once M(r,t)  is numerically determined, the average value of moisture content at an instant t can be calculated 

through expression 
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The aforementioned system of equations can be solved for the dimensionless moisture content, which is defined in 

the following way: 
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where the initial moisture content M0 (dry basis) is supposed uniform. In this case, for 0=t , 1=
*

X  and for ∞→t , 

0=
*
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2.2 Effective mass diffusivity 
 

For the nodal points, the effective mass diffusivity D can be calculated from an appropriate relation between such 

parameter and the local moisture content M, 

 

f(M,a,b)D = ,            (18) 

 

where “a” and “b” are parameters which fit the numerical solution to the experimental data, and they can be determined 

by optimization. 

On the interfaces of the control volumes, for example “e” (Fig. 2), the following expression should be used to 

determine D (Patankar, 1980; Silva et al., 2008): 
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and Eq. (19) is valid for uniform grids. Note that Eq. (19) is also valid for a constant diffusivity, with a value D. In this 

case, DDE =  and DDP = ; and Eq. (19) results in DDe =  as expected. If the effective mass diffusivity is constant, 

the coefficients A of Eq. (5), (7) and (13) are calculated only once, and B is calculated in each time step because its 

value depends on 
0

PM , which is the value of M in the control volume P at the initial instant of each time step. On the 

other hand, if the parameter D is variable, the coefficients A are also calculated in each time step, due to the 

nonlinearities caused by the variation of such parameter. In this case, if the time refinement is adequate, errors due to 

the nonlinearities can be discarded. 

 

2.3 Optimization  
 

To determine the parameters D and h by optimization, the objective function was defined by the chi-square referring 

to the fit of the simulated curve to the experimental data of the drying kinetics. The expression for the chi-square 

involving the fit of a simulated curve to the experimental data is given by (Bevington and Robinson, 1992; Taylor, 

1997) 
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where 
exp

iM  is the average moisture content measured in the experimental point “i”, 
sim

iM  is the correspondent 

simulated average moisture content, Np is the number of experimental points, 
2

1 i/σ  is the statistical weight referring to 

the point “i”. In general, in the absence of information, the statistical weights are made equal to 1. In Eq. (20), the chi-

square depends on 
sim
iM , which depends on D and h. If the value of h can be considered constant and the thermal 

diffusivity is given by Eq. (18), the process parameters can be determined through the minimization of the objective 

function, which is accomplished in cycles involving the following steps: 

 

Step 1) Inform the initial values for the parameters “a”, “b” and “h”. Solve the diffusion equation and determine the 

chi-square; 

Step 2) Inform the value for the correction of “h”; 

Step 3) Correct the parameter “h”, maintaining the parameter “a” and “b” with constant values. Solve the diffusion 

equation and calculate the chi-square; 

Step 4) Compare the latest calculated value of the chi-square with the previous one. If the latest value is smaller, 

return to the step 2; otherwise, decrease the last correction of the value of “h” and proceed to step 5; 

Step 5) Inform the value for the correction of “a”; 

Step 6) Correct the parameter “a”, maintaining the parameters “b” and “h” with constant values. Solve the diffusion 

equation and calculate the chi-square; 

Step 7) Compare the latest calculated value of the chi-square with the previous one. If the latest value is smaller, 

return to the step 5; otherwise, decrease the last correction of the value of “a” and proceed to step 8; 

Step 8) Inform the value for the correction of “b”; 
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Step 9) Correct the parameter “b”, maintaining the parameters “a” and “h” with constant values. Solve the diffusion 

equation and calculate the chi-square; 

Step 10) Compare the latest calculated value of the chi-square with the previous one. If the latest value is smaller, 

return to the step 8; otherwise, decrease the last correction of the value of “b” and proceed to step 11; 

Step 11) Begin a new cycle coming back to the step 2 until the stipulated convergence for the parameters “a”, “b” 

and “h” is reached. 

 

In each cycle, the value of the correction of each parameter can be initially modest, compatible with the tolerance of 

convergence imposed to the problem. Then, for a given cycle, in each return to the step 2, 5 or 8, the value of the new 

correction can be multiplied by the factor 2. If the modest correction initially informed does not minimize the objective 

function, in the next cycle its value can be multiplied by the factor -1. Note that if the thermal diffusivity is supposed 

constant, the steps 8, 9 and 10 are not necessary. On the other hand, the initial values for the parameters can be 

estimated through obtained values for similar products available in the literature, or through some empirical correlation. 

 

2.4 Developed software and statistical indicators  
 

The developed software (optimizer and solver for the diffusion equation), including the user interface, was created 

in a computer Intel Pentium IV with 2 GB RAM; in the studio Compaq Visual Fortran Professional Edition V. 6.6.0, 

using a programming language option called QuickWin Application, under the Windows XP platform. Basically, the 

developed software can be used in two situations: 1) simulation of the cooling kinetics when the process parameters are 

known; 2) determination of the parameters D and h by optimization when an experimental dataset is known. 

In order to analyze the quality of the fit, the statistical indicators chi-square, given by Eq. (20), and the coefficient of 

determination R
2
 (Taylor, 1997) are used. All the statistical treatment of the obtained results is performed using the 

LAB Fit Curve Fitting Software, available on www.labfit.net. 

 

2.5 Experimental data  

 
The procedure proposed in this article for the determination of D and h was applied to the experimental data 

available in Queiroz and Nebra (2001), referent to the drying of banana Musa acuminata using hot air at the 

temperature of 29.9 °C. The general information about the drying process is given in Tab. 1. 

 

Table 1. Information about the drying air (temperature T, relative humidity RH, and velocity v); moisture content of the 

bananas (initial, final and equilibrium); and drying time. 

 

 Air   Banana   

T (°C) RH (%) v (ms
-1

) 
oM  (db) fM  (db) ∞M  (db) t (h) 

29.9 35.7 0.38 3.43 0.32 0.1428 121.8 

 

The data of dimensionless moisture content as function of the time have been obtained by digitizing the graph 

available in Queiroz and Nebra (2001), using the software xyExtract Graph Digitizer available at the internet in the link 

http://zeus.df.ufcg.edu.br/labfit/index_xyExtract.htm. 

For the temperature of 29.9 °C, the radius R of the banana varies as function of the average dimensionless moisture 

content 
*

X according the following expression: 

 

)X..(.R
*

5979049810016130 += .      (21) 

 

3. RESULTS AND DISCUSSION 

 

3.1. Model 1: constant volume and effective mass diffusivity 
 

In order to describe drying process using model 1 (constant volume and effective mass diffusivity), a grid with 100 

control volumes was used, and the drying time was divided into 1000 steps. An unreported study about the grid and 

time refinement indicates that such values are adequate to describe the process. The results obtained by optimization are 

presented in Tab. 2 (SI). 
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Table 2. Results for the optimization process using model 1. 

 

D (m
2
s

-1
) 6.737x10

-10 

h (ms
-1

) 9.175x10
-8 

2
χ  1.229x10

-3 

2
R  0.999525 

 

Using the values of the parameters presented in Tab. 2, the drying process can be simulated, and the result is shown 

in Fig. 3 with the time given in hours. 

 

 
 

Figure 3. Drying kinetics of banana through model 1. 

 

An inspection in Tab. 2 and Fig. 3 indicates that model 1 presents good statistical indicators. Thus, in an initial 

analysis, it can be conclude that the proposed model is good. However, despite the obtained good results, this model 

presents a fail: the shrinkage is not considered even being so expressive, as observed by Queiroz and Nebra (2001). 

 

3.2. Model 2: Variable volume and constant effective mass diffusivity 
 

For model 2 (variable volume and constant effective mass diffusivity), a grid with 100 control volumes was also 

used, and the drying time was also divided into 1000 steps. At the end of each time step, the radius was re-calculated 

using Eq. (21), and this new radius was used in the calculations of next time step. The results obtained by optimization 

are presented in Tab. 3 (SI). 

 

Table 3. Results for the optimization process using model 2. 

 

D (m
2
s

-1
) 1.641x10

-10 

h (ms-1) 2.115x10-7 

2
χ  4.8474x10-3 

2
R  0.998138 

 

As it was made for model 1, using the values of the parameters presented in Tab. 3, the drying process can be 

simulated, and the result is shown in Fig. 4 with the time given in hours. 
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Figure 4. Drying kinetics of banana through model 2. 

 

It is worth pointing out that, including the shrinkage effect, the obtained results are worst than those obtained 

disregarding this effect, if the effective mass diffusivity is supposed be constant in both cases. 

 

3.3. Model 3: variable volume and effective mass diffusivity 

 

For model 3 (variable volume and effective mass diffusivity), a grid with 100 control volumes was also used, and 

the drying time was divided into 2000 steps. In the end of each time step, the radius was re-calculated using Eq. (21), 

and this new radius was used in the calculations of next time step. Besides that, the coefficients A of Eq. (5), (7) and 

(13) was also re-calculated at the end of each time step seeking to minimize error due to the nonlinearities caused by the 

variation of the effective mass diffusivity, which influences such parameters. On the other hand, an inspection in Fig. 3 

enables to assume that, at the final part of the drying process, the effective mass diffusivity should be less than the 

obtained value for model 2. It means that when the dimensionless average moisture content decreases, the effective 

mass diffusivity should also to decrease. The following expression for the effective mass diffusivity as function of the 

local dimensionless moisture content was proposed by Marinos–Kouris and Maroulis (1995): 

 

)X(abD
*

exp= ,           (22) 

 

where a and b are constants that fit the numerical solution to the experimental data. 

Equation (22) was used in the optimization of the drying process and the obtained results are presented in Tab. 4 

(SI). 

 

Table 4. Results for the optimization process using model 3. 

 

D (m
2
s

-1
) 1.100x10

-10
exp(1.690X

*
) 

h (ms
-1

) 1.064x10
-7 

2
χ  8.643x10-5 

2
R  0.999966 

 

Using the values of the parameters presented in Tab. 4, the drying process can be simulated, and the result is shown 

in Fig. 5 with the time given in hours. 
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Figure 5. Drying kinetics of banana through model 3. 

 

Once the drying parameters have been determined, Eq. (12) can be used in order to determine the dimensionless 

moisture content for each time step. The obtained results for model 3 are presented through Fig. 6. 

 

 
 

Figure 6. (a) Dimensionless moisture content at the boundary. 

 

An inspection in Fig. 6 indicates that really the appropriate boundary condition to describe drying of bananas is of 

the third kind. 

 

3.4. Discussion 

 

Model 1 (constant volume and effective mass diffusivity) results in statistical indicators which can be considered 

good. However, this model does not consider the strong shrinkage. But when this effect was included (model 2), the 

statistical indicators become worst than previous one. Probably, the shrinkage also affects the effective moisture content 

due to the modifications within the internal structure of the bananas. Thus, It seems reasonable to assume that the two 

effects (shrink and changing in D) are mutually canceled. If this assumption is correct, the good results for model 1 are 

explained. Moreover, a model that includes the two effects should to yields better results than model 1. In fact, the chi-
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square of model 1 is about 14 times greater than chi-square of model 3. In addition, the coefficient of determination of 

model 3 is 0.999966 while for model 1 is 0.999525. 

Obviously, a larger number of parameters to express the effective mass diffusivity should improve the simulated 

result of the drying kinetics. But the objective of this paper has another focus: in some physical situations, such as 

drying of banana, the effective mass diffusivity with a value constant is inadequate to describe the drying kinetics. 

Some unreported expressions to express the effective mass diffusivity as function of the local dimensionless moisture 

content were also used in this research, but the best results were obtained through Eq. (22). 

 

4. CONCLUSION 
 

The simulation of the drying kinetics using model 1 presents good results, but this model does not consider the 

shrinkage. On the other hand, if the shrinkage is considered and the effective mass diffusivity is maintained with 

constant value (model 2), the results are worst than model 1. 

The better model for the description of banana drying using hot air should include: 1) shrinkage, and 2) variable 

effective mass diffusivity, corresponding to model 3. The best result was obtained supposing an expression for the 

effective mass diffusivity, which increases with the local dimensionless moisture content. For the analyzed 

experimental data, the effective mass diffusivity is best represented by the exponential function. In this case, the chi-

square is about 14 times less than the value obtained for model 1. 

 

5. REFERENCES 
 

Amendola, M. and Queiroz, M.R., 2007, “Mathematical methodologies for calculating the mass diffusion coefficient of 

bananas during drying”, Revista Brasileira de Engenharia Agrícola e Ambiental, Vol.11, No. 6, pp. 623-627. 

Baini, R. and Langrish, T. A. G., 2007, “Choosing an appropriate drying model for intermittent and continuous drying 

of bananas”, Journal of Food Engineering, Vol. 79, pp.330-343. 

Bevington, P.R. and Robinson, D.K, 1992, “Data Reduction and Error Analysis for the Physical Sciences”; Second ed., 

WCB/McGraw-Hill, Boston. 

Crank, J., 1992, “The mathematics of diffusion”. Oxford, UK: Clarendon Press. 

Doymaz, I., 2005, “Drying behaviour of green beans”, Journal of food Engineering, Vol. 65, No.1, pp. 161-165. 

Gastón, A. L.; Abalone, R. M. and Giner, S. A., 2002, “Wheat drying kinetics. Diffusivities for sphere and ellipsoid by 

finite elements”, Journal of Food Engineering, Vol. 52, No. 1, pp. 313-322. 

Hacihafizoglu, O., Cihan, A., Kahveci, K. and Lima, A. G. B., 2008, “A liquid diffusion model for thin-layer drying of 

rough rice”, European Food Research and Technology, Vol. 226, No. 4, pp. 787-793. 

Karim, M. A. and Hawlader, M. N. A., 2005, “Drying characteristics of banana: theoretical modelling and experimental 

validation”, Journal of Food Engineering, Vol. 70, pp. 35–45. 

Lima, A. G. B., Queiroz, M. R. and Nebra, S. A., 2002, “Simultaneous moisture transport and shrinkage during drying 

solids with ellipsoidal configuration”, Chemical Engineering Journal, Vol. 86, pp. 85–93 

Luikov, A. V, 1968, “Analytical heat diffusion theory”. New York: Academic Press. 

Marinos-Kouris, D. and Maroulis, B., 1995, “Transport properties in the drying of solids”. Handbook of Industrial 

Drying. New York: Marcel Dekker, Vol. 1, pp. 113-159. 

Patankar, S. V., 1980, “Numerical heat transfer and fluid flow”, New York: Hemisphere Publishing Corporation. 

Phoungchandang, S. and Wodds, J. L., 2000, “Moisture diffusion and desorption isotherms for banana”, Journal of 

Food Science, Vol. 65, No. 4, pp. 651-657. 

Press WH, Teukolsky S. A, Vetterling W. T and Flannery B.P., 1996, “Numerical Recipes in Fortran 77. The art of 

Scientific Computing”, New York: Cambridge University Press, v. 1. 

Queiroz, M. R. and Nebra, S. A., 2001, “Theoretical and experimental analysis of the drying kinetics of bananas”, 

Journal of Food Engineering, Vol. 47, pp. 127-132. 

Resende, O., Corrêa, P. C., Jarén C. and Moure, A. J., 2007, “Bean moisture diffusivity and drying kinetics: a 

comparison of the liquid diffusion model when taking into account and neglecting grain shrinkage”, Spanish Journal 

of Agricultural Research, Vol. 5, No. 1, pp. 51-58. 

Silva, W. P., Silva, C. M. D. P. S., Silva, D. D. P. S. and Silva, C. D. P. S., 2008, “Numerical simulation of the water 

diffusion in cylindrical solids”, International Journal of Food Engineering, Vol. 4: No. 2, Article 6. 

Taylor, J. R., 1997, “An introduction to error analysis”. Sausalito, California: University Science Books, 2nd Edition. 

Wu, B., Yang, W. and Jia, C., 2004, “A three-dimensional numerical simulation of transient heat and mass transfer 

inside a single rice kernel during the drying process”, Biosystems Engineering, Vol. 87, n. 2, p. 191-200. 

 

6. RESPONSIBILITY NOTICE 
 

The authors are the only responsible for the printed material included in this paper. 


