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Abstract. The topology optimization problem characterizes and determines the optimum distribution of material into 

the domain project. The objective of this work is to propose a competitive formulation for optimum structural 

topologies determination in 3D problems in formulation of compliance minimum problems and able to provide high-

resolution layouts. The classical structural optimization problem of compliance minimization is a consistent optimum 

formulation problem, differently what account with the optimization problem has stress constraints. The procedure 

combines the Galerkin Finite Elements Method with the optimization method, searching the improve material 

distribution along the fixed domain of project. The finite element used for the approach is a four nodes tetrahedron 

with a selective integration scheme, which interpolates not only the components of the displacement field but also the 

relative density field. According to mentions above, the proposed consist in the formulation of a compliance topology 

optimization problem. The Layout Optimization Method is based on approach material with considers homogenized 

constitutive equation that depends only of the relative density of the material. The microstructure used in this 

procedure was the SIMP (Solid Isotropic Material with Penalty). The approach reduces considerably the 

computational cost, showing to be efficient and robust. The results provided a well-defined structural layout, with a 

sharpness distribution of the material and a boundary condition definition. The layout quality was proportional to the 

medium size of the element and a considerable reduction of the project variables was observed due to the tetrahedrical 

element. 
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1. INTRODUCTION  
 

The objective is define the excellent topology of structures, Bendsoe and Kikuchi (1988) proposed the Topology 

Optimization Method, based in the Theory of the Homogenization. In this paper, the problem of topology optimization 

is transformed in a problem of material redistribution under one preset project domain using Compliance Minimization 

in 3D elements. The properties effective of the composed material are according to Homogenization Theory. The 

concept of this method was used to decide minimization problems of the internal energy of deformation for Suzuki and 

Kikuchi (1991), Díaz and Bendsoe (1992), Tenek and Hagiwara (1993), Bendsoe et. al. (1995) and Krog and Olhoff 

(1999). Formularizations had been proposals for Mlejnek and Schirrmacher (1993), Yang and Chuang (1994) and Costa 

Jr. and Alves (2000, 2002). Costa Jr. and Alves (2000, 2002) work the density of the material is considered constant 

inside of the element. Moreover, the properties effective of the material are determined by a homogenized constitutive 

equation, that depends only on the relative density of the material and is based on the model considered by Gea (1996). 

In this work will be developed a computational process competitive and efficient in the definition of the 3D 

topology structures under compliance minimization. On TOM (Topology Optimization Method) will be applied to the 

minimization criterion of the internal energy of deformation, being the constraints associates to the problem: Volume 

and Side. With target of to stabilize the solution and prevent problems, stability constraints are imposed. The state 

equations are approached by the Galerkin Finite Element Method, with four nodes tetrahedral elements that interpolate 

relative density fields. The material model is characterized by an artificial microstructure of type SIMP. 

 

2. PROBLEM DEFINITION 

 

The Fig. 1, define a topology optimization problem. 

Here, we define the following sets: Ω  – is the domain of the body and the boundary is denoted for ∂Ω = Γ ∪Γu t  

and Γ ∩Γ = ∅u t
,Γu

 – is the part of the boundary with prescribed displacement, i.e., =u u ; Γt
 – is the part of the 

boundary with prescribed traction, i.e., =σn t ; b  – is the body force. 
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( ) ( ){ }2
1 ,  at  Ω = ∈ Ω ∈Γ o uH Hv v v = 0 x  and { }0= +H Hu  are variations of the displacement field and set of 

admissible displacements, respectively. 

 
(a) Initial Condition   (b) Final Condition 

Figure 1: Compliance optimization problem. 

 

2.1. Formulation of the Problem 
 

The optimization problem has like objective the compliance minimization of 3D topology under constraint volume 

and side constraints. 

The layout optimization problem may be formulated as follows: 

 

( )min min
ρ ρ

Ω Γ

 
= ⋅ Ω + ⋅ Γ 

 
 
∫ ∫

t

l d du b u t u
 (1) 

 

Subject to 

 

(i) volume constraint: 

 

ρ
Ω

Ω =∫ od V
, (2) 

 

(ii) side constraints 

 

inf sup0 and 0 ,        ρ ρ ρ ρ− ≤ − ≤ ∀ ∈Ωx
, (3) 

 

(iii) stability constraint 

 

( ) ( )
2

2

0 ;   , and
ρ∂ 

− ≤ = ∀ ∈Ω 
∂ 

jc j x y z
j

x
x

, (4) 

 

The constants xc , yc  e zc  impose a superior limit to the components of relative density gradient, Petersson and 

Sigmund (1998) and Sigmund and Petersson (1998). 

The displacement field ( )( ),u ρ x x  is solution of: 

 

( ) ( ), ,= ∀ ∈

∴ + =
oa l H

div

u v v v

σ b 0 , (5) 

 

where ( ) ( )ρ= Hσ D ε u  and on , on= Γ = Γu tu 0 σn t , with: 

 

( ) ( ) ( ) ( ), ρ
Ω

= ⋅ Ω∫ Ha du v D ε u ε v
 (6) 

 

The integral defined in equation (6) is approach by select integration: 
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( ) ( ) ( ), , ,= +vol dista a au v u v u v
 (7) 

 

been ( ),vola u v  are volumetric terms and ( ),dista u v , distortion terms.  And 

 

( )
Ω Γ

= ⋅ Ω+ ⋅ Γ∫ ∫
t

l d dv b v t v
 (8) 

 

2.2. Model Material Definition 
 

The porous material concept employed is modeled with the so-called, proportional “fictitious material” model, also 

name as the solid isotropic material with penalization model (SIMP). So, a continuous variable ,  0 1ρ ρ≤ ≤  is 

introduced. In numerical implementations, a small lower bound 
infρ , such that 

inf0 1ρ ρ< ≤ ≤ , is imposed, in order to 

avoid a singular FEM problem, when solving for equilibrium conditions equations in the full domain Ω , see Bendsoe 

and Sigmund (1999). The homogenized constitutive equation of the effective material may be fully expressed in terms 

of the relative density of the porous material. 

 

( ) ( )ρ =  
Hσ D ε u

 (9) 

 

where 

 

{ }, , , , ,σ σ σ σ σ σ=T

xx yy zz xy yz zxσ
 (10) 

 

( )ρ     = +     
H H H

vol distD D D
 (11) 

 

and 

 

( ) { }Τ11
0

  ,   , , , 0,0,0
0 0

ρ
ε ε ε

 
  = =  

 

H

H

vol xx yy zz

D
D ε

 (12) 

( ) { }Τ

22

0 0
  ,   0,0,0, , ,

0
γ γ γ

ρ
 

  = =  
 

H

dist xy yz zxHD ε
D  (13) 

 

with 

 

( ) ( )
( )( )11

1
1 1

1
1

1 1 2 1 1

1
1 1

ν ν
ν ν

ν ν ν
ρ

ν ν ν ν
ν ν
ν ν

 
 − − 

−    =   + − − −
 
 
 − − 

H
E

D
 (14) 

 

( )
( )22

1 0 0

0 1 0
2 1

0 0 1

ρ
ν

 
   =   +
  

H E
D

 (15) 

 

ν  is Poisson’s ratio. 

 

( ) ηρ ρ= oE E
 (16) 

 

oE  is the Young’s modulus of solid material and η  is a penalty parameter of “porous material concept”. 
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3. DISCRETIZATION OF THE PROBLEM 
 

3.3. Formulation of the discretized problem 
 

In order to discretize the problem is applied the Galerkin Finite Element Method. It is employed a four nodes 

tetrahedron finite element that interpolates not only the displacement components but also the relative density ρ. 

Consequently, the discretization formulation of the problem way be stated as: 

 

( )( )min
ρ
f u ρ

 (17) 

 

subject to: 

 

0ρ
Ω

Ω− ≤∫ od V
 (18) 

inf sup0 and 0 ;    =1,...,  (  is the number of nodes in the mesh)ρ ρ ρ ρ− ≤ − ≤i i i n n
 (19) 

 

remember that sup 1ρ = , and 

( )

2

1;  , and

ρ ∂
 ∂ = − =

ej

j

j
h j x y z

c
ρ

, (20) 

for 1, ,= K ee n ; ∈ρ X  with { }inf sup
, 1, ,ρ ρ ρ= ∈ ≤ ≤ =� K

n

i
i nX ρ  and en  is the number of elements in the mesh. 

 

Augmented Lagrangian Method 

 

Step – 1. Initial Conditions: 0=k , 0λ =k , kµ = 0 , 1.0=erro , ζ , ωk  and tol . 

 

Step – 2. While >erro tol , to do: 

 

(i) Solution of the minimization problem with side constraints: 

 

( )min , , ; , ,ζΠ ∀ ∈ρ λ µ ω ρ X
 (21) 

 

where, 

( ) ( ) ( ) ( )
3

1 1 1

1 1
ρ, ,µ; ,ω ρ , , ,λ ζ ζλ ω µ

ζ ω= = =

 
Π = + Λ + Ψ 

  
∑ ∑ ∑
e en n

j j

e e e e e j ej

e j ej

f g h
 (22) 

with 

( )
( )

2

   ,   if 
2

, ,

   ,   if 
2 2

ζλ
ζλ

ζλ
ζλ ζλ


+ ≥ −


Λ = 

  − < −   

e

e e e e

e e e

e e

e

g g g

g

g
 (23) 

and 

( )
( )

2

   ,   if 
2

, ;  1,...,3.

   ,   if 
2 2

ω µ
ω µ

ω µ
ω µ ω µ


+ ≥ −


Ψ = =

  − < −   

j ejj j j

e e j ej e

j j

e e j ej

j ej j ejj

e

h h h

h j

h
 (24) 

(ii) Update of Lagrange multipliers 

 

( )1 2
max 0,λ λ

ζ
+  
= + 

 

k k k

e e eg x
 (25) 

and 
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( )1 2
max 0, ;  1,...,3.µ µ

ω
+

  
= + = 

  

k k k

ej ej e

j

h jx
 (26) 

 

(iii) Update of penalty parameters 

 

( )1 1 11
  with  0,1 ,   if γ ζ γ γ ζ ζ

ζ
ζ

+
 ∈ >

= 


k k crit

k

crit  (27) 

and 

( )
1

  with  0,1 ,   if 
  ;  1,...,3.

β ω β β ω ω
ω

ω
+

 ∈ >
= =


k k crit

j j j j j jk

j crit

j

j
 (28) 

 

(iv) Error 

 
1 1 1 1

1 1 2 2 3 3
max , max , max  and  maxλ λ µ µ µ µ µ µ+ + + += − = − = − = −k k k k

e e e e e e e e
e e e e

a b c d
 (29) 

 

so, { }max , , ,=erro a b c d . 

 

Step – 3. End 

 

The problem can be formulated as: 
1 2 3, , , λ µ µ µ ∈�

en  and 
1 2 3, , ,ζ ω ω ω ∈ � , determinate ∗ ∈ �

nρ , such that: 

 

( )*
arg min , , ; ,  ,   .ζ= Π ∀ ∈ρ ρ λ µ ω ρ X

 (30) 

 

4. NUMERICAL EXAMPLES 
 

4.1. Problem #01 

 

 Consider a problem according to Fig. 2. The case consists in one block of dimensions: 4.0=a m , 7.0=b m  and 

5.0=c m . On block is applied a prescribed vertical load of 65.0 10= × NP . The optimum layout is submitted to 

volume constraint 0.2α = . It was analyzed the structure with 13,389 elements and 3,130 nodes. 

 

 
Figure 2: Problem #1 Result. 
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4.2. Problem #02 
 

 In this case, consider a problem according to Fig. 3. The block dimensions are: 2.0=a m , 10.0=b m  and 

1.0=c m . On block is applied a prescribed vertical load of 65.0 10= × NP  and with a volume constraint 0.25α = . It 

was analyzed the ¼ of block structure with 35,555 elements and 7,289 nodes. 

 
Figure 3: Problem #2 Result. 

 

4.3. Problem #03 
 

 Consider a problem according to Fig. 4. The block dimensions are: 1.0=a m , 1.0=b m  and 1.0=c m . On block is 

applied a prescribed vertical load of 65.0 10= × NP  and with a volume constraint 0.2α = . The block presents a 

prescribed displacement of [ ]0,0,0  on 1 2 3 4Ω = Ω = Ω = Ω . It was analyzed the ¼ of block structure with 16,205 

elements and 3,218 nodes. 

 
Figure 4: Problem #4 Result. 
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5. CONCLUSION 

 

According to results the algorithm proposed showed to be effective and robust in the generation of excellent 

structural problems 3D structural topologies. The final resolution of the material contour is directly dependent of the 

average size of the finite element employee, representing a direct relation with the computational cost, as can be 

verified presents excellent clearness with clear disposal of material. In relation to a formulation for pixel this method 

has the disadvantage of the computational cost for the calculation of the stiffness in each element, but this disadvantage 

can disappear with the implementation of a h-adaptivity process. Note that, the compliance optimization problems 

without stress constraints are not sufficient to project structures, so will be necessary to process a stress analysis, and to 

make adjustments to the sizing. The optimum compliance should be applied to get an initial proposal of topology 

structure (conception model). 

The strategy of the implementation of adaptivity resources, that is, the implementation of an intelligent process of 

refinement of the mesh with information of the topology obtained in the original mesh, is detailed in the works of Costa 

Jr. (2003), Costa Jr. and Alves (2003a-b). For the solution optimization problem, according to described in the main 

body of this paper, the Augmented Lagrangian Method is applied. The solver presented excellent performance, in a 

posterior version will compare with computational structure TANGO of Andreani et al. (2004), Andreani et al. (2005) 

and Birgin and Martinez (2002). 
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