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Abstract. This paper proposes the application of a nonlinear kinematic model capable of predicting the behavior of an 
aluminum alloy (7050 T7451) under cyclic fatigue
the isotropic hardening is null after the material reaches its stable hysteresis cycle, leading to a maximum Baushinger 
effect. The kinematic hardening is described by the model proposed by Armstrong and Frederick and modified by 
Chaboche. Cyclic fatigue tests were performed under controlled deformation for different strain amplitudes and with 
the predominance of the elastic component. The exp
ANSYS® (academic version 13.0), intending to determine and calibrate the material’s constitutive parameters
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1. INTRODUCTION (TIMES NEW ROMAN, BOLD, SIZ
 

The improvements required to machine components performance lead to the adoption of new methodologies capable 
of predicting the material’s behavior when submitted to real work conditions in order to raise the 
components reliability. 

The necessity to understand the elastic
fail after a period of working time due to the damage accumulation caused by the plastic loading history.

The major part of the damage accumulation is due to the kinematic hardening, once the material’s elastic domain 
reaches its stable condition after a few cycles. The kinematic hardening is responsible for the alterations observed in the 
yielding surface position and is described by the Armstrong

Using data obtained from fatigue and monotonic tests, the kinematic parameters have been determined so the model 
could be validated using FEM simulations.
(single space line, size 10) 
2. CONSTITUTIVE MODEL 
 

The material’s nonlinear behavior is determined by a mixed hardening model described by two parts: the isotropic 
hardening, which considers alterations in material’s elastic domain and determines the hardening or softening behavior; 
and the kinematic hardening, which allows determinations about the backstress evolution. 
the phenomena is presented as follows in Figure 1.

 

Figure 1 – Material’s hardening behavior: isotropic hardening (left) and kinematic hardening (right). 
 
Both phenomena are evaluated under the Bauschinger Effect, as described in Figure 2.
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This paper proposes the application of a nonlinear kinematic model capable of predicting the behavior of an 
aluminum alloy (7050 T7451) under cyclic fatigue due to uniaxial loading. The model is based on the assumption that 
the isotropic hardening is null after the material reaches its stable hysteresis cycle, leading to a maximum Baushinger 

c hardening is described by the model proposed by Armstrong and Frederick and modified by 
Chaboche. Cyclic fatigue tests were performed under controlled deformation for different strain amplitudes and with 

elastic component. The experimental results for each strain amplitude were simulated in 
ANSYS® (academic version 13.0), intending to determine and calibrate the material’s constitutive parameters
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The improvements required to machine components performance lead to the adoption of new methodologies capable 
of predicting the material’s behavior when submitted to real work conditions in order to raise the 

The necessity to understand the elastic-plastic behavior of metals comes from the fact that these materials tend to 
fail after a period of working time due to the damage accumulation caused by the plastic loading history.

The major part of the damage accumulation is due to the kinematic hardening, once the material’s elastic domain 
reaches its stable condition after a few cycles. The kinematic hardening is responsible for the alterations observed in the 

sition and is described by the Armstrong-Frederick model.  
Using data obtained from fatigue and monotonic tests, the kinematic parameters have been determined so the model 

could be validated using FEM simulations. 

The material’s nonlinear behavior is determined by a mixed hardening model described by two parts: the isotropic 
hardening, which considers alterations in material’s elastic domain and determines the hardening or softening behavior; 

c hardening, which allows determinations about the backstress evolution. A schematic image of both 
the phenomena is presented as follows in Figure 1. 

 
 

Material’s hardening behavior: isotropic hardening (left) and kinematic hardening (right). 

Both phenomena are evaluated under the Bauschinger Effect, as described in Figure 2. 
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This paper proposes the application of a nonlinear kinematic model capable of predicting the behavior of an 
The model is based on the assumption that 

the isotropic hardening is null after the material reaches its stable hysteresis cycle, leading to a maximum Baushinger 
c hardening is described by the model proposed by Armstrong and Frederick and modified by 

Chaboche. Cyclic fatigue tests were performed under controlled deformation for different strain amplitudes and with 
erimental results for each strain amplitude were simulated in 

ANSYS® (academic version 13.0), intending to determine and calibrate the material’s constitutive parameters. 

The improvements required to machine components performance lead to the adoption of new methodologies capable 
of predicting the material’s behavior when submitted to real work conditions in order to raise the mechanical 

plastic behavior of metals comes from the fact that these materials tend to 
fail after a period of working time due to the damage accumulation caused by the plastic loading history. 

The major part of the damage accumulation is due to the kinematic hardening, once the material’s elastic domain 
reaches its stable condition after a few cycles. The kinematic hardening is responsible for the alterations observed in the 

Using data obtained from fatigue and monotonic tests, the kinematic parameters have been determined so the model 

The material’s nonlinear behavior is determined by a mixed hardening model described by two parts: the isotropic 
hardening, which considers alterations in material’s elastic domain and determines the hardening or softening behavior; 

A schematic image of both 

 

Material’s hardening behavior: isotropic hardening (left) and kinematic hardening (right). [5] 

                This paper proposes the application of a nonlinear kinematic model capable of predicting the behavior of an 
aluminum alloy (7050 T7451) under cyclic fatigue due to uniaxial  loading. The model is based on the assumption that 
the isotropic hardening is null after the material reaches its stable hysteresis cycle, leading to a maximum Baushinger 
effect. The  kinematic  hardening is described  by  the model  proposed by Armstrong and  Frederick and  modified  by
Chaboche. Cyclic fatigue tests were performed  under controlled deformation for different  strain amplitudes and with 
the  predominance of elastic  component. The experimental results obtained for each  strain amplitude were simulated 
in ANSYS® (academic version 13.0), intending to determine and calibrate the material’s constitutive parameters.
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Figure 2 – Baushcinger Effect for linear hardening: kinematic hardening (pathway OABCD); isotropic hardening 
(pathway OABEF); and mixed hardening (pathway OABGH).[4] 

 
Analyses of uniaxial cyclic loading indicate that the major phenomena governing the hardening behavior is the 

kinematic, being the isotropic portion ignored in most cases [1]. However, by allowing the elastic domain to vary, the 
size of the yield surface can be employed to account for transient material behavior [6]. Namely when the hysteresis 
cycles no longer change their configurations, it can be considered that only kinematic hardening takes place and 
contribute to the damage accumulation. 

The mixed hardening model composition between the two phenomena is determined by the Bauschinger parameter 
M that separates the plastic strain into its isotropic and kinematic components, identified by the indices i and k 
respectively [4], as follows: 

 
���� = ����� + �����                                                                                                                                                             (1) 
 
����� = �����                                                                                                                                                                     (2) 
 
����� = 	1 − ������                                                                                                                                                          (3) 
 
0 ≤ � ≤ 1                                                                                                                                                                    (4) 
 
The Bauschinger parameter can be determined as follows [4]: 
 

� = ������
�����

                                                                                                                                                                     (5) 

 
The kinematic hardening rule effectiveness requires the backstress evolution to be related to the plastic strain or to 

the stress during the loading process [8], being the material behavior better described by its recent strain history [5]. A 
good solution is the utilization of a hardening rule proposed by Armstrong and Frederick and presented in Equation 9 
[2], containing a recall term which incorporates the fading memory effect of the strain path and essentially makes the 
rule non-linear [7]. The nonlinearities are given as a recall term in the Prager’s rule [3]: 

 

��� = �
������ − ������                                                                                                                                               (6) 

 
The kinematic equation describes the rapid changes due to the plastic flow during cyclic loadings and plays a role 

even under stabilized conditions [3].  
The resulting equation for the backstress evolution in an uniaxial test is given by: 
 

���� = � �
��

� �� − ����! 	1 − �������                                                                                                                          (7) 

 
3. EXPERIMENTAL TESTS 

 
The material utilized for the verification of the hardening behavior was the aluminum alloy 7050 T7451, whose 

composition is presented in Table 1. 
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Table 

This alloy has very high strength coupled with high resistance to exfoliation corrosion and stress
high fracture toughness, and fatigue resistance. This leads to applications in aircraft structures 

Simple tension tests have been conducted in order to verify the material’s monotonic properties. Also, fatigue tests 
have been realized under strain control in order to obtain the hysteresis cycles for stable conditions and strain 
amplitudes varying from 0,67% to 1,00%. All the experimen
(25°C) at the Mechanical Properties Laboratory from EESC
LANDMARK servo-hydraulic machine (maximum capacity of 100kN) and strain control provided by 
20  extensometer. Figure 4 shows the specimen geometries used for the experimental campaign according to ASTM 
E606-04 norm.  

 

 
Figure 

The results obtained from the monotonic 
 

 

 
The beginning of the yield process, being a gradual transition from a linear to a non

difficult to be determined precisely [9]. A visual analysis has been made to find the beginning of the nonlinearities on 
the monotonic curves and the stable hysteresis cycles.

Element Al Cr

% 87,3 - 90,3<= 0,04

Modulus 

of elasticity

(GPa)

72
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Table 1 – Aluminum alloy 7050 T7451. [10] 
 

 
This alloy has very high strength coupled with high resistance to exfoliation corrosion and stress

high fracture toughness, and fatigue resistance. This leads to applications in aircraft structures 
onducted in order to verify the material’s monotonic properties. Also, fatigue tests 

have been realized under strain control in order to obtain the hysteresis cycles for stable conditions and strain 
amplitudes varying from 0,67% to 1,00%. All the experimental campaign have been realized under room temperature 
(25°C) at the Mechanical Properties Laboratory from EESC-USP’s Materials Engineering Department, using a MTS 

hydraulic machine (maximum capacity of 100kN) and strain control provided by 
Figure 4 shows the specimen geometries used for the experimental campaign according to ASTM 

 

Figure 3 – Test specimen (dimensions in mm) 
 

The results obtained from the monotonic tests are presented in Figure 5 and Table 2 

 
 

Figure 4 – Monotonic curve 

Table 2 – Monotonic properties 
 

The beginning of the yield process, being a gradual transition from a linear to a non-linear stress
. A visual analysis has been made to find the beginning of the nonlinearities on 

urves and the stable hysteresis cycles. 

Cu Fe Mg Mn Si Ti

<= 0,04 2 - 2,6 <= 0,15 1,9 - 2,6 <= 0,1 <= 0,12 <= 0,065,7 - 6,7

Proportional Ultimate Elongation Rupture 

limit strength strength at break Strength

(MPa) (MPa) (%) (MPa)

170 536 13 495
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This alloy has very high strength coupled with high resistance to exfoliation corrosion and stress-corrosion cracking, 
high fracture toughness, and fatigue resistance. This leads to applications in aircraft structures [10]. 

onducted in order to verify the material’s monotonic properties. Also, fatigue tests 
have been realized under strain control in order to obtain the hysteresis cycles for stable conditions and strain 

tal campaign have been realized under room temperature 
USP’s Materials Engineering Department, using a MTS 

hydraulic machine (maximum capacity of 100kN) and strain control provided by a MTS 632.26F-
Figure 4 shows the specimen geometries used for the experimental campaign according to ASTM 

 

 

 

linear stress-strain response, is 
. A visual analysis has been made to find the beginning of the nonlinearities on 

Zn Zr

5,7 - 6,70,08 - 0,15

This alloy has very high strength coupled with high resistance to exfoliation corrosion and stress-corrosion cracking, 
high fracture toughness, and fatigue resistance. This leads to applications in aircraft structures [10].
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For the stable hysteresis cycles, the kinematic hardening has been considered as the only remaining phenomenon 
governing the material’s behavior. During the transient life, the Bauschinger’s parameter 
decreases gradually up to the point that considerable alterations on the elastic domain are no longer observed. From 
Equation 3:  

 
����� = ����                                                             

 
The results obtained for the stable hysteresis cycles are presented in Table 5 and Figure 6:
 

Table 3 – Aluminum alloy 7050 T7451 properties for the stable hysteresis cycles

 

Figure 5 – Hysteresis cycles for the various strain amplitudes: 1,00% (a); 0,920% (b); 0,870% (c); 0,755% (d) and 

 
The backstress evolution for each cycle presented in Figure 5 is shown in Figure 6:
 

Figure 6 – Backstress curves for the various strain amplitudes: 1,00% (a); 0,920% (b); 0,870% (c); 0,755% (d) and 
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For the stable hysteresis cycles, the kinematic hardening has been considered as the only remaining phenomenon 
governing the material’s behavior. During the transient life, the Bauschinger’s parameter 
decreases gradually up to the point that considerable alterations on the elastic domain are no longer observed. From 

                                                                                                                                                         

The results obtained for the stable hysteresis cycles are presented in Table 5 and Figure 6:

Aluminum alloy 7050 T7451 properties for the stable hysteresis cycles
 

 
Hysteresis cycles for the various strain amplitudes: 1,00% (a); 0,920% (b); 0,870% (c); 0,755% (d) and 

0,662% (e). 

evolution for each cycle presented in Figure 5 is shown in Figure 6: 

 
Backstress curves for the various strain amplitudes: 1,00% (a); 0,920% (b); 0,870% (c); 0,755% (d) and 

0,662% (e). 

For the stable hysteresis cycles, the kinematic hardening has been considered as the only remaining phenomenon 
governing the material’s behavior. During the transient life, the Bauschinger’s parameter M after each loading step 
decreases gradually up to the point that considerable alterations on the elastic domain are no longer observed. From 

                                                                                             (8) 

The results obtained for the stable hysteresis cycles are presented in Table 5 and Figure 6: 

Aluminum alloy 7050 T7451 properties for the stable hysteresis cycles 

 

 

Hysteresis cycles for the various strain amplitudes: 1,00% (a); 0,920% (b); 0,870% (c); 0,755% (d) and 

 

Backstress curves for the various strain amplitudes: 1,00% (a); 0,920% (b); 0,870% (c); 0,755% (d) and 
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4. CONSTITUTIVE PARAMET ERS AND FE
 

The kinematic constitutive parameters determination was made considering the Equation 12 as follows:
 

���� = � �
��

� �� − ����! �����                                 

 
� �� =	��� − ��� = 	�# + ���� − ���
 
$%&&
$'&&(

= �′ = 	� − �����                        
 
With Equation 11, it can be concluded that the parameter 

the slope observed when the plastic loading is initiated. 
The determination of � was realized over the translated portion of the tensile ba

considering the compression portion symmetrical to it. The curves were approximated by power functions of the form:
 
�$ = )��$*                                                                  
 
�$ = ��� − ���+�,                                          
 
��$ = ���� − ����	+�,                                   
 
Being ����	+�, the slowest ����  in the backstress curves
 

Figura 7 – Translated backstress curve for the strain amplitude equal to 1,00%.
 

Considering the differentiation of a generic function 
found that:  

 
$-./�01	2�3

$/ = 4 − 5 ′	6�78	/�                   
 
From Equations 11 and 15: 
 

�$ = ���$ − 78-'(93 + 78	#�                          
 

� ′ = $%9
$'(9

= � − 5′-��$378-'(93 = �
 

� = 8′-'(9301�:(9!

%9
                                      

 
Considering the power function presented in Equation 12:
 
5-��$3 = ln-���$ − )��$*3                        
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ERS AND FEM RESULTS 

The kinematic constitutive parameters determination was made considering the Equation 12 as follows:

                                                                                                                     

��                                                                                                  

                                                                                                         

With Equation 11, it can be concluded that the parameter C’ is given by the slope of the backstress curve, being 
the slope observed when the plastic loading is initiated.  

was realized over the translated portion of the tensile backstress curves (Figure 7), 
considering the compression portion symmetrical to it. The curves were approximated by power functions of the form:

                                                                                                                         

                                                                                                                           

                                                                                                                       

backstress curves. 

 
Translated backstress curve for the strain amplitude equal to 1,00%.

Considering the differentiation of a generic function 46 − 78	/� + = (being R a constant) in terms of 

                                                                                                                         

                                                                                                                                

3 � − ��$                                                                                                           

                                                                                                                             

Considering the power function presented in Equation 12: 
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The kinematic constitutive parameters determination was made considering the Equation 12 as follows: 

                                                                                    (9) 

                                                                                      (10) 

                                                                                                  (11) 

is given by the slope of the backstress curve, being C 

ckstress curves (Figure 7), 
considering the compression portion symmetrical to it. The curves were approximated by power functions of the form: 

                                                                (12) 

                                                                                           (13) 

                                                                                               (14) 

 

Translated backstress curve for the strain amplitude equal to 1,00%. 

a constant) in terms of x, it can be 

                                                                                                (15) 

                                                                                        (16) 

                                                                                       (17) 

                                                                                        (18) 

                                                                                          (19) 

ISSN 2176-5480

9842



Rodrigo Mendes Lima, Ernesto Massaroppi Junior
Determination of a kinematic model constitutive parameters of an 

5′-��$3 = ��>*'(9?@&
�'(9�>'(9?                        

 

� = A �
>'(9?B ��>*'(9?@&

�'(9�>'(9? 7CD-�'(9�>'(9

 
Intending to avoid infinite values of 

with the backstress curves. Similarly, the initial value of 
defined C and ��$# = 	� )⁄ �� 	*���⁄ , being 
values of A, B, C and γ0 obtained for each strain 

 
Table 4 – Power functions coefficients and  

 

Figure 8 shows the evolution of the data presented in Table 4 as a plastic strain amplitude function.
 

 
Figura 8 – Evolution of 

Figure 9 shows the evolution of � as a plastic strain function for each strain amplitude.
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(9?3 = ��>*'(9?@&
>'(9?                                                                                            

Intending to avoid infinite values of C as predicted by the power functions, it was chosen finite ones in agreement 
the initial value of γ (γ0) was determined as the highest one corresponding to the 

, being ��$ = ��$# F 0. For 0 G ��$ G ��$#, � was not defined, being 
obtained for each strain amplitude are presented in Table 4. 

Power functions coefficients and  �# for each strain amplitude.

 
 

Figure 8 shows the evolution of the data presented in Table 4 as a plastic strain amplitude function.

Evolution of A, B, C and HI in terms of the plastic strain amplitude.

as a plastic strain function for each strain amplitude. 

                                                        (20) 

                                                                     (21) 

as predicted by the power functions, it was chosen finite ones in agreement 
) was determined as the highest one corresponding to the 

was not defined, being C’ = C. The 

for each strain amplitude. 

Figure 8 shows the evolution of the data presented in Table 4 as a plastic strain amplitude function. 

 

 

in terms of the plastic strain amplitude. 
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Figure 9 – Evolution of H as a plastic strain function for the various strain amplitudes

 
A code containing the kinematic nonlinear model 

discrete plastic strain intervals along the kinematic curves 
strain domain for fixed values of C.  

The simplicity of the analysis section geometry allowed the utilization of a single element in the FEM model, 
constituted by 8 nodes, each one containing 3 degrees of freedom related to the translation over the coordinate axes. A 
comparison between the results for a refined mesh and a single element model has shown no significant discrepancies.

The results are presented in Figure 10 for the stable cycles.
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as a plastic strain function for the various strain amplitudes: 1,00% (a); 0,920% (b); 0,870% 

(c); 0,755% (d) and 0,662% (e). 

kinematic nonlinear model was implemented in ANSYS 13 (Mechanical APDL version) 
the kinematic curves in order to consider the evolution of 

The simplicity of the analysis section geometry allowed the utilization of a single element in the FEM model, 
ituted by 8 nodes, each one containing 3 degrees of freedom related to the translation over the coordinate axes. A 

comparison between the results for a refined mesh and a single element model has shown no significant discrepancies.
d in Figure 10 for the stable cycles. 
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: 1,00% (a); 0,920% (b); 0,870% 

was implemented in ANSYS 13 (Mechanical APDL version) over 
in order to consider the evolution of γ over the entire plastic 

The simplicity of the analysis section geometry allowed the utilization of a single element in the FEM model, 
ituted by 8 nodes, each one containing 3 degrees of freedom related to the translation over the coordinate axes. A 

comparison between the results for a refined mesh and a single element model has shown no significant discrepancies. 

 

 

 

Figure 10 – Stable hysteresis cycles for different strain amplitudes: 0,662 (a); 0,755% (b); 0,870% (c); 0,920% (d) and

1,000% (e).
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Figure 10 – Stable hysteresis cycles for different strain amplitudes: 0,662 (a); 0,755% (b); 0,870% (c); 0,920% (d) and 
1,000% (e). 

5. RESULTS DISCUSSION 
 

It can be seen in Figure X that the power functions coefficients and the values of the kinematic hardening model (C 
and γ0) tends to a stable configuration when the plastic strain amplitude is increased. The same can be noted for the γ 
evolutional behavior in terms of the translated plastic strain (��$�, shown in Figure F.  

The fact that only kinematic hardening takes place in the stable hysteresis cycles indicates that M has a smoother 
evolution for each loading step, being null when alterations in the elastic domain are no longer observed. 

The smaller the plastic strain amplitude the higher the values of C and γ0. This fact explains why the curves with 
small strain amplitude have higher initial slopes, tending to stable configurations faster at the loading very beginning, as 
can be seen in Figure 6, once � controls the backstress stabilization velocity. 

It is remarkable that the presented methodology accuracy depends on how good the power functions describe the 
real backstress curves. 

 
6. CONCLUSIONS 

The presented work has provided a good way to describe the aluminum alloy 7050 T7451 submitted to cyclic 
loadings. The results accuracy depended on how good the power functions described the real backstress evolution as 
plastic loading occurred, allowing the study of each kinematic parameter and power function coefficient evolution in 
terms of both the plastic strain amplitude and the translated plastic strain. Once the behavior pattern indicates the 
coefficients A, B and the parameters C and γ0, just as γ, will stabilize, the hysteresis cycles can be foreseen for this 
material when submitted to higher strain amplitudes. 

The models implemented in the FEM commercial code have provided good results compared to those obtained in 
the fatigue tests, once the parameters have been considered as variables instead of the constants foreseen in the the 
Armstrong-Frederick kinematic model. 

Comparisons between the elastic domain for the material free of plastic loading history and those observed at the 
stable cycles indicate the material obeys the Drucker’s stability criteria. 

The isotropic hardening is observed during the material’s transient life, which corresponds to the first ten cycles, 
approximately. After this, the only phenomenon that remains and contributes to the damage accumulation is the 
kinematic hardening. This gives precedent for the development of damage accumulation laws based only on the 
backstress evolution.  

 
7. NOMENCLATURE 
 

����  – Plastic strain tensor 
�. – Strain amplitude 
��. – Plastic strain amplitude 
��$ – Translated plastic strain 
�, �� – Equivalent plastic strain 
M – Bauschinger Parameter 
� �� – Reduced stress tensor 
� 0 - Equivalent Stress 
�. – Stress amplitude   
�# – Half of the elastic domain 
�� , ��� – Backstress tensor 
�$ - Traslated backstress 
=∞, =#, K – Isotropic constitutive parameters 
�, � – Kinematic constitutive parameters 
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