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Abstract.The main goal of this work is to simulate the flow developed on an abrupt rough hill. The numerical simulation
were performed with a two-dimensional research code based on the finite elements method. The turbulence model adopted
is the classical κ-ε complemented by laws of wall, that consider the adverse pressure gradient and the wall roughness. The
near wall treatment for rough surfaces was obtained adapting the laws of wall originally developed for smooth surfaces.
The numerical profiles of mean velocity, mean pressure and friction velocity obtained with rough laws are compared with
the numerical results given using the smooths laws and experimental data.
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1. INTRODUCTION

The turbulent flow established over rough surfaces has been experimentally studied since the beginning of 20th century.
Nikuradse (1933) was one of the firsts to study this theme, derived relations for the shear stress in flows developed in rough
surfaces. The rough element was placed artificially above the surfaces. So, the results obtained by Nikuradse (1933) for
rough surfaces depends on the geometry of the sand-grain roughness. There’s no information about the behavior of the
flow over different kinds of rough surfaces. This way, the numerical and experimental results obtained by many researches
for smooths surfaces are still applicable as a first approximation of the dynamic effects presenting in a turbulent flow over
a rough surfaces.

Nowadays, the importance of this theme is increasing in industrial laboratories and academic centers. The literature
shows many cases of direct numerical simulation (DNS) applied to rough surfaces with rectangular elements. The nu-
merical simulation of the flow developed on rough surfaces is a very important research theme in order to improve the
knowledge of atmospheric studies and industrial process. Ikeda and Durbin (2007) showed the direct numerical simula-
tion of a channel with rough surface at one side, with rectangular ribs mounted, and smooth surface on the other side. The
rough elements were mounted in order to attain sand-grain roughness. Ikeda and Durbin (2007) verified that, for high
Reynolds numbers, the results obtained with logarithmic laws could be used in some cases by modifying the constants of
the law and setting the correct origin for the velocity profile.

In this work, the numerical simulation of the turbulent flow over a rough surface was done by using the κ-ε model,
proposed by Jones and Launder (1972), with laws of wall, originally implemented to consider rough surface and now
developed to consider also the near wall roughness, according to Loureiro et al (2007a) and Loureiro (2008). The nu-
merical algorithmic adopted for the simulation, called Turbo2D, was written in Fortran and has been used and improved
by Grupo de Mecânica dos Fluidos e Escoamentos Complexos - Vortex, from Mechanical Engeneering Department of
the University of Brasília, since 1990. The isothermal variant was based in the finite elements method, using the treat-
ment of Galerkin Method to convective fluxes. The spacial discretization was done by P1/ISOP2 elements. The temporal
discretizantion used a semi-implicit sequential scheme of finite difference. The coupled equations, i.e., momentum and
continuity equations, were solved using a variation of Uzawa’s minimum residuals algorithm proposed by Buffat (1981).

2. GOVERNING EQUATIONS

2.1 κ-ε turbulence model

The non-dimensional form of governing equations for a homogenous, one-phase and turbulent flow, composed by
Reynolds equations and the classical κ-ε model’s equations are

∂ui

∂xi
= 0 (1)

∂ui

∂t
+ uj

∂ui

∂xj
= − ∂p

∂xi
+

1
Fr

gi +
∂

∂xj

[
1

Re

(
∂ui

∂xj
+

∂uj

∂xi

)
− u

′
iu
′
j

]
(2)

−u
′
iu
′
j = νT

(
∂ui

∂xj
+

∂uj

∂xi

)
− 2

3
κδij (3)

νT = Cµ
κ2

ε
=

1
ReT

(4)



Proceedings of COBEM 2009
Copyright c© 2009 by ABCM

20th International Congress of Mechanical Engineering
November 15-20, 2009, Gramado, RS, Brazil

(
∂κ

∂t
+ uj

∂κ

∂xj

)
=

∂

∂xj

[(
1

Re
+

1
ReT σκ

)
∂κ

∂xj

]
+ $ − ε (5)

(
∂ε

∂t
+ uj

∂ε

∂xj

)
=

∂

∂xj

[(
1

Re
+

1
ReT σε

)
∂ε

∂xi

]
+

ε

κ
(Cε1$ − Cε2ε) (6)

$ =
[(

1
ReT

)(
∂ui

∂xj
+

∂uj

∂xi

)
− 2

3
κδij

]
∂ui

∂xj
(7)

where the non-dimensional variables u, p, xi,gi, t, νT , Re,ReT ,Fr, κ, ε and δij represent, respectively, the mean veloc-
ity, a general pressure,the cartesian coordinate, the gravitational acceleration, the time variable, the eddy viscosity, the
Reynolds number, the turbulent Reynolds number, the Froude number, the turbulent kinetic energy, the dissipation rate of
turbulent kinetic energy and the delta of Kronecker.

The Reynolds’ stress −u
′
iu
′
j , defined by the law of Prandtl-Kolmogorov, represents the mean value of momentum’s

rate transfer caused by turbulent velocity’s fluctuations.
Besides using the classical κ-ε model, proposed by Jones and Launder (1972) with modifications introduced by Laun-

der and Spalding (1974), it was implemented a modified form of the κ-ε model proposed by Iaccarrino and Poroseva
(2001). The focus of this form is the turbulent kinetic transport equation, changing the model coefficients in order to
get more appropriated constants’ values for each application, such as separated flows, strong adverse pressure gradient or
specials geometric parameters. The group of constants, calibrated for periodic wavy channel flow, was chosen according
to similarity criteria. The Table 1 shows the two groups of κ-ε model constants.

Table 1. κ-ε model constants

Constant Classical form Modified form
Cµ 0,09 0,09
Cε1 1,44 1,5
Cε2 1,92 1,92
σκ 1,00 1,00
σε 1,3 0,67

2.2 Laws of the wall

The inner part of the turbulent boundary layer can be divided in three parts: viscous layer, buffer layer and turbulent
layer, also called log region. Due to the κ-ε model’s incapacity to simulate the nearest wall part of the boundary layer, i.e.,
viscous layer, buffer layer and the initial part of turbulent region, this region is modelled by the relations called laws of
the wall. Its function is only to calculate the boundary conditions of velocity, in the mesh’s boundary that represents the
walls. There are two kinds of laws of wall implemented in this study: the smooth and rough laws. The results of smoothes
laws are showed in order to test the capability of these to simulate the flow over a rough surface and also to compare the
effect of rough wall formulations in the near wall region.

The smoothes laws of the wall used were: the logarithmic law, the law of Mellor (1966), the law of Nakayama and
Koyama (1984) and the law of Cruz and Silva Freire (1998). The rough laws, implemented and tested in this study, were:
the law of Sholz (1925), the adapted forms of the law of Mellor (1966), the law of Nakayama and Koyama (1984) and the
law of Cruz and Silva Freire (1998) for separating flows over a rough surfaces, developed by Loureiro el al (2007a) and
Loureiro (2008).

The logarithmic law is based on the momentum transport equation of Prandtl for two dimension turbulent boundary
layers, given by
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where x and y represents the normal and tangential directions, p+ is the thermodynamic pressure and ρ is the fluid density.
Disregarding the pressure gradient in the longitudinal direction and the viscous term on Equation (8), a double inte-

gration gives the classical logarithmic law for the turbulent region. Applying the Boussinesq assumption and the Prandtl’s
mixing length hypothesis, this law of the wall may be written in the form

u∗ =
1
ς
lny∗ + C (9)
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where ς is the Von Kármán constant equal to 0.419 and C is an experimental calibration constant, equal to 5,445. The
terms u∗ and y∗ are non-dimensional parameters, defined as

u∗ =
u

uF
(10)

y∗ =
yuF

ν
(11)

where the term uF is a velocity scale, called friction velocity, originated during the deduction of the logarithmic law as
constant of integration.

The law of Mellor (1966), on its original deduction for smooth surfaces, considers the adverse pressure gradients. The
Eq.(8) is integrated on normal wall direction including the pressure term and disregarding the viscous stress term. The
relation for the turbulent region is
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The Table (2) gives the constant of integration CI values as a function of p∗.

Table 2. Relation between CI e p∗

p∗ -0,01 0,00 0,02 0,05 0,10 0,20 0,25 0,33 0,50 1,00 2,00 10,00
CI 4,92 4,90 4,94 5,06 5,26 5,63 5,78 6,03 6,44 7,34 8,49 12,13

If (p∗ ≥ 8), the CI is given by the equation
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The law of Nakayama and Koayama (1984) deduction begins at mean turbulent kinetic energy equation. Many steps
after and according to Stratford (1959) study, the non-dimensional velocity at the near wall region is
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with n is equal to 0,34.
The law of Cruz and Silva Freire (1998) considers the asymptotic behavior of the boundary layer, near and far the

recirculation zone, given by
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where the sub-index p indicates the properties at the wall, uR is the reference velocity and the term Lc is
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The Equation (18) has a logarithmic form for low pressure gradient, far from the recirculation zone. On the other
hand, close to the high pressure gradient, near the separation and reattachment points, it tends to law of Stratford (1959).
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The adjustment for the rough case is done by replacing the non-dimensional parameters, relating to velocity, pressure
gradient and the cartesian y coordinate.

The rough law of Sholz (1925) is a logarithmic law that consider the roughness effect. For engineering applications,
the Sholz’s equation for rough surfaces is given by

u∗ =
1
ς

ln(
y

ys
) + Cr (20)

where Cr is equal to 8.5 and ys is the sand roughness, defined by Nikuradse (1933) as a function of geometric
parameters of the roughness.

Besides sand roughness ys, another important parameter used to model the roughness’ effect is the error in origin
h0 for the velocity profile, calculated according to Perry and Joubert (1963). This parameter executes an important task
indicating the best origin to the velocity profile, even in the explicit or implicit form in the laws of the wall. The technique
used to determinate h0 is done by displacing the origin until the experimental velocity profile presents a logarithmic fit,
like the turbulent region of boundary layer’s inner part. The physical reason for this adjust is the extinction of viscous
sublayer. The Figure (3) shows the error in origin h0 applied to the near rough wall boundary layer.

y

d

k

3k

rough element

h
0

Figure 1. Roughness and the velocity profile origin.

This way, ys refers to the roughness’ geometry and the error in origin h0 refers to the dynamic’s flow parameters in
the near wall region.

The adjustment of the law of Mellor (1966) for the rough form is done replacing the non-dimensional parameters of
length, velocity and pressure. For low longitudinal pressure gradient

y∗ =
y

ys
(21)
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The velocity scale depends on the longitudinal pressure gradient. For p∗ < 8.0, the non-dimensional velocity is given
by

u =
u

uF
(23)

The velocity scale for p∗ ≥ 8.0, url, is estimated according to Stratford’s equation (1959), giving the following
relation
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The rough form of the law of Nakayama e Koyama (1984) is direct obtained just using the non-dimensional parameters
y∗ and p∗ for rough surfaces. The constant C, Eq.(17), should be replace with Cr, Eq.(20).

The law of Cruz and Silva Freire (1998) for rough surfaces is

u =
τp

|τp|
2
ς

√
B

τp

ρ
+

1
ρ

dPp

dx
y +

τp

|τp|
uF

ς
ln

y

Lc
(26)



Proceedings of COBEM 2009
Copyright c© 2009 by ABCM

20th International Congress of Mechanical Engineering
November 15-20, 2009, Gramado, RS, Brazil

where the sub-index p indicates the properties at the wall, uR is the a reference velocity, the constant B is equal to 2.89
and the term Lc is
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As the longitudinal pressure gradient decreases, the Eq.(26) must tends to law of Sholz (1925). This asymptotic
behavior was implemented chosen the correct value for the constant B.

3. NUMERICAL TREATMENT

The spacial discretization is done by triangular finite elements with linear interpolation functions, using the Galerkin
Method. Two meshes were implemented: a basic mesh to calculate de pressure field, with P1 elements; and a fine mesh
used to calculated the other variables, with P1/isoP2 elements and obtained by division from each P1 element into four
equal elements. The basic mesh P1 is used to calculate the pressure field and, for this reason, is called pressure mesh.
It has 1456 nodes and 2678 elements. In its turn, the fine mesh P1/isoP2 is used to calculate the velocity and all other
variables, called velocity mesh. It has 5589 nodes and 10712 elements. The mesh generation was made using information
about the solution structure. Thus, in the near wall region was used a dense grinding. On the other hand, in the outer
part of the boundary layer, the nodes were more separated from each other, especially in the vertical direction. In order to
minimize the discretization error, it was done an iterative refinement in the basic mesh, until the negligible variations in
numerical results is reached.

Nodes     Elements

Velocity meshPressure mesh

1456    2678

5589    10712

Figure 2. P1 and P1/ISO P2 meshes.

The temporal discretization of the equations’ system is done by using a first order approximation for the temporal
derivative. The algorithmic adopted allows the governing equations’ linearization for each time step time.

The test case selected was the flow over an abrupt rough hill, studied by Monteiro (2007) and Loureiro (2008). The
experimental result was obtained in a water channel with 17m length and transversal section of 0.4m by 0.6m. The
rough effect was simulated putting rectangular bars in the bottom of the channel. The rectangular bars were made with
rubber and placed in traversal form. These elements had transversal sectional square and equal to 9 mm2 . They were
separated by each other from 9mm. This case shows the turbulent phenomena that occur in a open-channel water flow,
like recirculation zone and low pressure gradient regions. This fact permits a deep analysis of the physical congruity’s
numerical formulation adopted for the rough case, in a equilibrium boundary layer sense. This same test case with smooth
wall was numerically and experimentally studied by Loureiro et al (2007) and Soares and Fontoura Rodrigues (2005). The
numerical results showed in their works were solved by using Turbo2D, with smooth laws of wall. A great numerical
results were obtained in the near wall region, especially the mean velocity field and the recirculation zone prediction, even
working with the limitations of the κ-ε model. This performance became possible due to use laws of wall that consider
the adverse pressure gradient. The Table (3) and Figure (3) show the boundary conditions, the simulation parameters, the
numerical domain and the measure station’s location.

4. RESULTS

The numerical results were compared with the experimental data, for the mean velocity field, wall friction velocity,
recirculation zone and pressure field. These results were used to validate the rough laws of the wall formulations.

The numerical results at station 2, upstream from the hill, obtained with rough laws showed in Fig.(5), is better than
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Table 3. Flow parameters.

Reference velocity, U0 (m/s) 0.3133
Height of the hill, h (mm) 60

Boundary layer thickness, δ (mm) 100
Reynolds number, Reδ 31023

Friction velocity, uF (m/s) 0,02254
Sand roughness, ys (mm) 0.0138966
Error in origin, h0 (mm) 1.1

4
,5

 h

30 h

wall (no slip condition)
h = 60mm

h

- experimental velocity
profile

- k e e approximation pressure reference (p = 0)

null
derivatives

e2 e3 e4 e5 e6 e7 e8 e9 e10

Figure 3. General outline of boundary conditions and geometrical characteristic.

the results obtained using smooth laws in Fig.(4), especially for law of Mellor (1966). In this location, there’s no influence
of the hill’s shape and the mean longitudinal pressure gradient stay near zero.
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Figure 4. Velocity profile at station 2 using smooth
laws.
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Figure 5. Velocity profile at station 2 using rough laws.

The station 4 represents the symmetric station, placed on hill’s top. The strong fluid acceleration and logarithmic
velocity profile were verified. Near wall region, the rough laws given the best results. This fact could be related to the
friction velocity uF approximation.

The stations 5, 6 and 7 are inside the recirculation zone, downstream hill’s top. The disturb due to boundary layer
separation made the rough effects less perceptible. This way, the performance of the rough and smooth formulations was
similar. For smooth laws, the law of Mellor (1966) was prominent, once consider the adverse pressure gradient effect. For
rough laws, the prominent one is the law of Cruz and Silva Freire (1998) that runs associated to the modified form of κ-ε,
proposed by Iaccarino and Gianluca (2001). This combination tends to Stratford’s equation (1959) for separated flows.

Near the reattachment point, Fig. (15), the law of Sholz (1925) fails in predicting the velocity profile. However, the
others rough laws showed agreement with the experimental data.
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Figure 6. Velocity profile at station 4 using smooth
laws.
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Figure 7. Velocity profile at station 4 using rough laws.
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Figure 8. Velocity profile at station 5 using smooth
laws.
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Figure 9. Velocity profile at station 5 using rough laws.
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Figure 10. Velocity profile at station 6 using smooth
laws.
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Figure 11. Velocity profile at station 6 using rough
laws.

The longitudinal coefficient pressure gradient Cp, Fig. (16), Fig. (17) and Eq. (28), shows the strong gradient
downstream hill’s top. The flow pressure loss estimated, between inlet and exit numerical domain, is the same for each
laws of the wall.

Cp =
p− p0

ρU2
0

(28)

Cp is the longitudinal pressure gradient and p0 is a reference pressure.
The friction velocity uF were showed at Fig.(18) and Fig.(19). The major values were found at hill’s top, where the

flow is more accelerated. In the upstream region, the rough laws’ results were more efficient than smooth laws, except the
law of Cruz and Silva Freire (1998), that showed agreement with the experimental data in this region. This fact confirmed
the physical coherence of the rough scales adopted in the rough wall laws formulations.
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Figure 12. Velocity profile at station 7 using smooth
laws.
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Figure 13. Velocity profile at station 7 using rough
laws.
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Figure 14. Velocity profile at station 9 using smooth
laws.
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Figure 15. Velocity profile at station 9 using rough
laws.
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Figure 16. Longitudinal pressure gradient Cp using
smooth laws.
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Figure 17. Longitudinal pressure gradient Cp using
rough laws.

5. CONCLUSIONS

The numerical results obtained with rough laws indicate a good agreement with the experimental results, especially in
upstream and hill’s top points. However, the downstream region were better simulated by using the modified form of κ-ε
associated to rough law of Cruz and Silva Freire (1998), due to the asymptotic condition of high pressure gradient and
separated boundary layer.

The viscous sublayer destruction effect, observed in many experimental studies like Monteiro (2007) and Loureiro
(2008), was successfully implemented in the laws of wall relations. The smooth laws of the wall had the performance
improved when the error in origin concept h0 was employed, replacing the numerical origin in order to consider the
dynamic effects imposed to the flow by the roughness. Unfortunately, determinate the parameters ys and h0 is not
an easy task, because they depend on the roughness’ geometrical characteristics and on the undisturbed flow settings.
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Figure 18. Friction velocity uF using smooth laws.
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Figure 19. Friction velocity uF using rough laws.

This way, each kind of roughness has a particular pre-processing treatment. The shear stress, even being so difficult to
experimentally measure or numerically estimate, was calculated using the minimization residual technique proposed by
Fontoura Rodrigues (1991).

Finally, these results suggests that the κ-ε limitations don’t prohibit its use in flows with gradient pressures and
separated boundary layers, associated or not to rough surfaces. However, in many cases a specific formulation is necessary
for the near wall region.
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