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Abstract. One of the limitations of the Finite Element Method is the lack of precision in the estimation of the high-
frequencies eigenmodes. In general, considering a frequency range, the eigenmodes obtained by the Finite Element
Method represent a small percentage of the total number of eigenmodes. This problem is even worse when high-order
finite elements with low regularity are employed in the numerical analysis. When excited by impulsive forces, the
precision of the mechanical wave propagation in elastic solid media depends on the precision that one can represent
the eigenmodes. In this sense, the larger the number of modes that can be represented more precisely, the more
accurate representation of the propagating wave. In this work we present a Generalized Finite Element Method
(GFEM) that is used to solve the free vibration and wave propagation problem in elastic solid media. The proposed
GFEM generates high regularity approximation spaces. More specifically, we explore the p version of the method in
which the Partition of Unity, which are constructed based on rational polynomial weight functions, are enriched by
monomials of order p. The dynamic solution is obtained based on the implicit Newmark method and the modal
superposition. Cases of study are carried out considering linear elastic rods and axisymmetric plates and shells
submitted to impulsive forces.

Keywords: Natural frequencies, wave propagation, GFEM.
1. INTRODUCTION

The problem of obtaining high natural frequency modes precisely by using numerical methods is still an open
research topic that includes several proposals. The Finite Element Method (FEM), which is currently a consolidated
method, has some limitations in accurately obtaining natural frequencies. Several works in the literature deal with the
correct determination of eigenmodes in elliptical problems. An a priori error estimator for the so-called / version of the
FEM, see Hughes (1987) and more recently Givoli (2007), is available. This error estimator is

en — |/1':1 _/In| < ChZ(pfs)ﬂlng)/(Hl) , (1)

where A, is the exact n'™ eigenvalue, A" is the FEM approximation eigenvalue, / is a mesh parameter, i.e., the size of
the largest element in the mesh, C is a constant independent of # and A, , p is the polynomial degree of the FEM

approximation space and s is the regularity of the FEM approximation space (C").

In the work presented by Cottrell et al. (2007a, 2007b), the outstanding superiority of the so-called k-method,
as compared to the FEM results, for finding the eigenmodes of elliptic eigenvalue problems was presented. The results
presented by this work showed an absence of acoustic and optical branches.

In this work, we employ a Generalized Finite Element Method (GFEM) equipped with an approximation space
that has high order and regularity. The Partition of Unity (PU) generated in this work is obtained by rational polynomial

weight functions and presents regularity C, (2), k =0,2,4 . In addition, the PUs are homogenously enriched by a set of

monomials of p. Some examples are presented to attest the use of the proposed methodology in addressing of free
vibrations and wave propagation problems in linear elastic media.

2. ENRICHED GFEM APPROXIMATION SPACE

The GFEM is derived from the methodologies that construct the approximation space based on the PU
concept; see Melenk and Babuska (1996) and Oden et al. (1996). The enrichment procedure used in this work consists
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in the multiplication of a shape functions, which is based on a rational polynomial weight function, defined on a nodal
position of the element of the integration mesh, by a set of monomials of a given order p. The nodes to be enriched can
be selectively selected, by means of an error estimator and p-refinement, or simply homogeneously selected. In the case
of curved domains, which is one of the purposes of analysis of this work, the enriched functions are defined on a

parametric domain X and then mapped to the physical domain by a vector mapping function X(s) , where s is the arc-

length, see Fig. 1. For a detailed description see Garcia and Proenga (2007).
The enriched approximation space is equipped with all the possible linear combinations of a finite dimension

space generated by the product of PU functions ¢, by a set of functions Q7 , which is the Local Approximation Space.

Here « is the node or particle number. Some important definitions are presented in order to aid the presentation of the
global approximation space. The global approximation space of order p is defined as

3, =span {9,0} | @)

a=1

Figure 1 shows an example of a local space generated by a PU formed by linear functions. In this example
P, = {1,3,?2} and the local approximation space is given by Q2 = span [{I,E,Ez}]. Figures. 1(b) and 1(c) show the

functions ;" and w; that are the basis of the enriched approximation space. Figures 1(d) and 1(e) show the mapping

X:X — Q, which maps the enriched PU approximation space from the parameterized domain to the physical domain,
see Garcia and Proencga (2007).
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Figure 1 - Examples of mapping from the parametric to physical domain. (a) Linear PU; (b) w3 =s¢,; (c) w3 = Ezgoa ;
(d) Mapping function 7 in the physical domain; (¢) Mapping function 5 in the physical domain.

2.1. PUs constructed based on rational polynomial weight function

The PU functions presented in this work are Shepard functions that are constructed based on rational polynomials
weight function. In a general manner, the weight functions are defined on R as follows: Let the weight functions

W, :R—R be such that W, e C; ,k >0, with the following features:

i  W,(5)z0Vsex,
ii. W, (5)=w,(s-s,).W, eCy.k>0 and

a

iii. ‘v’?ef—)card{a|§ea)a}£MeN+.
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where 5 is the coordinate in relation to the node « . The proposed family of weight functions defined on the global
parametric domain X is

0 ifs<sa—”%
w,(s)= [1—(%} ] ifs, " <s<s, +"4 forn>1,m=24,... (3)
2
0 if s>s,+"4

where h, = size(a)a) . Here we assume, for sake of simplicity, that the weight function is centered with relation to @, .

The proposal presented in this work considers weight functions W, (&) and W, (&), which are defined on the
parametric domain of the element &. In this case M = 2, i.e., there are a maximum of two weight functions covering

each point of the domain. The features of the proposed weight functions can be summarized as follows:

i W, (£)eChk=024..,=12 and

i.  W,(&)=20v¢ea,.
Therefore, the Sheppard shape function associated with the node g is

0, _ (&) @)
27,()

2
=1

Thus, the weight function family proposed in this paper is

Wﬂ(g):{l—(%jm} n=lm=0,24,..8=12. (5)

After a straightforward analysis of the weight functions in Eq.(3) we reach to the following regularity
condition: n odd > W, (s)e C"" and n even > W, (s)eC".

3. EXAMPLES
3.1. Eigenvalues of a clamped rod

To demonstrate the influence of the approximation space regularity order in the capture of the natural frequencies
analysis of a simple problem is carried out. The problem is a rod clamped at one end and submitted to a condition
dy’ =0 at the other end. Figure 2 show the model problem and also the material properties.
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Figure 2. Rod model problem.

The elliptical eigenvalue problem of the model depicted in Fig. 1 can be stated as: Determine the pairs (a),1 U, (x)) ,

where u, (x)# 0 for any value of ne N™ that satisfies
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d
sz(x) ®* 2u(x)=0, Vxe(0,L); u(x)=0, x=0 and ul) _o y=1 ‘
dx E dx (6)

The solution of Eq. (6) is given by an infinite set of countable pairs (a)n,un (x)),nzl,Z,...,oo where

0< a)12 < a)g Gy < coil < a)l-2 < a)lz+1 .. with
,2n—1; n=1,2,3,...,0 7

and

- Csen(\/%a)nxj . (®)

The weak for of the problem can be enounced as: Find # € Kin such that

L
jE@@dx+a) jpuvdx 0, VveVar. )

0

where

Kin:{ﬁeHl(Z)/zZ:LT,xzo} and Varz{veHl(Z)/v=0,x:0}.

(10)

The discretized GFEM formulation is given by

LT 2k T

|B"EBdx—w" [ pN" Ndx =0, (1D

0 0
in which

1 1 1 1 1 1 P
N:|:(//1 '//2 l//3 l//la '//Z:I’ B:|:(//]7x (//27x (//37)( l//f{)C l//Z,x:I, a:l,...,n, l—l,...,p.(lz)

In Eq. (12) y{* is the global shape function of order i associated with the node « .

Figures 3(a) and 3(b) shows the results achieved by the solution of the eigenvalue problem considering two
different approximation spaces. The results presented in these figures are shown in terms of the normalized values of
the natural frequencies versus the normalized number of nodes used in the analysis. In these figures w, is the
approximated result while w is the analytical result. Fig. 3(a) presents the results achieved using the MEF, in which 50
elements were used, where the order p of the approximation was augmented accordingly to follow order: linear,
quadratic, cubic and quartic. On the other hand, Fig. 3(b) shows the results obtained using the proposed approximation
space keeping the same discretization but the enrichment of p = {1, 2,3, 4} .

The results presented in Fig. 3(a) were achieved based on C; MEF. For linear approximation the result is

smooth but has low precision. However, when the order p is augmented (quadratic, cubic and quartic) there are severe
jumps in the numerical solution. Although the procedure presents good precision in the first part of the analysis, jumps
in the solution are presented denoting the appearance of the acoustic and optic branches in the spectrum. The jumps are
followed by a lost in the numerical solution precision. On the other hand, when the proposed enriched approximation
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space is used, Fig. 3(b), we visibly notice the influence of the regularity order in the numerical solution, showing that
when the regularity order is augmented an improved solution is obtained.
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Figure 3 — Normalized natural frequencies values for the model problem. (a) Results for the p-FEM version; (b) Results
for the enriched space proposed in this work.

3.2. Wave propagation in a rod

The phenomenon of wave propagation in a rod is studied based on the evaluation of the wave front in the
displacement field. The problem model is depicted in Fig. 4.

q(x.t)

A
\ B
u(0,)=u(0,t)=0 %_, ——= S(t)

A\ 2 > —>
| L |
l 7
E=2.0x10"Pa 3(t)= F.0<t<T,

-5 2 0, t>T,
A=314,1516x10"m
L=3m

Figure 4 — Rod model problem with natural boundary conditions dependent on time.

The hyperbolic wave propagation model in one-dimensional context is given by the following IBVP:

62u(x,t) g(x,t) 1 °u
e + 7 :cﬁ?’ Vxe(O,L)X(O,T)
EA?:S(t), x=L u(xni)=0, x=0, re[0,7] (13)
x
u(x,0)=0,vxe(0,L); u(x,0)=0,vxe(0,L)
In Eq. (13) 3(¢) is the indicatory function
sy B 05157, i
3(t) = .
0, t>T,

In the IBVP defined by Eq. (13), u(x,¢) is the bar axial displacement, 4, E, ¢ and g(x,t) are respectively, the

cross sectional area, the Young Modulus, the wave velocity and the distributed load.
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The analytical solution of the problem defined by Eq. (13) is given by Eq (15) for a time interval greater than 7,

which is the time interval of the external load imposition. The Eq (15) is obtained based on a zero distributed load, see
Clough & Penzien (2003).

u(x,t)= > (sin(kix))w[cos(wj (t—Ta))—cos(a)jt)], vi>T, (15)

uo; L

-

In Eq.(15), ; is the natural frequency of order 57, k, = (2 j-O)rx / 2L and w is the linear density of the material
of the bar.

The weak formulation is derived by the used of the Galerkin procedure and can be stated as: Find @(x,7) e Kin,
such that:

L Ap LA L
EAI@@dx+iji?dx:qudx+S(tﬁ, Vv e Var, (16)
0 Ox Ox ¢ oot 0

The sets Kin, and Var, are defined by:

Kin, ={iie H'(2)/i=0,x=0,t[0,T]} and Var,={veH'(X)/v=0,x=0,:€[0,T]} (17)
The semi-discrete formulation of the problem is obtained by the use of

u, (x,1)=N(x)U(¢) and v, (x,t)=N(x)V(¢) (18)

where N(x) is the matrix of approximation functions defined on Eq.(12), which depends only on the position variable

x” and U(t)and V() are the vectors of nodal values of displacements, which are function of time “¢”. U (¢)and

V(t) are

UT(0)=[u (1) wy(e) - u (1) ()] and VT ()=[vi()) wi(e) - vi(r) o V()] (19)
witha =1,...,n; i=1,...,p. The matrix B used in the propagation problem is defined by Eq.(12). The semi-discrete
form that corresponds to Eq.(16) is now

L L

[B"EABAU (1) + T UN"NaxU (1) =N"3(t)+ [N"q(t)dx . (20)
0

0 0

The Eq.(20) can be written in its compact form as

KU (¢)+MU (¢)=F (1) 2
where

K= EBTEAde and M= i,uNTNdx (22)
and

F()=N"3(t)+ fNTq(t)dx : (23)

0
3.2.1. Propagation results

The phenomenon of propagation in a rod is studied by means of the wave front effects in the displacement field. The
essential boundary conditions state that the displacement and the velocity fields are zero on the clamped end and an
impulsive force, natural boundary condition, is applied in the free edge. The impulsive force is
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10°N, t<3x10’At

F(t)= oA (24)
0, t>3x10°At

A time increment value of Af=3, 448073x10® s was used in the numerical examples for the direct integration. It

was chosen based on the following estimative: At = T%O , where T, = %)n and @, is the higher natural frequency, see

Bathe (1996). The numerical results are obtained in time domain based on the direct integration using the Newmark’s
implicit integration method. The numerical results consists of the wave front profile in terms of the displacement field at

the instant 7 =10%A¢ . The results shown in Figs. 5 and 6 are related to the following cases:
e Case A: FEM approximation space with regularity C°(Z) with 50 linear elements and 50 dof.

e (Case B: GFEM approximation space with regularity C° (2) with 25 particles enriched with p =1 order.
e Case C: GFEM approximation space with regularity C* (2) with 25 particles enriched with p =1 order.
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Figure 5 — Normalized natural frequencies values for the rod wave propagation problem.
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Figure 6 — Comparison between analytical and numerical solution for the displacement field U (x,t) at the instant

10" At . a) Global solution; b) detail at the region of the large oscillation.

Figure 6 shows the results achieved for the predicted natural frequencies for the three cases mentioned above.
For Case A, the behavior is smooth but not precise. For the Case B, it is noted the arising of spurious frequencies for
values of frequencies greater than 0.5 in the normalized spectra. On the other hand, the results achieved for the Case C
presents a smooth and more precise numerical prediction for practically all normalized spectra. The observed results
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clearly demonstrate a decrease in the error when the regularity of the GFEM approximation space is augmented, which
agrees with the conclusions drawn by the analysis of the error estimator in Eq. (1) but for the FEM. It seems to follow
the same behavior.

The results achieved for the wave front are depicted in Fig. 6. Figure 6(a) shows the wave front displacement
numerical results for the same three Cases previously mentioned. The numerical results are confronted with the
analytical wave front displacement solution. Figure 6(b) shows a zooming at zone of large numerical result oscillation.

Again, the better result is achieved for the Case C, where we clear note the influence of the C’ (2) approximation

space. The explanation for such improved solution is closely related to the improved solution of the eigenmodes
depicted in Fig.3. It is known that the wave propagation originated by impulsive forces in solid media excite an elevated
number of high frequencies and therefore natural frequencies. The better is the numerical prediction of high eigenmodes
the better the numerical capture of the wave front displacement.

3.3. Free vibrations in axisymmetric plates and shells

In this work, axisymmetric plates and shells are modelled by the degenerated solid element proposed by
Ahmad (1970), together with the axisymmetric constraint described by Hughes (1987). According to this constraint, the
medium surface of the element is represented by a medium plane curve containing a certain number of nodes. The
number of nodes depends on the type of element used. Here we use the quadratic element, called Q3 in the text. A full
description of the degenerated element can be found in Garcia and Proenga (2007).

z

Al e T -

(¢] A

o (b)
R = 300mm v=i=0 v=w=g=0
t=6mm

A
q=0.01MPa malha 6 Q3
E =2,1x10° MPa O=0=0=0=0=0=0=0=0=0=0=0=0
(a) v=0,3
(c)

p = 7850x10" kg/mm

Figure 7 - Circular thick plate model. (a) Circular plate with clamped boundary; (b) Model problem and boundary
conditions; (c) Mesh.

3.3.1. Locking effects in the first natural frequency

Shear locking in plates and shells is a characteristic problem that arises when the first order kinematic theory
(Reissner-Mindlin) is employed and the approximation space is unable to meet the requirement of zero shear
deformation when the thickness goes to zero. In static problems, this numerical phenomenon is manifested by a
significant increase in stiffness when the thickness goes to zero. However, in free-vibration problems, this phenomena is
evidenced by an unexpectedly increase in the first natural frequency.

The following results correspond to the numerical study of a circular plate with geometry, boundary conditions and
material properties as indicated in Fig. 7. Here, we vary the thickness ¢. The discretisation strategies consider 304 dof
for the FEM and 310 dof for the GFEM. The influence of the approximating space in circumvents the shear locking is
analysed. So, for a known regularity and number of dof, we increase the polynomial order of the approximation space.
The characteristics of the discretisation and approximation space are:

i. ~ FEM- C°(%) - 50 quadratic elements;
ii. ~ FEM-— C°(X) —26 quartic clements;
iii. ~ GFEM - C°(%) —35activenodes— p=2;
iv.  GFEM - C°(%) —20 active nodes — p=4;
v.  GFEM - C?(Z) —35 active nodes — p=2;
vi.  GFEM- C?(Z) —20 active nodes — p =4 .

The results are presented in Fig. 8. The results are given in terms of the normalised natural frequency, in which o,
is the numerical frequency and o is the analytical solution for thin plate free-vibration, see Soedel (2005), versus the
ratio R/¢, in which R is the radius and ¢ is the thickness of the plate. The choice of the first frequency, for the analysis of
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shear locking, remains in association with the static bending mode problem under a uniformly distributed load on the

plate surface.
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Figure 8 — Plate bending mode results. (a) Convergence results for quadratic approximation spaces; (b) Convergence
results for quartic approximation spaces.

Figure 8(a) presents the results for quadratic approximation spaces. Notice that for R /¢ >10°, strategies ii and
iii lose convergence, showing a deviation from the analytical solution. This deviation is clearly more severe for the
C’ (Z) approximation space. On the other hand, for the FEM result, there is no sign of the locking effect. Figure 8(b)
shows the predicted values for the quartic approximation spaces. There is no sign of shear locking in these results,

neither for the FEM nor for GFEM. When a comparison is established among the results for cases iii and iv, in relation
to the results for cases v and vi, we clearly note that the increase in the polynomial is more efficient than increase in the

approximation space regularity.

3.3.2. Intermediate high natural frequencies in a Spherical Cap
The results presented in this section correspond to determination of the natural frequencies of a spherical cap,

depicted in Fig. 9.

nv

R=300mm

t=3mm
E=2,1x10° MPa

v=0,3
p = 7850%10° kg/mm’®

(@)

Figure 9 - Shell model: a) Spherical cap; b) Axisymmetric model with geometric, material parameters and boundary

conditions.

Table 1 - Q, = @, /@ for the spherical cap.

Case P NDOF Q Q, Q, Q, Q,
i 2 304 1.0002 1.0013 1.0259 1.0620 1.1136
iii 2 301 1.0000 1.0026 1.0560 1.0390 1.2028
1 2 301 1.0004 1.0076 1.0720 1.0360 1.0387

Here, we are also interested in evaluating the influence of the regularity of the approximation space in
capturing axisymmetric natural frequencies. Now, the objective of the analysis is to determine intermediate high
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frequencies, that is, frequencies greater than 10% of the number of dof estimated by [K - a)ZMJ U =0. The results are

compared with a reference solution, which is given by the “rule of thumb”, see Givoli (2007). The spherical cap model
is depicted in Fig. 9, where the geometry, material and boundary conditions are shown. The results are in terms of the
normalised natural frequency obtained from strategies i, iii and v, relative to the reference solution. Here, a constant
thickness of ¢ = 3 mm is assumed. In this analysis, 52 (602 dof) quadratic axisymmetric elements were uniformly
distributed for the reference solution. The number of eigenvalues, M, that can be obtained with an error, £ =0.001,
predicted by the reference solution, “rule of thumb”, is M =106. The results for the selected strategies are presented in
Table 1.

[T
l

The subscript “4” in ), in Table 1 indicates the number of the mode associated with the natural frequency and

[T 1)

‘p” is the order of the approximation space. Notice that up to the mode number 10, the results are precise for all
strategies. However, after this value, the results begin to suffer monotonic deviations in strategy i and oscillatory
behaviour in strategy #ii. On the other hand, in contrast to the other strategies, the results for strategy v show lower error
for modes greater than 20.

4. CONCLUSION

In this work, an approximation space generated by a proposed GFEM is used in numerical solving problems of
free vibrations and wave propagations in elastic media. The proposed GFEM is based on a particular class of weight
functions, which assures regularity C*, k even, and were enriched using monomials up to a desired order p. Special
attention is given for axisymmetric plates and shells problems. In general, the results presented in this work show the
positive influence of the approximation space regularity on the capturing of free vibration and mechanical wave
propagation. In the simple rod problem, it is shown that higher the regularity of the approximation space, higher
number of frequencies obtained with accuracy. The results observed in the rod free vibration problem are corroborated
by the numerical results achieved for the axisymmetric spherical cap problem. For the plate case, some limitations were
observed related to the kinematic model that leads to the occurrence of locking phenomena, which is evidenced in first
natural mode. The results clearly show the locking presence when using second order enriched GFEM spaces, however,
less severe than in the static problem. They are circumvented by using higher approximation spaces. It is evident the
influence of the approximation space regularity on the accuracy of modes greater than 10% of the number of degrees of
freedom. Despite not providing results for spaces constructed to approach two or three dimensions problems, it is
believed that the results must confirm the results observed in this work. Studies are been conducted to investigate the
properties of the proposed approximation space in higher dimensions.
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