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Abstract. Jet impingement flows are frequently used in industrial practice because of the high rates of heat exchange. 

Typical applications include many heating, cooling and drying processes such as the tempering and shaping of glass, 

the drying of textile and paper products, the cooling of heated components in gas turbine engines and electronic 

instruments. The objective of the present work is to estimate the skin friction coefficient at the impinging plate using a 

computational code. The inverse problem technique using the Levenberg- Marquardt method was used to implement 

the code in FORTRAN. An impinging turbulent jet with a semi-confined configuration was used. In this problem, fluid 

is injected from a round nozzle with 43,0mm inner diameter, at a nozzle-to-plate spacing of H/D=2 and Reynolds 

number of 35,000. Two laws of the wall were adopted in this work to determine the skin friction coefficient. 
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1. INTRODUCTION  

 
The turbulent jet impinging onto a wall has been extensively studied by the present authors in four other 

publications (Guerra e Silva Freire (2003, 2004a, 2004b, 2005)). However, in all of those publications, our concern was 

dedicated to both the velocity and the temperature fields. In fact, when the present research started four years ago, the 

behavior of the Nusselt number for different aspect ratios – the ratio between jet height and nozzle diameter – was our 

main interest. However, very soon it became clear to the present authors that an odd behavior could be observed for the 

law of the wall. 

This fact was not a particular new information. For the simpler case of a wall jet, some authors had previously 

reported that some kind of law of the wall could be identified from mean velocity profiles measured with small Pitot 

tubes or hot-wires (see e.g., Patel (1962), Tailland and Mathieu (1967), Ozarapoglu (1973), Irwin (1973)). These same 

authors, unfortunately, could not agree on a same formulation for the flow description. Their reported values for the log-

law parameters varied in a large interval.  
At this point, we must call the reader‟s attention to the relevance of a thorough study on the existence of the law of 

the wall for wall jets. Indeed, Wygnanski et al. (1992) showed in a very detailed research that the most reliable method 

for measuring the wall stress is to use the slope of the mean velocity profile near the surface. This method was tested 

against floating drag balances, Preston tubes and the momentum integral equation. 

Having said that, it is no surprise that the previous publications of the present authors on this subject have 

concentrated on a description of the inner layers of the flow. The previous works specifically analyzed the existence of 

the so called universal law of the wall for both the velocity and the temperature fields. Here, we will deal only with the 

velocity field. 

Özdemir and Whitelaw (1992)) had observed that, for an oblique impinging jet, a distinct logarithmic region could 

be identified that could be correlated through a scaling procedure based on the stream-wise evolution of the flow by the 

maximum jet velocity. This result was shown to be valid for both the velocity and the temperature fields. In fact, 

Narasimha et al. (1973) were the first to acknowledge that the traditional use of the nozzle diameter as the reference 
scaling for wall jet flows was not appropriate. They proposed that any reasonable scaling length should take into 

consideration the flow evolution. 

Other authors have specifically studied the role of the scaling laws in wall jet flows. For example, Wygnanski et al. 

(1992) studied the relevance of the wall to the evolution of the large coherent structures in the flow. 

In fact, a question that has been the object of many investigations is the behavior of the velocity field at the 

stagnation point. For cases where the Reynolds number is low enough so that the flow can be rendered laminar, 

asymptotic methods can be used to find analytical solutions in all flow regions except near the stagnation point, which 

presents a strong singularity. Consequently, even for this simple flow condition, calculation of flow pattern at the 

stagnation point is very difficult. The result is that a severe lack of information on the flow behaviour in the stagnation 

region exists. The reason for this is clear, due to the small scales that define this region, the placement of dedicated 

instrumentation is always very difficult. 
The flow structure of an impinging jet produced by a nozzle can be highly complex due to the ambient fluid 

entrainment, flow separation, interaction of the flow with the impingement or confining walls, and generation of 

vortices. In this work, we will provide experimental data on turbulent semi-confined impinging jet. Results are 

presented for the turbulent characteristics of a round jet, with 43mm inner diameter, D, impinging on a flat plate with 
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3mm of thickness and 820mm of diameter. The distance of impingement is H=86mm, it means a nozzle-to-plate 

spacing of H/D=2. The experiments were realized with Reynolds number of 35,000. 

Despite the critics of many researchers, the use of wall functions to by-pass the difficulties involved with the 

modeling of low Reynolds number turbulence is still an attractive means to solve problems in a simple way. Cruz and 

Silva Freire (1998) have proposed an alternative approach where new wall functions are used to describe the velocity 

and temperature fields in the wall logarithmic region. As the stagnation point is approached, these functions reduce to 

power-law solutions recovering Stratford's solution. The paper of Cruz and Silva Freire resorted to Kaplun limits for an 

asymptotic representation of the velocity and temperature fields. Results were presented for the asymptotic structure of 

the flow and for the skin-friction coefficient and Stanton number at the wall. 

The main objective of this work is to determine wall skin friction of a turbulent jet impinging onto a flat surface 

using logarithmic law. 
A turbulent jet impinging onto a surface is a very effective means to promote high rates of heat exchange. As an 

obvious implication, this geometrical arrangement has been extensively used in industrial processes that aim to achieve 

intense heating, cooling or drying rates. Typical applications are the tempering and shaping of glass, the annealing of 

plastic and metal sheets, the drying of textile and paper products, the deicing of aircrafts systems and the cooling of 

heated components in gas turbine engines and electronic instruments. 

 

2. THEORECTICAL AND MATHEMATICAL APPLICATION 

 

In the study of radial wall jet produced by a circular jet incident will be reviewed considering a geometric 

configuration in which the diameter D of a circular nozzle, located at a distance H normal of the incidence surface of a 

flat circular plate, as shown in Figure 1. The picture in question shows a schematic drawing of an unconfined jet air 
leaving the nozzle, impact orthogonally on the plate and spreads radially toward the edge of the plate, so thus forming a 

radial wall jet. The stream behavior in this configuration is different of a stream from a tangential wall jet. 

In the wall jet flow is seen that at any radial position considered, r, the mean velocity u increases from zero on the 

wall to a maximum value UM at y =, then decreases to zero at some value of y. In Figure 1, r and y denote the distance 
in the developed flow direction on the plate and the distance in the normal direction to the surface, respectively. The 

speed of the jet is denoted by Uj, the external flow velocity is denoted by U in an unconfined space outside the jet and 

YM and YM/2 denote the vertical locations where the maximum radial speed UM e 0,5UM occur. 
For the problem in study it was considered de geometric configuration of a semi-confined impinging jet as shown in 

Figure 2. 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

Figure 1. Theoretical wall jet velocity profile in an    Figure 2. A semi-confined jet configuration. 
  unconfined configuration. 

 

As the flow field, this can be divided into two regions: one internal and other external. The region called "internal" 

is generally defined by the range that extends from the solid surface to the point of maximum velocity observed in each 

profile of radial velocity. The region called "external", extends from the point of maximum velocity to the most external 

edge of the profile. 

The outer layer of the velocity profile of the wall jet is similar to the flow of free jet, while the internal layer has 

similar characteristics to those of boundary layer. Thus, the region that extends from the wall to the point of maximum 

velocity can be identified with the boundary layer while the area above is usually identified as a region of mixing 

(Rajaratnam, 1976).  
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The flow of a turbulent jet in the region near the wall is usually described mathematically using the maximum 

velocity UM as a characteristic velocity scale, Narasimha et al. (1973) were the first to recognize that the traditional use 

of the diameter of the nozzle as a reference scale for the wall jet is not appropriate, they proposed with a length scale 

that took into account the evolution of the flow. 

In this work we used the experimental data velocity profiles obtained by Guerra et al (2005), as shown in Figure 3. 

The set of data was obtained for a nozzle-to-plate spacing of H / D = 2 at various radial positions r in the range of 80 to 

150mm. The positions r, are from the discharge of the jet toward to the plate edge. In Figure 3 there are the velocity 

profiles that was measured at the radial positions mentioned above, which was used to determine the skin friction 

coefficient in this work.  

 

 
 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

Figure 3. Mean velocity profiles at radial positions from  

the discharge of the jet toward to the plate edge. 

 

2.1. Logarithmic Law 

 
An important feature of wall turbulence is the complex, three-dimensional and instantaneous turbulent motion. The 

turbulent motion is subjected to viscous and inertial forces acting throughout the entire flow but with different 

intensities at different wall-normal positions. Due the fact that there is no y position in the flow, except the wall (the 

object in study) itself, it is reasonable to split wall-bounded turbulent flow into two distinct overlapping zones. This 

assumption is the classical view of the logarithmic law that assumes an overlap region where both viscous and inertial 

forces can be neglected. 

The so-called „log law‟ is widely believed to describe most turbulent wall-bounded flows, and lies at the core of the 

most widely used engineering computational models involving turbulent flow near surfaces. While there are several 

manifestations of the log law, the most important is the mean velocity profile normalized in so-called „inner‟ variables 

given by: 

 

         (1) 

 

            (2) 

 

            (3) 

 

The superscript + stands for normalization with wall variables, where u is the mean velocity in the streamwise 

direction ( the r directions), y is the distance normal to the wall,  is the von Kármán constant assumed to be 0.41,  is 

the fluid kinematic viscosity, A is the universal smooth wall constant and u is the friction velocity given by: 
 

            (4) 

 

Where w is the wall shear stress and  is the fluid density. 
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2.2. Skin Friction Determination 

 

The existence of a well defined logarithmic region is particularly important for the determination of the skin-

friction. Wygnanski et al. remark that in previous experiments the skin-friction was either directly assessed through 

floating drag balances or indirectly by wall heat transfer devices or by impact probes or Preston tubes. These same 

authors mentioned that, for a turbulent wall jet, the velocity profile cannot be universally represented in wall 

coordinates, as it can in the boundary layer. That is due to large variations in the additive constant in the law of the wall. 

In fact, depending on the jet Reynolds number, logarithmic fits can be found to their data in regions defined by 

specific limits. 

The skin-friction coefficient, cf, is defined using the wall shear stress, w, and the free stream velocity (measured 

relative to the surface), U as, 
 

           (5) 

 

Is shown by equations (4) and (5) that through the wall shear stress, w , we can determine the skin friction. So the 
determination of the wall skin friction using the logarithmic law, the so-called Clauser- Plot can be applied to determine 

the friction velocity, u , from measured velocity distributions. This method was used here for the experimental data of 
velocity profiles. The second method to determine the friction velocity was the application of the classical concept of 

Stokes‟s law. A third method consists in the application of the Inverse Problem with the logarithmic law proposed by 

Cruz and Silva Freire (1998). For the last one, a computational program was developed in Fortran. 

 

2.3. The Applied Methodology 

 

Wygnansk (1992) has compared several methods for determining the friction velocity and concluded that the most 

reliable method to determine the wall shear stress is the use of the inclination of the mean velocity profiles. It is 
important to mention that the accuracy of this method depends on the quality of the positioning mechanism used to the 

hot-wire probe, the quality and size of the probe, and the number of points measured. 

To find the values of friction velocity, the graphical method of Coles (1956) was used. By this method, the velocity 

profiles were plotted in the mono-logarithmic form, where the mean velocities, u, of each profile are located in the Y-

axis and the logarithmic of y is located in the abscissa axis. Through the identification of the line defined directly from 

the expression (1) we can obtain the value of the friction velocity as the angular coefficient of the line. In fact, if  is the 

angular coefficient of the law of the wall, then  = u = (w/)1/2. Thus, the friction velocity u is introduced as a 
normalizing quantity and express the influence of the friction coefficient cf.. The procedure described is illustrated by 

Figures 4 – 7.  

In Figure 4 there are four velocity profiles due the repeatability of the experiment at radial position of 115mm, 

plotted in a mono-logarithmic form. The next step was the identification, in this same data, of the line defined from the 

expression (1), as shown in Figure 5. 

 

 

 
 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

Figure 4. Mean velocity profiles at radial position r=115mm 
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Figure 5 is the same Figure 4 with a zoom of the velocity scale. Now it seems not all the velocity profile but only the 

region near the wall (impinging plate). Figures 6 and 7 follow the same procedure applied to a radial position more 

distant from the discharge jet. 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

Figure 5. Graphical method for friction velocity determination at position r=115mm. 
 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

 

 

Figure 6. Mean velocity profiles at radial position r=140mm 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 
 

 

Figure 7. Graphical method for friction velocity determination at position r=140mm. 
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After applied the method above explained, attention was given to the use of the experimental data to determine the 

wall shear stress and consequently the skin friction coefficient. For this objective a computational program was 

developed in Fortran using the inverse problem to solve the logarithmic law equation. 

For an evaluation of the local skin-friction coefficient the expressions developed in Cruz and Silva Freire (1998) are 

used on the computational program. The two unknown w/ρ and Pw/x are estimated through an Inverse Problem 
Solution Method. While in the direct problem the cause is given and the effect is determined, in an inverse problem an 

estimation of the cause is obtained through the knowledge of the effect. The solution of the inverse problem used here is 

obtained through the Levenberg-Marquardt Method; that is an iterative method for solving nonlinear least squares 

problems of parameter estimation ( Özisik and Orlande, (2000)). The inverse problem is solved by a minimization of 

the remainder of the least-square norm which can be expressed as, 

 

          (6) 

 

Where P= (P1, P2, …PN) = vector with parameters to be estimated, K(P) = K(P,yi) = quantity estimated at position 

yi, Yi= Y (xi) = measured velocity at position xi, N = total number of parameters to be estimated, I = total number of 

measurements. The estimated quantities K (P) are obtained through solution of the direct problem by using a current 

estimation for the unknown parameters Pj, j= 1,…N. 

Following the procedure of Cruz and Silva Freire (1998), the law of the wall can be written as, 

 

         (7) 

 

Where 

 

 

          (8) 

 

And all symbols have their classical meaning,  is the von Kármán constant, u is the friction velocity and uR is a 

reference velocity. The above equation is a generalization of the classical law of the wall. 
 

           (9) 

 
 

3. RESULTS 

 

The second method applied provided the data presented in Figures 8 and 9. The results achieved by the expression 

(7) together with the technique of inverse problem developed in Fortran code, shown a decrease in the value of the 

friction velocity as the flow moves away from the nozzle toward the edge of impinging surface. In Figure 8 is shown 

the values of w/ρ varying with the measured points, NM, which constitute the measured velocity profile. The variation 
of NM is from the surface at y= 0,5mm to y= UM.  

 

 

 

 

 

 

 

 

 

 

 
 

 

 

 

Figure 8. Results of w/ρ from law of the wall expressed by equation (7). 
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Figure 9. Results of w/ρ from law of the wall expressed by equation (7). 
 

Figure 9 follows the same behavior shown by Figure 8 for others radial positions. The results from each radial 

position it was evaluated the mean value and plotted in a same graphic as shown in Figure 10. 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

 

 

 
 

Figure 10. Mean value of w/ρ obtained through equation (7) using computational code. 
 

For the first procedure using the graphical method, the friction velocity values founded for each velocity profile, 

with H/D=2 at various radial positions are shown in Figure 11.  

 

 

 

 

 

 

 

 
 

 

 

 

 

 

 

 

 

Figure 11. Value of w/ρ obtained through equation (1), graphical method. 
 

 

0 5 10 15 20 25

NM

0.1

0.2

0.3

0.4

0.5

w
/

r = 150

0 5 10 15 20 25

NM

0.1

0.2

0.3

0.4

0.5

w
/

r = 110

0 5 10 15 20 25

NM

0.1

0.2

0.3

0.4

0.5

w
/

r = 130

80 100 120 140 160

r (mm)

0

0.1

0.2

0.3

0.4

0.5

w
/

80 100 120 140 160

r (mm)

0

0.1

0.2

0.3

0.4

0.5

w
/



Proceedings of COBEM 2009 20th International Congress of Mechanical Engineering 

Copyright © 2009 by ABCM November 15-20, 2009, Gramado, RS, Brazil 

 

 

It is important to note that these last Figures represent how the applied methods can be providing the behavior of 

the skin friction coefficient. In this first evaluation we can observe a great difficult in apply the graphical method for the 

velocity profiles near the stagnation point. So that is why on Figure 11 only appear results from the radial position 

110mm. With the evaluation through the computational program, we can obtain the friction velocity for all radial 

positions, as shown in Figure 10. 

 

4.  CONCLUSION 

 

The present work had a very distinct goal at its beginning that is to provide a robust method for the calculation of 

wall jet flows promoted by impinging jets. Specially, we want to improve the calculation methods for skin-friction 

coefficient which were developed in the past to use the law of the wall. 
Two laws of the wall were adopted in this work to determine the skin friction coefficient and the results, apparently 

shown that the goal has been achieved with the specification of expression (7) using a developed computational 

program for this objective. 

The results founded in this investigation indicate that the level of the logarithmic portion of the velocity law of the 

wall increases with increasing maximum jet velocity. 

The present research is particularly relevant due to its application for the development of methods that can be used 

for the determination of the local skin-friction. 

This preliminary works is focus in skin-friction coefficient; these results are the first that were obtained from the 

experimental data of Guerra et. al (2005), so the authors are committed to continue this research. 
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