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The study of slewing structures was formerly considered in the literature by Book 
��	�.
(1975). After this work, many others were developed in this field. Among these works, one
may quote the study of a solar panel by (Juang, Horta, 1987).



The goal of the present work is the study of the problem of slewing maneuvers
considering the existence of a mutual interaction between the energy source and the
structure dynamics. This fact turns the problem a non-ideal one (Kononenko,1969).

Here, the dynamics of the nonlinear and nonideal system is analysed in the
neighborhood of an equilibrium solution (fixed point). To this end, the theory of reduction
to the center manifold is utilised and the governing equations of motion are simplified
(Carr,1971).
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The governing equations of motion for the slewing flexible structure (under large
deflections and non-ideal ) according to Fenili 
��	�� (1999), are reproduced in Eq. (1) :
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Rewriten Eq. (1)  in the form  )x(Fx =� , expanding it on Taylor series around one of the
equilibrium solutions  (the fixed point  ( 1x , 2x , 3x , 4x ) =  ( 0 , 0 , 0 , 0 )) and eliminating
the equation for the variable 1x  (decoupled), one can find  :
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The jacobian matrix for the system (2) is :

J =
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In the cases where J have eigenvalues equal to zero or eigenvalues with zero real parts,
the linear analysis (analysis of the matrix (3)) is not conclusive about the stability of the
equilibrium solution. In these cases, some terms of superior order must be included in the
analysis and the theory of center manifold reduction is utilised (Carr,1981).

According to (Fenili,1999), the conditions for the ocurrence of a Hopf bifurcation in
this kind of system were studied.The following analysis is realized around these conditions.
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In complex systems like this one, it is very dificult to work analitically because of the
length of the general expressions. Here, the small parameter, ∈ , depends on the geometrical
characteristics of the structure and is not used as control parameter (will be specified for
this case). In this analysis, the control parameter will be 1µ .

Some parameters for the studied case are given in Table 1.

Table 1. Some parameters of the dynamical system

Parameter Nomenclature Value
height (of the cross section) h 0.010 (m)
width (of the cross section) b 0.009 (m)

gear ratio Ng 20
length of the structure L 3 (m)

structural damping 1µ control  parameter
small parameter ∈ 7.499999999e-007

Utilizing the Hurwitz criterium, one can find the value of 1µ  that renders a pair of pure
imaginary eigenvalues in the jacobian matrix. For the case in point, this value was found to
be 1µ  = 5.009291768e+011. The eigenvalues of the associated linear system are:

1λ  =  0.893603065 i ,  2λ  =  - 0.893603065 i   and 3λ  = -13.440613874.

The value of the squared perturbation (or small) parameter ( ∈ 2 = 5.624999999 10-13 )
won’t be involved in the calculations so the aspect of perturbation of the nonlinear terms
may be clear. For a new value of ∈ , new values of &�and ��must be chosen (other case) .



The order of magnitude of ∈ 2 ( 10-13 ) is justified in the fact that the dimensional
variables of the system are rescaled by orders of 1/ ∈ . The equations of motion presented
here are in adimensional form.

The parameter 1µ  must be substituted by ( 5.009291768e+011 + 2µ ), because is of
interest the study of the system behaviour around the critical value.

In the cases where 2µ  is equal to zero, the system operates in the critical situation  of
change of stability  (  the  case  where a bifurcation of the kind of  Hopf  occurs ).

The Eq. (2) , applied to the case in point, is writen as :
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Making the coordinate transformation  x = Pu, where the matrix P represents the matrix
of the linear system eigenvectors ( associated to 1λ  =  0.893603065 i ,

2λ  =  - 0.893603065 i   and 3λ  = -13.440613874 ), one have  :
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 Utilizing the notation and the theory of reduction of the system dynamics to the center
manifold in the way it is proposed in (Wiggins,1990), one has :
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y =  u4  ≡  h1                                                                                                                (7)
          2µ=ε                                                                                                                             (8)
          h = h1                                                                                                                           (9)
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The expression for h1 is given by :
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The unknown parameters 	 e b in Eq (14) may be found by the expression :
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Substituting Eq. (6)-Eq. (13) in Eq. (15) and making the terms in 3
2
2uu  equal to zero

yields :

13.440613874 a –  ( 5.624999999  10 –13 )( - 25.069983932 ) = 0

And one finds :

      a = -10.491980568   10-13                                                                                             (16)

Making the terms in 2
32uu  equal to zero yields :

13.440613874 b –  ( 5.624999999  10 –13 )( 28.881768813 ) = 0



And one find :

       b = 12.087660286   10-13                                                                                             (17)

Substituting  Eq. (16) and Eq. (17) in Eq. (14), one obtain :
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The graphic of  the center manifold expressed by Eq. (18) is shown in Fig. 4.
Substituting Eq. (18) in the first and second of the Eq. (5) and expanding the resulting

system of equations around 02 =µ , one obtain the reduction of the system expressed by Eq.
(1) to the center manifold (Eq. (19)).

The suspension trick (aditional equation for the control parameter (Eq. (19b))) assures
that the influence of other values of this parameter on the dynamics of the system may be
verified (bearing in mind that the center manifold is only valid for a specified value of

2µ ).
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 There are stability theorems that proof that if a equilibrium solution of the reduced
equations (Eq. (19)) is stable (unstable), the same equilibrium solution for the complete
equations (Eq. (1)) is also stable (unstable) ( Nayfeh,1994).
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The integration of  Eq. (19) in time was made beneath a fourth order Runge-Kutta
integrator. Three situations were considered (one for each value of 2µ  around the critical
value of  1µ  (named C1µ )), according to the specifications in the following figures (Fig. 1 –
Fig. 3).

The variables  u2 and u3 and the time in the Fig. 1 - Fig. 3 are adimensional and local
quantities.

The analysis of these figures yields information about the system stability in the
neighborhood of the fixed point ( or equilibrium solution ) ( 0,0,0,0 ).

In the cases where  02 <µ , no equilibrium solution is reached. The same don’t occur in
the cases where 02 =µ  and in the cases where 02 >µ , according to the Fig. 2 and Fig. 3,
respectively.

The inicial conditions for the following simulations are : u2 = -0.30/ ∈  and
u3 = -0.30/ ∈ .
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Figure 1 – Situation 1:  2µ   =  - 0.050 C1µ  :  (a) behaviour of the variable u2  in the center
manifold ;  (b) behaviour of the variable u3  in the center manifold.

Figure 2 – Situation 2:  2µ   =  0  :  (a) behaviour of the variable u2  in the center manifold ;
(b) behaviour of the variable u3  in the center manifold.



Figure 3 – Situation 3:  2µ   =  0.050 C1µ  :  (a) behaviour of the variable u2  in the center
manifold ;  (b) behaviour of the variable u3  in the center manifold.

Figure 4  –   (a) Center manifold ( function h1 ) ;   (b) level curves
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The local analysis in the neighborhood of an equilibrium solution for the complete
nonlinear and nonideal dynamical system studied gives informations about the stability of
the system maneuvers when one varies the structural damping coefficient. The stability of
the system changes of unstable to stable when this control parameter is altered around a
critical value in a considered fixed point solution (or equlibrium solution). The expression
for the center manifold is not unique. New considerations for Eq. (14) can be proposed and
the results compared with the ones obtained here.

3'	��4�������������

The first and second authors thanks Fapesp for financial support. The second author
also thanks CNPq.


�
�
�����

Book, W. J., Maizza-Neto,O., Whitney, D.E., 1975, Feedback control of two beams, two
joint systems with distributed flexibility, Journal of Dynamics, Systems,
Measurements and Control.

Carr, J. , 1981, Applications of Center Manifold Theory, Springer Verlag, New York.

Fenili, A., 1999, Análise  dos  comportamentos  regulares  e  irregulares de estruturas
flexíveis de rastreamento. Tese de doutorado a ser apresentada na Faculdade de
Engenharia Mecânica – Unicamp.

Fenili, A., Balthazar, J.M., Mook D.T., Rosário, J.M., 1997, On modeling and dynamics of
flexible slewing structure, In 14th COBEM, COB 483, CD ROM, 8 pages.

Juang, J.N., Horta, J.L.G., 1987, Effects of atmosphere on slewing control of a flexible
structure, Journal of guidance and control.

Kononenko, V.O., 1969, Vibrating System with a Limited Power Supply, London Iliffe
Books LTF.

Nayfeh, A. H., Balachandran, B. , 1994, Applied Nonlinear Dynamics, Wiley Series in
Nonlinear Science, John Wiley and Sons, Inc..

Wiggins, S. ,1990, Introduction to Applied Nonlinear Dynamical Systems and Chaos,
Springer-Verlag, New York.


