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Abstract. Flow topology and its connection to acceleration of inertial particles is explored through invariants of the

strain-rate and rotation-rate tensors. A semi-quantitative analysis is performed where we assess the contribution of

specific flow topologies to acceleration moments. Our findings show that the contributions of regions of high vorticity

and low strain decrease significantly with Stokes number, a non-dimensional measure of particle inertia. The contribution

from regions of low vorticity and high strain exhibit a peak at a Stokes number of approximately 0.2. The results shown

here have recently been published in [Salazar, J.P.L.C. andCollins, L.R., 2012. “Inertial particle acceleration statistics

in turbulence: Effects of filtering, biased sampling, and flow topology’. Phys. Fluids, Vol. 24, p. 083302].

Keywords:Turbulence, Inertial Particle Acceleration, Flow Topology

1. INTRODUCTION

Acceleration is the key input to the family of stochastic models that yield a one-time continuously differentiable

velocity autocorrelation that attempts to capture the Reynolds number dependence of the Lagrangian velocity and ac-

celeration (Pope, 2002). Because of the usefulness of stochastic equations in models for turbulent relative disper-

sion (Salazar and Collins, 2009) and Lagrangian probability density function (PDF) methods (Pope, 1994), a large number

of direct numerical simulations (DNS) (Yeunget al., 2006a,b, 2007) and experiments (Mordantet al., 2004; Gylfasonet al.,

2004; Xu and Bodenschatz, 2008; Brownet al., 2009) have been devoted to the study of acceleration statistics of fluid

tracers. Beginning with the work ofBecet al. (2006), acceleration statistics of inertial particles have beenthe focus of

many recent DNS (Calzavariniet al., 2009; Lavezzoet al., 2010) and experiments (Gerashchenkoet al., 2008; Volk et al.,

2008; Qureshiet al., 2008). The current work is intended to provide a better understanding of inertial particle acceleration,

aiding the development of finite-inertia particle models.

Particle inertia is usually parameterized by the Stokes number, which for a particle of diameterd and densityρp
embedded in a fluid of kinematic viscosityν and densityρ is given bySt ≡ τp/τη, whereτp ≡ 1

18

ρp

ρ
d2

ν is the particle

relaxation time,τη ≡
(

ν3/〈ε〉
)1/4

is the Kolmogorov timescale, the most relevant fluid time scale for particle clustering,

andε is the instantaneous, local turbulent kinetic energy dissipation rate.

We investigate the relationship between the acceleration magnitude and the local flow topology and Stokes number.

We use invariant plots of the rotation-rate and strain-ratetensors to characterize flow topology, following the original work

of Chonget al. (1990).

2. NUMERICAL METHODS

The pseudo-spectral DNS code we use is thoroughly describedin Bruckeret al. (2007). Of particular relevance to

this study is the forcing scheme we use to obtain statistically stationary turbulence. Energy is injected in the two lowest

wavenumbers at each time step, offsetting the losses in kinetic energy owing to viscous forces, such that the total kinetic

energy remains constant throughout the simulation. Table1 summarizes the main fluid statistics. The evolution equations

for small inertial particles,d/η ≪ 1, were derived in final form byMaxey and Riley(1983). For large particle to fluid
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Table 1. Table of DNS flow statistics. The turbulent kinetic energy is given by
∫ κmax

0
E(κ)dκ, whereE(κ) is the energy

spectrum function andκmax is the largest resolved wavenumber. The longitudinal integral length scale is given byL =
π/(2u′2)

∫ κmax

0
[E(κ)/κ] dκ. The Taylor microscale Reynolds number is given byRλ = u′2

√

15/(ν〈ε〉)

Quantity Units Value
Reynolds number — 120
Turbulent kinetic energyk

[

L2T−2
]

1.43
Turbulent intensityu′ =

√

2/3k
[

LT−1
]

0.98
Turbulent energy dissipation rateε

[

L2T−3
]

0.32
Longitudinal integral scaleL [L] 1.44
Integral time scaleT = L/u′ [T] 1.48
Kolmogorov length scaleη [L] 0.017
Kolmogorov time scaleτη [T] 0.097
Kolmogorov velocity scaleuη

[

LT−1
]

0.175
Small scale resolutionκmaxη – 2.0
Normalized simulation timeTend/T – 22.0
Number of grid pointsN3 – 2563

Number of particles at eachSt – 32,768

density ratios,β ≡ ρp/ρf ≫ 1, effects of added mass can be neglected. We also neglect the Basset history term and

Faxén corrections to Stoke’s law. Because of the low mass andlow volume fractions, two-way coupling and effects on

the continuity equation are neglected, respectively. The inertial particle evolution equations for position and velocity are,

dXi

dt
= vi (1)

dvi
dt

=
ui(X)− vi

τp
, (2)

whereXi is the particle position,vi is the particle velocity andui(X) is the fluid velocity evaluated at the particle position.

Equations1 and2 are solved numerically using Heun’s method (two-stage Runge-Kutta) with use of an integrating factor.

The fluid velocity is interpolated at the particle position by an eighth-order Lagrangian polynomial. The following Stokes

numbers are simulated:St = 0.025, 0.05, 0.1, 0.2, 0.5, 1, 2. The full velocity gradient tensor is computed and stored

in addition to position and velocity vectors at an interval of approximately0.1τη.

3. RESULTS

Flow topology can be characterized by invariant plots of thevelocity-gradient tensorAij = ∂ui/∂xj , the symmetric

strain-rate tensorSij = 1/2 (Aij +Aji) and the anti-symmetric deviatoric rotation-rate tensorWij = 1/2 (Aij −Aji),

where by definitionAij = Sij +Wij . Detailed information on the subject can be found in previous work (Chonget al.,

1990; Cantwell, 1992; Soriaet al., 1994; da Silva and Pereira, 2008). Each of these tensors satisfies a characteristic poly-

nomial of the form,

λ3 + Pλ2 +Qλ+R = 0 , (3)

whereλ are the eigenvalues andP , Q andR are the first, second and third tensor invariants respectively. For incompress-

ible flowsP = −Aii = −Sii = 0. In this study, we will be interested exclusively in the invariantsQS andQW , given

by,

QS = −
1

2
SijSij = −

1

2
S2 , (4)

QW =
1

2
WijWij = −

1

2
W 2 . (5)
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The physical interpretation of these tensor invariants andclassification of flows based on their values is described in the

aforementioned literature. The invariants are commonly presented in the form of joint PDFs.

In order to understand how inertial particle acceleration relates to flow topology, in particular the acceleration magni-

tude and its higher order moments, we associate a given acceleration event to a position in the(QW ,−QS) plane. This

procedure leads to the acceleration magnitude contour plots shown in Figure1. The main effect of inertia is to stretch the

isocontours of acceleration magnitude towards larger values ofQW . This effect becomes quite significant forSt > 0.2.

With increasingSt, in the limit of QS → 0, a given value of|a| is attained at a much larger value ofQW than would

be required forQS in the limit of QW → 0. This trend is consistent with the notion that high-inertiaparticles are less

susceptible to vortex trapping. We also observe a region in the (QW ,−QS) plane where the acceleration magnitude is

approximately independent ofQW . We reason that a possible cause for this is that as the particle inertia increases, the

persistence of strain as seen by the inertial particle becomes larger than that of rotation (not shown), allowing the inertial

particle more time to be influenced by strain than by rotation, therefore the observed behavior.

Although the conditional average of acceleration magnitude provides an interesting view of how acceleration relates

to flow topology, it must be viewed in conjunction with the(QW ,−QS) joint PDFs shown in Figure2. A certain value

of (QW ,−QS) may be associated with a large acceleration event, however the probability of that event may be very

low, such that the overall contribution to the variance and higher-order moments is not significant. The converse is also

true. From Figure2, we see that increasing inertia leads to a reduction in the asymmetry of the PDF. This effect peaks

at St ≈ 0.5 and then the asymmetry increases at largerSt. This trend more or less coincides with the peak in particle

clustering (Sundaram and Collins, 1997) and is consistent with the ejection of lowSt particles from regions of largeQW .

In Figures1 and2 we have identified four regions, where each corresponds to a particular flow topology. We assess the

contribution of each of these regions to acceleration variance and higher-order moments through the following expression

Λp =
〈[aiai]

p ∣
∣QU

W ≤ QW ≤ QL
W , −QL

S ≤ −QS ≤ −QU
S 〉

〈[aiai]
p
〉

=

∫ QU
W

QL
W

∫

−QU
S

−QL
S

gp(QW ,−QS)f(QW ,−QS)dQW (−dQS)
∫

∞

0

∫

∞

0
gp(QW ,−QS)f(QW ,−QS)dQW (−dQS)

, (6)

wheregp(QW ,−QS) is the value of[aiai]
p evaluated at(QW ,−QS), f(QW ,−QS) is the joint PDF,QU

W , QL
W , −QU

S ,

−QL
S delimitate the lower (L) and upper bounds (U ) of the region of interest in the(QW ,−QS) plane andp is a non-

negative integer. The computed values forΛp are shown in Figure3. The region labeled as “1” corresponds to high

QW and low−QS events, which resemble solid body rotation. For fluid tracers (St = 0) the contribution of this region

exceeds that of the region labeled as “2”, of lowQW and high−QS, associated with intense dissipation events. However,

asSt increases, region “1” contributes less towards〈[aia
p
i ]〉, attaining a minimum at0.5 ≤ St ≤ 1, coinciding with

the peak in clustering atSt ≈ 0.7 (Sundaram and Collins, 1997). The region labeled as “4”, of lowQW and low−QS,

dominates for momentsp ≤ 4 at allSt. Note that this is also the region with the smallest area in the (QW ,−QS) plane.

For p > 2 and lowSt this region contributes less to the total moment than the other regions. The contribution of region

“3”, of high QW and high−QS exhibits lessSt dependence than other regions and is more or less of similar magnitude

for all values ofp. Region “2” shows a peak at lowSt. We believe this is related to the accumulation of these particles in

regions of high strain and low rotation, as can be seen in Figure2, combined with the higher acceleration events associated

with this region for0 < St ≤ 0.5. In addition, a careful analysis of Figure2 reveals that with increasing inertia particles

are ejected from regions of overlapping high strain and highrotation, while there is an increase in the number of particles

in regions of high strain and low rotation. This suggests that low inertia particles are ejected not only from regions of high

rotation, but also from regions of high strain. The analysisperformed here is of a semi-quantitative nature, in that other

regions could have been chosen and the statistical convergence of the momentsp > 2 is not as good.
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Figure 1. Conditional average of acceleration magnitude|a|/arms(St) on the(QW ,−QS) invariant plane for (a)St = 0.0,
(b) St = 0.1, (c)St = 0.2, (d)St = 0.5, (e)St = 1, and (f)St = 2. The areas outlied by dashed lines correspond to 1 -
highQW and lowQS , 2 - highQS and lowQW , 3 - highQW and highQS , and 4 - lowQW and lowQS . The values for

the ratio|a|/arms(St) are indicated on the contour lines.
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Figure 2. Joint PDF of the invariant pair(QW ,−QS) for (a) St = 0.0, (b) St = 0.1, (c) St = 0.2, (d) St = 0.5, (e)
St = 1, and (f)St = 2. The areas outlined by dashed lines correspond to 1 - highQW and lowQS, 2 - highQS and low
QW , 3 - highQW and highQS , and 4 - lowQW and lowQS . The exponents of the decade are indicated on the contour

lines.
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Figure 3. Contribution of the regions outlined in the(QW ,−QS) plane of Figures1 and2 to higher-order acceleration
moments for (a)p = 2, (b)p = 4, (c) p = 6, and (d)p = 8.
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4. CONCLUSIONS

In order to better understand how acceleration is related toflow topology, we compute invariants of the strain-rate and

rotation-rate tensor along particle trajectories. The joint PDFs of invariant pairs along with acceleration contour plots on

invariant planes allow us to compute the contribution of specific flow topologies to the acceleration moments. We find

further confirmation that inertial particles are ejected from regions of high-rotation and that these contribute the least to

the acceleration moments precisely as clustering or preferential concentration peaks atSt ≈ 0.7. We believe this work

will contribute to a better understanding of the effects of inertia on acceleration and how flow topology relates to the

latter.
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