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Abstract. Given the importance of empirical modeling (i.e., metamodeling) to engineering design in general and
multidisciplinary design optimization (MDO) in particular, this work is devoted to compare the performance and the
accuracy of three widely used metamodeling strategies. response surfaces, neural networks and support vector
machines. The comparison focuses on the scalability of each method with the increase of the number of independent
variables, as well as their robustness when the database used in their construction is corrupted by noise. The
introduction reviews the general framework used to formulate metamodels, emphasizing the statistical nature that
underlies all sorts of different available approaches. In the sequence, the particular types of metamodels addressed in
this paper are described in deeper detail. This account starts by polynomial response surfaces, whose ease of
implementation and spread of use are helpful for the under standing of the fundamental s that guide the remainder of the
work. From this basis, a review of artificial neural networks is also carried out, pointing out their conceptual
similarities and operational differences with respect to response surfaces. Likewise, a summary of support vector
machines is presented. This theoretical review is followed by applications aimed at providing practical insight for the
comparison of the metamodels, their performance and accuracy. Thus, response surfaces, artificial neural networks
and support vector machines are built up in order to predict the resonant frequencies and natural mode shapes of
dynamic systems, given their constructive parameters (stiffnesses and inertias) as independent variables. Within this
framework, the number of independent variables is proportional to the number of degrees-of-freedom necessary to
describe the motion of each dynamical system. Therefore, enlarged eguations of motion also mean that the metamodel
is formulated with respect to an increased amount of independent variables. This rationale is used to test the
scalability of each metamodeling strategy with the growth of independent variables, that is, how much each type of
metamodd needs augmented databases to be constructed as its own dimension is increased. Next, random noise is
simulated as to corrupt the database available for the formulation of the metamodels, and the robustness of response
surfaces, neural networks and support vector machines is compared. The assessment of the performance and
robustness of each metamodeling technique is supported by the availability of closed form solutions for all of the
physical quantities whose prediction is sought. All the comparisons derived from the dynamical systems analysis and
simulation, aswell as the metamodels construction, lead to the conclusions and outline of future research work.
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1. Introduction

Optimization techniques are established tools from the theoretical viewpoint and, therefore, find their place in many
different kinds of application. Indeed, intensive research activities are performed in order to consolidate and spread their
already wide applicability and usefulness.

Recent works (Alexandrov and Kodiyalam, 1998) have emphasized that besides the myriad of agorithms devoted
for actualy solving optimization problems, their formulation plays an equally important role. The proper combination
of formulation and solution methods is then paramount for the successful application of optimization techniques. Often
times, it results in the need for testing many alternative formulations, something that demands flexibility and agility to
be achieved at reasonable costs.

This calls for the use of metamaodels, very flexible representations of design spaces where a given optimization
procedure is to be performed. Opposite to general models such as differentia equations and the like, metamodels are
intended to represent the specific behaviour of a given system with respect to a pre-defined set of parameters. They are
constructed from the data gathered by observing the system of interest. So, as far as data provided by numerical
procedures and/or physical experiments are processed and used to create symbolic models of a physical redity,
metamodeling (al so called empirical modeling) techniques are being applied, according to the description in section 2.

2. Framework for the development of metamodels
The construction of metamodels is, indeed, the solution of a parameter identification problem, based on observed

data. Some sort of optimization procedure takes place to calculate the most suitable values of the parameters. This
allowsfor the use of asingle schema, consisting of four steps, to develop any kind of metamode!:



Data sampling: a design space, including a range of design possibilities, is sampled in order to revead its contents
and tendencies. Considerate sampling strategies, known as “Design of Experiments (the acronym DOE is of
standard use), are frequently employed to optimize the ratio between the sampling effort and the insight generation;
Model choice: the nature of the metamodel itself is determined, tacking into account that the relations contained in
the data gathered in the previous step have to be represented, with the highest possible accuracy;

Mode fitting: Some optimization procedure is used to determine the most adequate values of the parameters that
represent the model chosen in the preceding step. Therefore, this is the parameter identification itself, and
differencesin itsimplementation may affect the efficacy of metamode! ;

Quality verification: the three foregoing steps are sufficient to build afirst tentative model, whose overall quality
and usefulness have to be evaluated by adequate sets of metrics. Each combination of design space sampling,
model choice and fitting procedure |eads to the use of specific verification procedures.

Figure 1 (Butkewitsch, 2001) shows the most common combinations of the aforementioned steps, which lead to the
most widely accepted types of metamodels. The primary goal of this work is to explore the advantages and drawbacks
of some of these combinations with respect to statistical modeling applied to the solution of engineering problems.
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Figure 1. Possible combinations for the devel opment of metamodels
3. Review of selected metamodels

This section is devoted to reviewing the theoretical fundamentals involved in the formulation of the three types of
metamodels to be compared throughout the paper: response surface models (or RSM, in sub-section 3.1), artificial
neural networks (or ANN, in sub-section 3.2) and support vector machines (or SVM, in sub-section 3.3).

3.1. Response surfacesmodels (RSM)

In the case of the RSM, the matrix form of the least squares formulation, intended for the anaysis in severa
dimensions, is adopted, as shown in Eq. (1):

{v}=[x]A{B}+{d} (1)

where{Y} isthe vector of responses (dependent variables) corresponding to each of the rows of matrix [X], that are,
on their turn, a combination of independent variables, assembled during the data sampling performed to build the
metamodel. The vector {d} contains free, random error terms, whilst the vector of model parameters {B} can be
estimated according to Eq. @). The accuracy of the overal procedure is mostly dependent on the fact that {d} is
supposed to contain independent and identically distributed terms, according to anormal probability density function.
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Generdly, a full quadratic polynomial in the form of Eq. @) is obtained and used to predict the value of the
dependent variables () out coming from brand new combinations of the independent ones (x). The free term b is
equivalent to the grand average of the data sampled to build the metamodel.
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3.2. Artificial neural networks (ANN)

The general idea of artificia neural networks, proposed to mimic the behaviour of biological neurond systems, has
been split into many alternative forms of implementation. In the present work, radial basis functions networks have
been chosen due to their inherent pattern recognition abilities (Bishop, 1995).

In this kind of ANN, the activation of each processing unit, or neuron, is based on the distance between an input
(i.e., theindependent variable) and the target (i.e., the intended value for the dependent variable, according to afunction
whose mapping is the goa of the metamodel). It can be interpreted as a scalar form of mapping the projection of each
input over its corresponding output, since the distances are computed in a pairwise manner (Chen et al., 1991).

Therefore, any estimated output ( Y ) results from arelationship similar to Eq. (4).

(x)=8 w >f () x - wi @

<>

wherey; are the targets (outputs observed in a procedure that collectsa number of samples), w; a set of weightsand f (x)
are basis (or radial basis) functions of the inputs, such as the Gaussian function shown in Eq. (5). The parameter s?, the
variance of the Gaussian distribution, determines if the metamodel is “sharp” (delivering accurate predictions only in
the vicinity of the sampled data) or smooth (not necessarily accurate around the known samples, but capable of mapping
the overal process that generated them). These opposite tendencies are known as “overfit” and “underfit”, and a good
compromise between them, through the choice of an adequate value for s, isnot aways atrivial task.

2
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Analogously to RSMs, matrices of inputs and the corresponding output vector can be supplied in a
multidimensional context.

3.3. Support Vector Machines (SVM)

Adeguate sampling of the design space is essential to build cgpable metamodels. Usualy, larger samples result in
increased statistical confidence about the capability of the metamodel, and this relation is amplified with the growth of
the number of independent design variables. This phenomenon is often summarized as “the curse of dimensionality”,
and may prevent the use of metamodelsfor the representation of design spaces that are functions of alarge number (i.e.,
more than 20) of independent design variables.

However, “the curse of dimensionality” may be worked around if the optimization procedure aimed at identifying
the parameters of the metamodel is formulated conveniently. For such a strategy, consider now a vector (as opposed to
the scalar approach shown in section 3.2) projection of inputs towards their corresponding outputs (Cherkassky and
Mulier, 1998):

9(x)= (wx)+b @

wherewx stands for the dot product (i.e., vector projection) between the support vector w and the inputs x, and b abias
term. The following requirements are now imposed over the estimator ¥ :

It is a function whose distance from the outputs corresponding to the sampled inputs is no greater than e (Clarke et
al., 2003). Figure 2 illustrates this condition graphically:
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Figure 2. The e boundary on the distance between the estimator function ¥ and the known (sampled) outputs

Considering that Eq. (4) represents an hyper-plane, itis said to be canonical (Vapnik, 1995) when, for a given input
data set x;, Eq.(5) holds:

min H<W><Xi>+ b“ =1 (5)

Of course, when one thinks on the minimization of the norm of the estimator in Eq. (5), it hasto be applied over the
support vector w, since the data x; results from the sampling. With a clear abjective to be minimized and imposing the
concept of Fig. (2) asaset of constraints, the following optimization problem can be formul ated:

min |w|
subject to:

1y, - (wxq)- bEe 6

}(wxxi>+b- y, £e

The optimization procedure represented in Eq. (6) is the one devoted for the optimal estimation of the parameters
(w and b) of the support vector regressor ¥ . Its performance depends on the initial values chosen for w, aswell as how

strict isthecongtraint e.

The idea of having an optimal hyper-plane for classification, with extensions to regression, is not an exclusiveness
of the SVM framework. Indeed, certain classes of ANNS, such asthe single and multi-layered Perceptrons, animated by
the back- propagation algorithm (not addressed in this paper), aso rely on this philosophy.

However, SVMs introduce a rew rationale by re-writing the optimization procedure of Eq. (6) in its dua form

(Vanderplaats, 1998), as shownin Eq. (7):
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where | ; are the Lagrange Multipliers associated with the constrained optimization procedure, that is solved when their
valuesareequal to | ;. Transforming the optimization problem into its dual form yields two advantages (Clarke et al .,
2003). First, the optimization problem is now a quadratic programming problem with linear constraints and a positive
definite Hessian matrix, ensuring a unique global optimum. For such problems, highly efficient and thoroughly tested
quadratic solvers exist. Second, as can be seen in Eq. (7), the input vectors only appear inside the dot product. The dot
product of each pair of input vectorsis ascalar, regardless of the dimension of the vectors being multiplied. In this way,
the dimensionality of the input space is hidden from the remaining computations, providing means for addressing the
“curse of dimensionality”, the problem that gave margin to this section about SVMs and their utilization wthin this
work.
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4, | ssuesfor the comparison of metamodels

Objective criteria have to be selected in order to indicate the advantages and drawbacks of each kind of metamodel,
leading to the establishment of guidelines for their application in the context outlined in section 1. For this reason, the
following characteristics are investigated in the remainder of this paper, mainly within the development of the case
studies described in section 5:

Scalability, to be understood as the ability to escape from “the curse of the dimensionality”, that is, to avoid the
need for ever larger sample sizes with the growth of the number of independent design variables. In the scope of
this paper, this feature is measured by means of two resources:

0 The definition of two different testing case studies, whose number of independent design variables differ by a
factor of more than two;

0 The use of opposite sampling strategies for each of the case studies. both traditional corner sampling DOE
(Montgomery, 1991) and space filling DOE (Giunta et al., 2003) are tested, with strongly different sasmple size
for each number of independent variables.

Robustness, as the capacity of filtering out spurious noise from the observed data, preventing it from deviating the
metamodel from the true underlying relationship between inputs and outputs. Random noise levels of 1%, 5% and
10% of the average output values are added to the observed samples and the metamodels are re-estimated in order
to evaluate the robustness of each approach (RSM, ANN and SVM).

Accuracy, classified asfollows:

0 Recognition capability, asthe ability to recall data points used for the construction of the metamodel;
0 Generalization capability, as the ability of delivering correct predictions for brand new data, apart from the set
used to build the metamodel.

A good compromise between both of these characteristics assures that neither “underfit” nor “overfit” can
jeopardize the performance of the metamodel.

Convenience and ease of use, analyzed from two complementary viewpoints:

o Ease of implementation, accessing the programming necessary to generate the metamode!;
o Easeof configuration, related to the choice of parametersthat may affect the performance of the metamode once
it has aready been programmed and isfully available.

5. Description of selected case studies

Bath of the case studies intended to test and demonstrate the characteristics of the metamodels being compared
consist of the determination of the fundamental vibrating frequency (w;) of two dynamic systems. At a very genera
level, it is possible by means of the Lagrange formalism expressed in Eq. (8):

agro T W IR_4 g
dtma o Mo 9o % ®

where the total kinetic (T) and elastic (U) energies are derived with respect to the generalized coordinates of the
cinematic field ( G, ) to express the equilibrium in face of the generalized forces Q..

5.1. Continuous beam with lumped oscillator: 5 independent variables

The system is depicted in Fig. (3), which also shows the assumptions for the lumped oscillator parameters that
result in an overal of five independent design variables for this problem, namely: the material’s modulus of dasticity
(E), the material’s volumetric density (r), the cross sectional area of the beam (S), the area moment of inertia of the
beam’s cross section (1) and the length of the beam (L). Figure 3 aso displays the closed form solution for the
fundamental vibrating frequency, whose complete devel opment can be found in Lalaneet al. (1984).
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Figure 3. System considered for thefirst case study: a cantilever beam with alumped oscillator at the free end
5.2. Seven d.o.f. vehicle: 11 independent variables

A complete application involving this vehicle model is present in the work of Brasil and Colombo (2005), which is
used as the source of the formulation necessary to compute w;. Figure 4 contains a description of this model, showing
its main parameters, aso listed in Tab. 1 dong with the assumptions made to produce a case study with eleven
independent variables.
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Figure 4. System considered for the second case study: a seven degrees-of -freedom vehicle

Table 1. Parameters of a7 d.o.f. vehicle model, converted into an 11 design variable case study.

Label Physical Meaning Status
ml/ m2 forward right/ left independent suspension mass 4 active independent variables
m3 mass of therear rigid axle
m7 Main suspended mass (of the vehicle)
Ksf/ Kst Forward rear suspension stiffness 4 active independent variables
Kpf/ Kpt Forward/ rear tire stiffness
Csf/ Cst Forward/ rear suspension damping coefficient 4 inactive design variables (Damping is
Cpf/ Cpt Forward rear tire damping coefficient neglected. The response of interest isthe
first undamped natural frequency)
a width of the front suspension af ismade equal to at, resulting in just one
a width of the rear suspension additiona active independent variable
bf longitudinal distance from the front suspension to the vehicle cg 2 active independent variables
bt longitudinal distance from the rear suspension to the vehicle cg
Total number of active independent design variables 11

6. Results presentation and inter pretation

Thefindings for each comparison criterion are explained within this section and qualitatively summarized in Tab. 2.

Scalability:

Owing to the sampling power of space filling DOESs for numerical (i.e., deterministic) experiments, arecent trend in
statistics, the RSMss scaled outstandingly in the case studies developed. Theoretical and practical evidence, however,
suggest that this behaviour tends to be strongly problem dependent. ANNS displayed good scalability, comparable to
that of SVMs. Theoreticaly, this later type of metamodel should have scaled even better than ANNSs but, perhaps, the
number of variables has to grow beyond the amount tested within this work as to make this supposed advantage appear.
A test case with maybe hundreds of variables should be an adeguate way to address this question, and a suggestion in
thisdirection is proposed for future research.
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As ageneral rule, observed in both case studies, ANNs and SVMs are worse to break-even than RSMs in terms of
sample size, mainly with respect to generalization. Once they do, however, they scale better than RSMs. Given this
trend, and that the ability to generdize is more important than the recognition capability for engineering applications,
ANNs and SVMs should be used for problems with larger amounts of design variables, and RSMs instead.

Robustness:

Due to the averaging process underlying the creation of RSMs, they present satisfactory robustnessin the presence
of spurious noise, being capable of filtering it out while capturing the signal responsible for outlining the design space
being metamodeled. Up to 10% noise levels, all the model coefficients for both case studies remained within the 95%
confidenceinterval estimated for the initial, noise free data sets.

ANNs and SVMs, on their turn, tend to interpolate the noise, mainly when their configuration parameters are
chosen such that they tend to “overfit”. This tendency may be attenuated at the expense of limiting the recognition
capabilities of the metamodel.

Accuracy (recognition and generalization):

RSM have displayed good recognition and generalization capabilities provided that the sample size is adequate and
that the hypothesis of normally distributed residuals is fulfilled. For the first case study, the average absolute
recognition and generalization errors amount 3.08% and 2.68% respectively, whilst for the second these figures
correspond to 5.15% and 5.18%. These results are compatible with the explained variances of each model, measured by
the adjusted multiple correlation coefficients of 95.05% and 93.48% for thefirst and second case studies, respectively.

For ANNs and SVMs, it is possible to privilege either recognition or generalization, depending on how their
configuration parameters are chosen. However, serious difficulties may arise when one is interested in the optima
balance between recognition and generalization capabilities, as explained in the following topic.

For the best possible setups achieved during the development of this work, the average absolute
recognition/generalization errors yielded by ANNs are equal to 1.60% / 2.26% and 3.88% / 2.12% for the first and
second test cases, respectively. For SVMs, the corresponding figures are 4.86% / 2.54% and 5.81%/ 4.19%.

Figure 5illustrates how accurately each metamodel behaved for thefirst case study.
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Figure 5. Recognition (&) and generalization (b) capabilities for each type of metamodel
Convenience (implementation and configuration):

The multivariate least-squares regression underlying the RSM technique is a smple matrix operation, as shown in
Eg. (2), and no specid implementation difficulty exists. The coding of ANNs and SVMs, on the other hand, is much
more laborious, mainly in the later case, which demands the availability of a powerful optimizer to solve the parameter
identification procedure expressed through Eq. (7), whose numerical conditioning is seldom well balanced.

As adirect consequence, RSMs decline any kind of configuration. From one hand, it ensures easy and readiness of
use but, on the other, little can be done when the results are poor, except manipulating the sampled database itself and,
in extreme cases, choose other sampling strategies. Radial basis ANNSs allow for the configuration of the dispersion
term s? (see Eq. (5)), in order to balance overfit versus unerfit. The use of optimization techniques to automate the
choice of s?would increase the implementation difficulty. The configuration of SVMs means choosing proper values
for at least two parameters, both belonging to Eq. (7): the initial values for the support vectors w and the amount of



allowable dispersion, e. For this reason, SVMs are even more difficult to configure than radial basis ANNs and, in
practice, this means that completely different results may arise from different combinations of configuration parameters,
as experienced with both case studies devel oped within this work.

Table 2. Qualitative summary of comparison criteria, based on the results of the two case studies devel oped.

Scalahility Robustness Recognition Generalization Implementation| Configuration
RSM | Uncertain Good Data dependent Data dependent Very easy Unnecessary
ANN Good Parameter dependent | Parameter dependent | Parameter dependent Laborious Laborious
SVM Good Parameter dependent | Parameter dependent | Parameter dependent | Very laborious | Very laborious

7. Concluding remarks

This work has explored three of the many possibilities regarding metamodeling tools, which have displayed
themselves as powerful data processing techniques, given that they are used within the adequate contexts. Accounting
for this scenario, several usage guidelines have been presented.

The main such contextual limitation for RSMs is related to the data available for the construction of the metamodel.
Approaches that alow for more flexibility and generality about the probability features of the database, such as
generalized linear modeling, may likewise ensure that this technique becomes more flexible and usable. This should be
the target of further research effort regarding RSMs.

For ANNSs, that have performed suitably in both of the case studies developed, an useful continuation would be to
explore more sophisticated architectures, adding alayer of linear neuronsto theradial basis functions used in thiswork.

Considering SVMs and the difficulty to explore its power through proper configuration, it should be suggested that
heuristic optimization techniques (i.e., genetic algorithms, particle swarm optimization, etc.) are used to determine the
most suitable values for its parameters. This would increase the implementation complexity of SVMs, but the pay-off
may be satisfactory. The sizes of the problems addressed in this work were not enough to explore the most aleged
advantage of SVMs, which is its theoretical capacity to scale against the so-called “curse of dimensiondity”. This
suggeststhat, in practice, thistool should be reserved for really large applications.
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