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A Bond Graph Approach to Modeling an Aeroelastic Behaviour
of Wing Section in Pitch and Plunge Motion
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Abstract - In this paper, the linear and nonlinear aeroelastic response is modeled using bond graph with a unique
experiment that allows prescribed plunge and wings pitch motion. In the first case, the equations of the mechanism of
aerodynamic instability is derived using the bond-graph modeling, the lagrangian approach, the general theory of
aerodynamic instability and the flutter mechanism (classical unsteady theory).

The transfer function of the linear system will be studied in different aeroelastic parameters such as freestream
velocity, atmospehere density and airfoil characteristics (geometry). Incorporated with a full-state feedback control
law, an optimal observer is used to stabilize the system. The simulated models are compatible with results found in
available literature and control is achieved when system is undergoing limit cycle oscilattions.
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1. NOMENCLATURE
The nomenclature used in this paper is presented on Table 1.

Table 1. Nomenclature

A, B system matrices a nondimensionalized distance from the midchord to the
elastic axis
o pitch angle B flap deflection
b semi-chord of the wing Ch structural damping coefficient in plunge due viscous
damping
Cq structural damping coefficient in pitch due cy,cp, lift and pitch moment coefficient per angle of attack
viscous damping
Cip.Cmp  lift and pitch moment coefficient per I, mass moment of inertia of the wing about the elastic
control surface deflection axis
J performance index Ky structural spring constant in plunge
K, structural spring constant in pitch LM aerodynamic force and moment
m mass P(x) positive definite symmetric matrix
p air density QR weighting matrices
S, wing span 8] free stream velocity
X states of the aeroelastic system Sa nondimensionalized distance measured from the elastic

axis to center of mass

o~

bw/U (reduced frequency)
2. INTRODUCTION
Aeroelasticity is the phenomena (O’Neil et al. 1998) resulting from the interaction of structural, inertial and

aerodynamics forces. The aerodynamic loads on aircraft wing vary with the speed of flow and depend on the structural
response.



Usually, the unsteady aerodynamic loads are divided into two parts, lift and drag, when the aerodynamic and

structural loads are in balance, it will produce a harmonic oscillation. This kind of vibration happens at certain speed of
flow called the flutter boundary. A literature review (Block et al. 1997) gives several examples of flutter analysis and
control, as well as nonlinear aeroelastic analysis.
Theodorsen (1935) was an original investigator of flutter phenomenon. He developed an unsteady aerodynamic model
that led to the popular Theodorsen’s Function. The functions explain the lag effects of the unsteady aerodynamics at
different values of reduced frequency, k. Theodorsen and Garrick (1940) used this method to compare theoretical
predictions of flutter velocity and frequency with experimental results. The method assumes oscillatory motion of the
wing and provides an excellent means for predicting the flutter velocity and frequency. In “Introduction to the Theory
of Aeroelasticity” Fung (1955) shows approximated Theodorsen’s function to simulate a wing in unsteady aerodynamic
flow. With these approximations, the motion equations can be integrated and solved to show a two or three dimensional
wings response. Conventional methods of examining aeroelastic behavior have relied on a linear approximation of the
governing equations of the flow field and/or the structure: however, aerospace systems inherently contain structural and
aerodynamic nonlinearities result from unsteady aerodynamic sources, large strain-displacement conditions, and partial
loss of structural or control integrity. These systems may exhibit nonlinear dynamic response characteristics such as
limit cycle oscillations, internal resonances and chaotic motion.

Flutter analysis is generally executed by mathematical modeling based on Lagrange equation and completed by
solving the complex determinant of the equation in frequency domain. In it, the analysis of the problem is modeled and
analyzed using power bond graph method. In this method, the phenomenon is considered as a dynamic system that
consists of interacting sub-systems and/or components. All the elements within the system are connected each other by
energy bonding where the power flows through. The types of the basic elements that construct the system are: the
storing/dissipating energy components, energy transmitters, and junctions, beside the source of energy as the external
excitations.

The contribution of this paper lies in the use of a bond graph approach to modeling an aeroelastic system (wing
section) in pitch and plunge motion. In the first case, a nonlinear aeroelastic model is represented as shown by
Sahjendra and Strganac, the model represents a typical aeroelastic wing section which has been traditionally used for
the theoretical and experimental study of two dimensional aeroelastic behavior. In the second case, a single trailing edge
control surface is used for the nonlinear aeroelastic system control. The control system design is based on the state-
dependent Riccati method. This approach has been developed in a series of papers (De Marchi, Singh, Planitis and
Block, 2005a, 2002b, 2004c, 1997d) and applied to variety of aerospace control problems.

3. BOND-GRAPH OF AN AEROELASTIC SYSTEM

Bond graph modeling is a powerful tool for modeling engineering systems; especially when different physical
domains are involved. Furthermore, bond graph sub-models can be re-used elegantly (Broenink, 1999), because bond
graph models are non-causal. Bond graphs are labeled and directed graphs, in which the vertices represent sub models
and the edges represent an ideal energy connection between power ports. The vertices are idealized descriptions of
physical phenomena: they are concepts, denoting the relevant aspects of the dynamic behaviour of the systems. It can be
bond graphs itself, thus allowing hierarquical models, or it can be a set of equations in the variables of the ports (two at
each port). The edges are called bonds.

The concept of bond graphs was originated by Paynter (1961). The idea was further developed by Karnopp et al. in
their textbooks (1968, 1975, 1983, 1990), so that it could be used in practice. Damic et al. in “A Bond Graph Approach
to Modeling of Spatial Flexible Multibody Systems Based on Co-rotational Formulation”, developed a model to explore
the application of bond graph techniques to modeling multibody systems consisting of interconnected slender bodies
that undergo large translational and/or rotational motions. The results of that work are in agreement with those reported
in literature, demonstrating that bond graph model is capable of capturing nonlinear phenomena that may characterize
such problems. Pagwiwoko et al. (2001) examined an aeroelastic behavior using bond graph approach; the authors
consider the flutter phenomena as a dynamic system constructed in the form of power bond graph, converting the bond
graph model into equivalent block diagram, the analysis of structural response can be carried out directly in time
domain.

Bond graphs are a domain-independent graphical description of dynamic behaviour of physical systems. This means
that systems from different domains are described in the same way. The basis is that bond graphs are based on energy
and energy exchange. Behaviour with respect to energy is domain independent. It is the same in all engineering
disciplines, as can be concluded when comparing electrical system with the damped mass spring system. This leads to
identical bond graphs.

Two elements in bond graph are connected by a bond, this bond can be interpreted in two different ways, as an
interaction of energy or as a bilateral signal flow, this is essential in bond graph modeling. Modeling is started by
indicating the physical structure of the system. The process of determining the computational direction of the bond
variables is called causal analysis. The result indicated in the graph by so-called causal stroke, indicating the direction
of the effort, and is called the causality of the bond.

The nature of the constitutive equations laid demands on the causality of the connected bonds. Bond graphs
elements are drawn as letter combinations indicating the type of element. The bond graph elements are the following:

C - Storage element, capacitor, spring, store all kinds of free energy;
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I - Storage element, inductor, mass;

R - Resistor dissipating free energy, electric resistor, mechanical friction;

Se/Sf - Sources, electric mains, gravity, pump, in this case represented by Lift and Moment;

0/1 - Junctions, for ideal connecting two or more submodels.

By definition, the power is positive in the direction of the power bond (direction of the half arrow). A port that has
an incoming bond connected to, consumes power if this power is positive. In other words; the power flows in the
direction of the half arrow if it is positive and the other way if it is negative.

To generate a bond graph model starting from an ideal-physical model, a systematic method exist, this method
consists roughly of the identification of the domains and basic elements, the generation of the connected structure, the
placement of the elements, and possibly simplifying the graph.

A causal bond graph contains all information to derive the set of state equations. It is either a set of ordinary first-
order differential equations, when the model is explicit, or a set of differential and algebraic equations, when the model
is implicit.

The aeroelastic wing section used for analysis is shown in figure 1 and the bond graph model of system is shown in
figure 2.

< b > € b >

Cc R
. ci 1
; \/; J

> MSe——1

Integrate1
MSet OneJunction
1-4 TestY —
Constant1 / B

MSe 1 Test Alfa
Mse2 ]@u%ionz
Moment R C
3 [

P -

R '-El.-.:ﬂll:.‘_.ﬁ_.‘
Figure 1: Aeroelastic Wing Model (O’Neill et al) Figure 2: Bond-Graph Model of an Aeroelastic Wing

The equations associated to the model are (O’Neill et al):

my ¥ +m,rcos(a+ @) —m,rsin(@+6)a” +C y+u gm (1 31/ 9)+k (y+&7)=-L

ey

m reos(@+8)y+1,&+C,a+pu,gmr,(I&l/a)+k, (a+la’)=M

The nomenclature used in Figure 2 is presented on Table 2.

Table 2. Nomenclature used in Figure 2
Cl1 Stiffness Coefficient in Plunge Motion R1 Damping Coefficient in Plunge Motion
Cc2 Stiffness Coefficient in Pitch Motion R2 Damping Coefficient in Pitch Motion
One Junction I Plunge Velocity y One Junction 2 Pitch Velocity &
Constant 1 Free Stream Velocity Lift Block to Calculate Lift
Moment Block to Calculate Moment I Inertia Element of the System
Mse 1 Modulated Source Element (for Lift) Mse 2 Modulated Source Element (for Moment)
Test Y [yl/y Test Alfa la |/

In equations (1) mr denotes the total system mass that translates; m, denotes the wing mass that rotates;
_ .2 . . . . . .
andl, =r'm, +1 cg - Both viscous and Coulomb-type dampings are included according to the viscous damping
forces, and p, and p, terms are included according to the Coulomb damping forces. Nonlinear stiffness characteristics
for pitch and plunge motion are represented by the parameters ; andf . It is important to note that the unsteady
aerodynamic loads are dependent upon the motion of the wing, thus,

L=L(y,y,aaV_,p,time)

o 2
M=M(y,y,a,aV_,p,time)



The aerodynamic and pitch moment are modeled by the unsteady aerodynamic theory of Theodore Theodorsen
(O’Neill et al):

L=7pb>(5+V_ & —bad)+271pV_Ch(3 +V_a+b(1/2 - a)ér)

3)
M =—-npb’[—-ay+(1/2—a)V_a+(1/8—a’)bd]+2mpV_Cb*(1/2+a)[y+V_a+b(l/2—a)d]

In (3) C is Theodorsen’s function that depends on the reduced frequency, k = bw/V. It is noted that equation (3)
represents incompressible small disturbance unsteady flow. Physical properties of the experiment hardware and

associated analyses are provided next: a =-0.450, m, =10.3kg, m =1.662kg, b=0.1064, s =0.6m
k,=2.57(1+133a°)N —m/rad , k,=2860(1+0.09y*)N —m/rad , r=0.0287m, C,=7.30kg /s
C,=0008Kg—m’/s,  u,=00125,  u,=0.0252, I,=0.0160+r’m, =0.0174kg—m",
y, =0.0254m , &, =0.175rad , ¢, = 3, =0.

The bond-graph model for the system derived from (1-3) is shown in the Fig. 2. The Theodorsen’s function, C(k),
contained within the description of the unsteady aerodynamic loads, depends on the reduced frequency k, Similar to the
efforts of O'Neil et al. (1998), the impact of the assumptions contained in quasi-steady and unsteady aerodynamic
models were considered. For the low reduced frequency motion of the experiments discussed herein (k =0.1), a
quasisteady assumption is proven valid by preliminary experiments and, consequently, C(k) is set unity in this point.

4. THE BOND-GRAPH SIMULATION

The software used for the simulation of the aeroelastic model is the 20-sim, version 3.2, this software permits
through appropriate symbols to create elements and connections among these to represent the associated physical
model. The free stream velocity can be chosen the value of “Constant 1”.

The variables y and ¢ are used for the feedback of the Lift and Pitch Moment, the system is self-excited.
Figures 3 and 4 shows the plunge and pitch motion, for simulation using V = 15 m/s, Cf =0.09 and ; = 80.0.
Figures 5 and 6 shows the pitch and plunge motion for the same velocity and f =0.0 and ; =0.0.

Pitch Motion (rad)
Plunge Motion (m)
o
o
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a
T

Time (s) Time (s)
Figure 3: Pitch Motion Figure 4: Plunge Motion
for V.= 15.0 m/s, £=0.09 and ¢ = 80.0. for V.= 15.0 m/s, £=0.09 and ¢ = 80.0.

5. CLOSED-LOOP MODEL SIMULATION
5.1 AEROELASTIC LINEAR MODEL

For the closed-loop model, the aeroelastic wing section is shown in fig. 7.
The bond graph model using 20-sim it is shown in fig. 8, the definitions of the model are: MSE = Modulated Source
Element (vector), I — Inertia Matrix Element, R — Damping Matrix Element, C — Stiffness Matrix Element, Constant 1 —

Velocity Vector {h,c¢}, Constant 2 — B and Constant 3 — “a”. In the first case a simulation performance in open-loop

model with initial conditions; hy= 0.02m, 0y = 0.2 rad, & = 0.0 andh=0.0.
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Figure 7. Wing Model with Control Surface (Strganac et al) Figure 8. Bond-Graph Model of System in Figure 7

The governing equations of motion are (Bismarck, 1997):

m  mx,b|[h c, O1[n k, O ||h -L
mx,b I, |l& 0 c,|la 0 k,|la M
M and L are the aerodynamic lift and pitch moment. It is assumed that quasi-steady aerodynamic force and moment are
the forms:

h (1 o
L= pUzspbc,a{a+U+(§—ajbE}+,0Uzspbc,ﬁ,3 (&)
M = pU?s b’ h (1 I U’s b’
=pU-s,bc,, a/+5+ Sapy +pU"s b7c, ;P ©6)

where “a” is the nondimensionalized distance from the midchord to elastic axis, s, is the wing span, c, and c,, are the
lift and pitch moment coefficients per angle of attack, and cjg and c,p are the lift and pitch moment coefficients per
control surface deflection B. The model has a diagonal damping matrix, however it should be noted that the method is
applicable to models of larger dimensions, which have nonlinear damping matrices with nonzero off-diagonal elements.

Defining the state vector x = {h, a, h,t} € R4, one obtains a state variable representation of (4-5-6) in the form:

il



where by= [boi, boo] 0iyj and Ii,; denote null and identity matrices of appropriate dimensions.
M, M,, M; and M, are like in Singh:

Lk, bU’pC, 1,5, —bm(k,—b*U’pC,, s, )x,
Moo= m(I,—b’m’x’a) m(I, —b’m’x’a) ®
! —bmk,x, m(k, —bZUZpCmasp)—bszZpCZaspxlZ
—(I,—-b’m’x’a) (I, —b*m’x’a)
¢, +bUps (C, +1,+b’mC,,x,)  b2mc,x, +(-1+2a)bUps (C, 1, +b’mC, x,)]
M- m(l, —b’mx’s) 2m(l, —b’mx’«) ©
: ble,x, +bUps,(C,, +C,x,)] 2c, +(~1+2a)b’Ups 2 (Coo TCioX,)
—(I,—b*mx’a) 21, —b*mx’a)
bU’ps,(Cyl, +b’mC,4x,)
m(=1, +b’mx’a)
o = 2772 (10)
_b U ps,(C,5+Cisx,)
—1,+b’mx’s
The systems parameters are: b = 0.135m; ¢, = 0.036Ns, Clp = 3.358, m=23.358kg, s, = 0.6m,

k, =28444N/m, p=1225kg/m’, c,,=(0.5+a),,, I,=0.065kgm’>, k,=2.82Nm/rad,
¢, =2743NsIm, ¢, =6.28, ¢, s =—0.635 and x, =[0.0873—(b+ab)]/b.

The result for plunge and pitch motion are shown in fig. 9 and 10 for V = 15.2 m/s and a = -0.6. In fig 11 and 12
plunge and pitch motion are shown for V = 15.0 m/s and a = -0.4. For the open loop system a persistent periodic
oscillations (limit cycles) in the pitch and plunge motion exists with velocity of 15.2 m/s, a=-0.6.
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Figure 9: Plunge Motion for Figure 10 : Pitch Motion for
V=152m/sanda=-0.6 V=152m/sanda=-0.6

5.2 CLOSED-LOOP SIMULATION

Control can be considered to be a manipulation to achieve or to fulfill a given objective. At this point a control law

based in Quadratic Criterion Function (Meirovitch, 1998) is designed using Riccati equation method, for the linear
controllable multivariable system

x=Ax+Bu....... x(0) =x, (11)
The controllability matrix for the system (7) is:

C =[B,AB,A’B,A’B] (12)
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and has rank 4 for all x€QCR®. The controllability matrix is function of “U” and “a”. The controllability matrix has
been computed for several values of “U” and “a”, the matrix C is nonsingular for U € [10, 30] and a € [-0.6, 0.0], Fig.
13 and 14 shows the root locus of characteristic equation of (7) for U = 15.0 m/s and a€ [—0.6,0.0]/[0.0,0.6]. The
performance of the closed loop system depends on the matrix A and the weighting matrices Q and R.

S =-R"'B" Px(t)
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Time (s)

Figure 11: Pitch Motion for
V=152m/sanda=-04
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Plunge Motion (m)

Time (s)

Figure 12: Plunge Motion for
V=152m/sanda=-04

Substituting the control law (13) in (7) gives the closed loop system

x=[A—BR'B"Plx(t)= A x(1)
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(14)

The matrix “C” has rank 4, for all EQCR, this implies that the system is completely state controllable. Using the

parameters “U’, “a”,

[T

initial conditions, weighting matrix Q and R, respectively like in Singh (2002), Q =

Diag(1,10,1,10) and R = 1000, respectively. The Eigenvalues of A, are: -3.6859 + 15.2378 i and -2.9777 + 8.7803 i.

Using matrix P to calculate B in (13) and after some matrix manipulation we have the equations of motion as:

m
| mx,b
'k, +k,
| 0+k,

where ¢; ¢y, €3, ¢4 ki ko, k3 kg are function of — BR'B'P.

mx,b |[ h N ¢, +pUbs ¢, +c,
I, |la pUD’s +c,
pUzbspcm +k,

—pUzbzspcma +k,

pcma

a

h _ —/()Uzspbclwa'0
pUzspbchao

pUb*s c,,(112—a)+c, |[h .
c, — pUb’s

A/12—-a)+c, ||&

pcma

5)



Figures 15, 16 and 17 shows plunge, pitch and 8 motion, with velocity of 15.2 m/s and a = -0.4, Q = diag (1,10,1,10)
and R = 1000, all the results were obtained using bond-graph modeling with 20-sim.

Figures 18, 19 and 20 shows plunge, pitch and 8 motion, with velocity of 15.2 m/s and a = -0.6, Q = diag (1,10,1,10)
and R = 1000, all the results were obtained using bond-graph modeling with 20-sim.
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Figure 15. Closed-loop Response for Pitch Figure 16. Closed-loop Response for Plunge
Motion, V=152m/sand a=-0.4 Motion, V=152m/sanda=-0.4
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Figure 17. Closed-loop Response for Beta Figure 18. Closed-loop Response for Pitch
Motion, V=152 m/sanda=-0.4 Motion, V=152 m/sanda=-0.6
0.06 T T T T T T T T T 0.4
g B o] B
o2) ,
o 1 2 3 4 Tlmz(s) 6 7 8 9 10 ) 1 2 3 4 Tlmes(s) 6 7 8 9 10
Figure 19. Closed-loop Response for Plunge Figure 20. Closed-loop Response for Beta
Motion, V=152 m/sand a=- 0.6 Motion, V=152 m/sanda=-0.6

At last, two experiments were accomplished with speed of 30 m/s and different values for Q, diag(100,10,100,10)
and diag(100,1000,100,1000). The results are presented in Figures 21, 22, 23, 24, 25 and 26.
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Figure 21. Closed-Loop Response for Beta Figure 22. Closed-Loop Response for Plunge
Motion, V=30 m/s and a =-0.6 Motion, V =30 m/s and a =-0.6
Q = diag(100,10,100,10) Q = diag(100,10,100,10)
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Figure 23. Closed-Loop Response for Pitch Figure 24. Closed-Loop Response for Beta
Motion, V =30 m/s and a = -0.6 Motion, V =30 m/s and a = -0.6
Q = diag(100,10,100,10) Q = diag(100,1000,100,1000)
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Figure 25. Closed-Loop Response for Pitch Figure 26. Closed-Loop Response for Plunge
Motion, V=30 m/s and a =-0.6 Motion, V=30 m/s and a =-0.6
Q = diag(100,1000,100,1000) Q = diag(100,1000,100,1000)
5. CONCLUSIONS

Herein, two aeroelastic dynamic models were considered, the first nonlinear using the theory of Theodorsen to
express the forces and aerodynamic moments acting in a wing section with two degrees of freedom, plunge and pitch
motion. In the second model the quasi-steady aerodynamic theory was considered to express the force and aerodynamic



moment. The two physical models were developed using the bond-graph modeling with 20sim. In the second model a
single control surface was used for the flutter suppression.

The bond-graph model shows to be a powerful tool to simulate the aeroelastic system, the results are in good
agreement with those reported in literature. It is possible to write models as directed graphs where parts are
interconnected by bonds, along which exchange of energy occurs. The bond-graph modeling was shown quite effective
for the analysis of the aeroelastic models developed.

By using the common rules and procedures, the bond-graph modeling diagram can be constructed for a certain
dynamic system, and the interaction mechanism among the components can be determined, since the dynamic modeling
is conducted directly in physical problem rather than the mathematical equations. This method is practical to use for
multi-degree of freedom real wing structure, and due to the fact that simulation is executed directly in time domain, and
the structural non-linear factors as function of dynamic response can be modeled accurately.
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