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Abstract. Important parameters in the rotating machine model, as the dynamic stiffness of the rotating system 

supported by journal bearings, can be determined through the dynamic system response to an excitation force 

(synchronous or nonsynchronous). The dynamic stiffness has direct relation with the phenomenon of fluid-induced 

instability, generally associated to hydrodynamic bearings of fixed geometry, because it allows to determine the 

imminence of the instable motion. This kind of instable motion occurs due to precessional orbits in the rotor-bearing 

system. This instability is called “oil whirl” or “oil whip”. The oil whirl phenomenon occurs when the journal 

bearings are lightly loaded and the shaft is whirling at a frequency close to one-half of rotor angular speed. When the 

rotation speed of the rotor reaches approximately twice the natural frequency (first critical speed) the oil whip 

phenomenon occurs and remains even if the rotor rotation speed increases. Its frequency and vibration mode 

corresponds to the first critical speed. The nonlinear motion due to the fluid-induced instabilities can be very harmful 

to the system, especially the oil whip phenomenon, what confirms the necessity to foresee the threshold of the instable 

motion. Therefore, the dynamic stiffness, which is defined as the machine's measure of resistance to instability, can be 

an important parameter to preview this dynamic behaviour. This research proposes the modeling and experimental 

analysis of a flexible rotor with a central disc, assuming unbalance excitation. A nonlinear hydrodynamic force model 

is considered for short bearing and laminar flow, so that it is possible to simulate the rotor-bearing system under fluid-

induced instability. Experimental results are obtained in an experimental test rig. The source of non-synchronous 

excitation is an electro-magnetic actuator, which means a non-contact excitation. This research presents a 

contribution for the rotating machine design area, as it intends to verify the consistence of nonlinear rotor-bearing 

model and its behaviour under instable situation, introducing the system dynamic stiffness as a controlled parameter in 

instability control. 
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1. INTRODUCTION  

   

The interaction between the rotating system and the oil film in a hydrodynamic bearing causes instable dynamic 

behaviour (see Gash et al., 2002, and Muszynska and Bently, 1989), which is characterized by a sub-synchronous 

forward precessional vibration. This behaviour is known as oil whirl and oil whip and was discovered by Newkirk 

(1924, 1925) and analysed by Lund and Saibel (1967), Muszynska (1986 and 1988), Crandall (1990), Childs (1993), 

Gasch et al. (2002) and Castro et al. (2006 and 2008).  

The fluid-induced instabilities are known as self-exciting vibration of a rotor-bearing system. Due to oil whirl, the 

shaft vibrates in a frequency close to half of the rotation speed. When the rotation speed reaches twice the first natural 

frequency, the oil whip instability starts, which can be severally harmful for the rotor-bearing system. In this case, the 

vibration frequency (or self-excitation frequency) is equal to the first natural frequency. 

In order to estimate the instability threshold, Muszynska and Bently (1990) proposed the calculation of the rotor-

bearing system dynamic stiffness, through a non-synchronous excitation. In that case, the system presents an instable 

motion when the real and the imaginary parts of the dynamics stiffness are simultaneously null.  

On the other hand, mathematical models were developed, in order to represent real machines with considerable 

confidence. Therefore, several researches were performed to determine better models for rotating machinery such as 

turbo generators and multi stage pumps, which are horizontal rotating machines of high load capacity. Some of these 

numerical simulations were developed to study cylindrical hydrodynamic bearings by Capone (1986 and 1991), where 

the orbits of the shaft in the bearings were obtained, considering a nonlinear hydrodynamic force model. 

Castro et al. (2006) considered this nonlinear hydrodynamic journal bearing model to simulate fluid-induced 

instabilities (oil whirl and oil whip), verifying that this model can numerically represent the dynamic behaviour of a 

rotor under fluid-induced instabilities. After that, Castro et al. (2008) analysed the nonlinear aspect of this simulation 

and compared it to experimental results. 

Afterwards, the authors applied the concept of dynamic stiffness (see Bently et al., 1998, and Muszynska and 

Bently, 1990) to analyse fluid-induced instability considering nonlinear effects. This research proposes the modelling 

and analysis of a flexible rotor with a central disc, assuming unbalanced excitation. Besides, an experimental analysis is 

also accomplished. For simulation purpose, a finite element model and a nonlinear hydrodynamic force model are 

considered, so that it is possible to simulate the rotor-bearing system under fluid-induced instability. An experimental 
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test rig was used for the tests. The source of non-synchronous excitation is an electro-magnetic actuator, which means a 

non-contact excitation. 

 

2. ROTOR-BEARING SYSTEM NONLINEAR MODEL 

  

The mathematical model (adopted in this work) of a rotating system can be divided into two parts: the finite element 

model of the shaft and the concentrated mass to the disk (see Archer, 1965, Ruhl and Booker, 1972, and Nelson and 

McVaugh, 1976), and the nonlinear hydrodynamic supporting forces (Capone, 1986 and 1991) of the cylindrical journal 

bearing, which is obtained by the Reynolds’ equation solution for short bearings. 

Equation (1) describes the pressure distribution inside the cylindrical journal bearing (Fig. 1.a), based on the 

Reynolds’ equation solution for laminar flux condition (Reynolds, 1886). This expression considers the dimensionless 

oil film thickness h and the dimensionless axial length z (Fig. 1.a), due to the losses of lubricating fluid in short journal 

bearing. The bearing parameters are radial clearance C, bearing length L, bearing radius R and oil viscosity µ and the 

rotation speed is Ω. 
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The solution of Eq. (1) considers the axial gradient 
z

p

∂

∂
 due to axial losses of lubricating fluid in a short journal 

bearing, neglecting the pressure gradient in the angular direction 
υ∂

∂p
  (Childs, 1993). Therefore, the result of the 

differential equation with this simplification is: 
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In order to determine the force generated by the oil film pressure distribution, the shaft contact area, dA = 

R·dυ·L·dz, is considered in Eq. (3): 
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The differential equation of motion is given by Eq. (4), which takes into account the hydrodynamic force {Fh} given 

in Eq. (3), the unbalance forces {Fu}, the rotor weight {W} and the generalized coordinates of the flexible rotor (with n 

nodes) {q}T = {x1, y1,θx1, θy1, …, xn, yn, θxn, θyn}, which consider all degrees of freedom (translational and rotary 

displacement) of the rotating system, including the journal displacement in each bearing. If a vertical rotor is assumed, 

the rotor weight is not considered. 
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 (4) 

In order to determine the mass and stiffness matrices [M] and [K], a finite element method is applied, to the shaft 

and the concentrated mass of the rotor. 
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The shaft damping matrix [C] contains one part that is proportional to the stiffness matrix, and the gyroscopic 

effects ([C] = β  [K] + Ω [G]). The gyroscopic matrix is also obtained by a finite element method. 

The system excitation force is due to the unbalanced mass m and its eccentricity e, expressed in Eq. (5): 
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The solution of the equation of motion is numerically obtained. In that case, the Newmark integration method was 

chosen, because it is a robust algorithm to solve nonlinear equations in the time domain. 

In order to proceed with the simulation, a finite element model was considered. Figure 1 represents the horizontal 

rotor (Fig. 1.b) and its finite element model (Fig. 1.c). Node 8 corresponds to the driving-point of the non-synchronous 

perturbation force to be applied in order to determine the dynamic stiffness. Fig. 2 shows a waterfall plot of the system 

response, highlighting the fluid-induced instability and the unbalance effect in the system at critical speed. 

 

 
Figure 1. (a) Journal bearing scheme (b) Horizontal rotor physical model; (c) Horizontal rotor finite element model 

 

 

 
 

Figure 2. Waterfall plot of system response 
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3. EXPERIMENTAL TEST RIG 

 

3.1 Electromagnetic actuator description 

 

In rotordynamics, the application of electro-mechanic actuator (shaker) to accomplish excitation in rotating 

machinery, can cause some noise in the system response mainly in high rotational speeds, due to the friction between 

the actuator journal and the rotating shaft. In order to eliminate this undesired effect, it is advisable the utilization of an 

electromagnetic actuator, which is precisely the application of an external excitation force without contact and minimize 

the excessive signal noise problem when acquired in high rotational speeds.  

In this context, the electromagnetic actuator appears as a possible proposal to solve this question, constituting the 

main focus of this work, once these devices enable the external excitation by electro-magnetic force, without any kind 

of mechanical contact. Such ferromagnetic forces are generated by permanent magnets or controlled electromagnets. 

Castro et al. (2007) proposed and analysed an electro-magnetic actuator designed for application in the rotating 

system of the test rig. The test rig assembled is shown in Fig. 3a. A scheme of the electro-magnetic actuator and its 

support is presented in Fig. 3b. 

 

 

 
 

(a) 

 
 

(b) 

 

Figure 3. (a) Electromagnetic actuator assembled in the test rig. (b) Electromagnetic actuator scheme 

 

3.2 Test rig description 

 

The experimental set up consists in two hydrodynamic bearings and one unbalanced mass assembled in the shaft 

middle (Fig. 4), as the rotor model shown in Fig. 1c. The total length between the bearings is 600 mm. The shaft 

diameter is 12 mm. The concentrated mass consists of a disk of external diameter of 95 mm and length of 47 mm with 

mass of 2.3 kg.  

A pair of cylindrical hydrodynamic bearings is used to support the shaft, which is in brass, with two different radial 

clearances of 90 and 125 µm, bearing radius of 31 mm and bearing length of 20 mm. The bearings lubrication uses oil 

AWS 32.  

The acquisition of time response to unbalance was made in the concentrated mass of the rotor. In order to obtain the 

curves in the horizontal and vertical directions, two magnetic proximity sensors monitor the orbit of the rotor mass. 

To monitor the displacement of the shaft inside the bearings, two magnetic proximity sensors are used immerged in 

the oil film. Thermocouples are also assembled to measure the oil temperature, while force transducers are assembled to 

measure the bearing supporting forces in horizontal and vertical directions. 

 

4. DYNAMIC STIFFNESS 

 

The dynamic stiffness, which can be obtained by the ratio between the non-synchronous excitation force vector F
r

 

and the displacement (system response) vector R
r

, see Eq. (6), has direct relation with the phenomenon of fluid-induced 

vibration, generally associated with fixed geometry hydrodynamic bearings. 

 

The hydrodynamic force can be decomposed into two parts: a radial force, which acts in the displacement direction 

of the journal into the bearing, and a tangential force that acts in the fluid flow direction. Both forces are proportional to 
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the shaft displacement into the bearing, related to a stiffness in the radial direction, because the fluid acts as a spring in 

this direction, and a tangential stiffness acts in the fluid flow direction. 

 

 
 

Figure 4. Complete assembly of the test bench with two hydrodynamic bearings, an inertial mass in the center and the 

electromagnetic actuator. 

 

Due to the supporting hydrodynamic forces, the inertia of the rotating system and of the oil fluid damping, the shaft 

moves around the equilibrium position, describing an orbit. The fluid-induced instability of this rotating system depends 

on the relation between these parameters (radial and tangential forces, inertia of the system and viscous damping of the 

oil). 

The dynamic stiffness constitutes, therefore, a concept that allows one to describe this relation with regard to the 

description of the phenomena caused by each of these parameters: 

 

Where: K is the rotor-bearing system stiffness, -Mω2 is the mass equivalent stiffness, jDω is the damping equivalent 

stiffness and –jDλΩ is the tangential stiffness. M is the rotor mass, D is the bearing viscous damping, ω is the whirl 

frequency, which can be different from the shaft rotational speed Ω, j is the imaginary constant, which means that the 

complex terms are perpendicular to the real terms, and fluid circumferential average velocity ratio λ. 

The real part of the dynamic stiffness is the direct dynamic stiffness and the imaginary part is the quadrature 

dynamic stiffness. The dynamic stiffness can be related to the system response to a non-synchronous perturbation. The 

direct dynamic stiffness is characterized by a parabolic curve, while the quadrature dynamic stiffness by a straight line. 

When the answer of the system can be obtained from a controlled perturbation, it is possible to determine the 

dynamic stiffness for several constant rotational speeds. Comparing the real and imaginary parts of the dynamic 

stiffness, the relation that indicates whether the system is stable or not is defined, or it indicates how close the system is 

to an instability situation. 

There are some cases where the dynamic stiffness diverges from a parabolic or straight line shapes. One of the main 

reasons for these discrepancies is the nonlinearities (see Muszynska and Bently, 1990). 

In order to obtain the dynamic stiffness, the system response needs to be filtered in the force excitation frequency. 

Fig. 5 shows some system responses with the filtered and non-filtered signal. In Fig. 5.a. the rotation speed is 30 Hz, so 

there is a frequency peak at 30 Hz, due to unbalance effect. Besides, the system vibrates at the excitation frequency (15 

Hz). Due to nonlinearities the system also vibrates at 21 Hz, which is not an excited frequency. In the filtered signal, 

only the peak at the excitation frequency is significant. Fig. 5.b. considers the system response to the rotation speed of 

( )Ω−+−=Ω−+−= λωωλωω jDMKjDjDMKKDS

22

 (7) 
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30 Hz and excitation frequency of 21 Hz. In this case, only the peak at 21 Hz is noticeable. At a rotation speed of 40 Hz 

(Fig. 5.c.), the peak at 20 Hz is due to the fluid-induced instability, but the peak at 25 Hz (due to the excitation force) is 

more significant. At a rotation speed of 50 Hz (Fig. 5.d.), the fluid-induced instability at 20 Hz has a higher amplitude 

than the peak due to the force excitation at 25 Hz. However, this information is lost when the filtered signal is taken into 

account. 

The dynamic stiffness of the rotor-bearing system at a rotation speed of 30 Hz is shown in Fig. 6. Fig 6.a. shows the 

dynamic stiffness neglecting the nonlinearities, while Fig. 6.b. considers these nonlinearities. In both cases the direct 

dynamic stiffness is a parabolic curve, which is in accordance with Eq. (7). However, the quadrature dynamic stiffness 

for the case where the nonlinearities are taken into account has a different behaviour from Eq. (7) (a straight line). For 

both cases the quadrature dynamic stiffness is zero for excitation frequency close to 15 Hz, showing that the margin of 

stability is close to 6 Hz (difference between the excitation frequencies where direct and quadrature dynamic stiffness 

are zero). Therefore, the consideration of nonlinearities does not have significant influence on the threshold of stability. 

The evolution of this margin can be observed on Fig. 7. At a rotation speed of 35 Hz (Fig. 7.a.), the quadrature dynamic 

stiffness is zero close to 18 Hz. As the direct dynamic stiffness is still zero at 21 Hz, the margin of stability is 3 Hz. At a 

higher rotation speed the precession motion due to fluid-induced instability is predominant (see Fig. 2) and the dynamic 

stiffness does not have the characteristic of Eq. (7), as can be seen in Fig. 8, where the rotation speed is 50 Hz. When 

the rotation speed is 40 Hz, the margin of stability is close to 1 Hz (see Fig 7.b), and the system motion is sub-

synchronous. At a higher rotation speed the precession motion due to fluid-induced instability is predominant (see Fig. 

2) and the dynamic stiffness does not have the characteristic of Eq. (7), as can be seen in Fig. 8, where the rotation 

speed is 50 Hz. 

 

 

 
(a) 

(b) 

 
(c)  

(d) 

Figure 5. Response FFT (a) Rotation speed of 30 Hz and excitation frequency of 15 Hz; (b) Rotation speed of 30 Hz 

and excitation frequency of 21 Hz; (c) Rotation speed of 40 Hz and excitation frequency of 25 Hz; (d) rotation 

speed of 50 Hz and excitation frequency of 25 Hz 
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(a) 

 
(b) 

 
Figure 6. Dynamic stiffness for rotation speed of 30 Hz (a) Neglecting nonlinearities; (b) Considering nonlinearities 

 
(a) 

 
(b) 

 
Figure 7. Dynamic stiffness for rotation speed neglecting nonlinearities; (a) Rotation speed of 35 Hz; (b) Rotation speed 

of 40 Hz. 

 
 

Figure 8. Dynamic stiffness for rotation speed considering nonlinearities for rotation speed of 50 Hz 
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Experimental tests were accomplished to determine the dynamic stiffness of the rotor-bearing system in the test rig, 

through a non-synchronous excitation from the electromagnetic actuator. The rotation speed chosen for these tests were 

30 and 35 Hz (Figs. 9 and 10), because they allow the determination of how the system response approaches the 

threshold of instability when the rotation speed increases. 

Some nonlinearity is observed in the imaginary part of the dynamic stiffness, because its curve does not approach to 

a straight line, but to a parabolic curve. That means that the imaginary part of the dynamic stiffness, which has a linear 

relation to the excitation frequency ω in Eq. (7), has a parabolic relation to the excitation frequency. 

Besides, the imaginary part is zero at 8 Hz for a rotation speed of 30 Hz, 11 Hz for 35 Hz and 14 Hz for 45 Hz. In 

doing so, fluid circumferential average velocity ratio λ is respectively 0.27, 0.31 and 0.31. Usually, the value of this 

ratio is close to 0.5. However, this discrepancy can be caused by the eccentricity inside the bearing, as shown by 

Muszynska (1995) and Jordan (2000). The fluid circumferential average velocity ratio λ decreases with the eccentricity 

increasing until occurs a collapse for higher eccentricities. In that case, there are some unknown bearing loads, due to 

residual misalignment or shaft bow. These loads can be the source of a higher eccentricity. On the other hand, another 

possible case for this discrepancy is the effect of the application of the electromagnetic actuator, which introduces some 

stiffness in the system. 

 

 

 
Figure 9. Dynamic stiffness of the experimental test rig for a rotation speed of 30 Hz 

 

5. CONCLUSIONS 

 

A model of rotor-bearing system is proposed, considering nonlinear hydrodynamic forces. The shaft and disk of the 

rotor are modelled by finite element model. The horizontal rotor was simulated.  

In order to determine the dynamic stiffness, the system response filtered in the frequency of the excitation force was 

used. However, if the rotor-bearing system is in an instable motion, the main frequency is due to the self-excitation 

caused by the hydrodynamic journal bearing. 

The dynamic stiffness was estimated through the simulation of a non-synchronous perturbation in the nonlinear 

rotor-bearing system. The dynamic stiffness nonlinearities have an important part in the dynamic stiffness behaviour, 

but they do not influence the system margin of stability. 

Therefore, it seems that the dynamic stiffness can also be used to determine the threshold of stability in a nonlinear 

rotor-bearing system. 

Besides, all simulations showed that the margin of stability steadily decreases as the rotor speed approaches the 

threshold of stability. 

The same procedure was adopted to determine the dynamic stiffness of the test rig. However, the fluid 

circumferential average velocity ratio λ presented different values from those obtained in the simulation. Two possible 

reasons for this discrepancy can be the high shaft eccentricity inside the bearing or the application of the 

electromagnetic actuator. The first possibility is caused by other excitation source, as a residual misalignment caused by 

the coupling between the driven motor and the rotor. The second one introduces stiffness to the system, which decreases 
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the instability of the system, see Jordan (2000). In future works, the cause of the difference between the simulated and 

experimental fluid circumferential average velocity λ will be investigate, through a monitoring of the shaft eccentricity 

and the effect of the electromagnetic force variation. 

 

 
Figure 10. Dynamic stiffness of the experimental test rig for a rotation speed of 35 Hz 

 

 

 
Figure 11. Dynamic stiffness of the experimental test rig for a rotation speed of 45 Hz 
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