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Abstract. This work presents a numerical study of laminar flows using the finite element method with the
characteristic-based split stabilization technique. The used algorithm avoids the use of different meshes for pressure
and velocity, allowing a same interpolation order for both. The algorithm is presented in its semi-implicit version
which demands the solution of only one system of equation per iteration. Classical geometries like the lid-driven cavity
for two and three dimension and the backward-facing step are used for evaluate the algorithm performance. The
obtained results are compared with a wide numerical bibliography and, when available, with experimental works.
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1. Introduction

The finite element method has been used with istmgasuccess during the last three decades on filond
simulations. Even though, other techniques likédirolumes were previously employed in flow sintida, and keep
being the most used tool for this research aregfitite element method has achieved maturity athedast years. The
advances in stabilization techniques contributedte use of the method in strongly non-linear ¢éigua like the ones
which are necessary to describe a fluid continumeslia. In the present work a stabilization techeiquamed
Characteristic-Based Split with triangular linedeneents will be studied and assessed using cladaicenar flow
cases.

For laminar flow simulation the employed set of a&tipns are the Navier-Stokes equations themsela@diag any
average process and turbulence modeling. The Réymaimber used shall also be kept low. In spitthefapparent
simplicity the adequate solution to this problemessential for the solution to more sophisticatades where, for
example, a turbulence model is used or the flusldnAlon-Newtonian behavior. Furthermore, the resipdity for the
convection-diffusion problem stabilization and thBB restriction accordance are fully present in thminar case
problem, therefore the efficient solution to thizse represents a great step in the solutions te smphisticated
problems.

For the finite element method stabilization the @bteristic-Based Split methodology is used. Thethudology
works in a three step semi-implicit way. The fisg¢p of the method demands the solution of an @kgionvection-
diffusion problem for the velocity field, the secbstep solve the pressure field implicitly and ld&t one corrects the
first step velocity using the new pressure fielgirlg the CBS methodology the pressure and velagityes can be
evaluated together in same mesh nodes, avoidinggbeof two intercalated meshes. It representseat grumerical
advantage considering the simplification it bringsthe problem. Other possible simplification alkvby CBS
algorithm concern the solution of the linear systefnequations in step number two, for this step t¢bejugated
gradient method was choused because the systequati@ns is symmetric and positive defined.

The code validation is carried out using three sitad cases, the bidimensional lid-driven cavitye backward-
facing step and the tri-dimensional lid-driven ¢gviThe first two cases have been widely employautes the
beginning of computer fluid dynamics presentingrefiee a good challenger for CFD codes validatidhe
bibliography is also full of numerical results ftitese cases. The last case represents a majoergelldue its tri-
dimensional nature, for this case the results ahg @dmpared qualitatively with experimental data.

2. Methodology

The flow is modelled by the incompressible Naviénk®s equations, written using indicial notatiorailCartesian
co-ordinate system as Eq. (1).
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For an incompressible flow, Eq. (3) shows the canty equation.
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The governing equations are solved by a finite el@mmethod using equal order interpolation for g#joand
pressure and linear triangle elements. In this odlogy the continuity and momentum equations abeesl using a
splitting strategy, considering an incremental timegration algorithm with multiple steps. Thispapach has a stable
behaviour depending of the time step used in tbeemental time integration.

The aim of the CBS algorithm involves two major dde(Zienkiewicz, 2000 and Codina, 1998). Firstlg th
momentum equation is re-written along a charadterfsath, in order to reduce the spurious effeats the galerkin
discretization for high Reynolds Number. This alloan additional stabilized term in the formulatiom streamline
direction, equivalent to the streamline-diffusi@nnhs. The second feature of this algorithm is toodele the pressure
and velocity fields through the use of a fractiost@lp algorithm, like in classical splinting-prajea schemes (Chorin,
1968 and Teman, 1969). It is shown that this lagir@ach allows a stabilization term for the pressamd velocity
discretization spaces (Codina 2001). Those twoeitignts of the CBS method permit a stable schemediovective-
advective treatment and for pressure-velocity @iszation. The stabilization parameter now is iheetstep. It can be
shown that this scheme has equivalent stabilizegpgsties of other methodologies (Codina 2002). Gitree set of

variables known in a previous time steg(u!*.p™). The solution(u™*.p""* )of the conservation equations in a time
stept + At , is obtained following these steps:

Step 1: Solving the time discretization of the mataen equation without the pressure term.
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Step 2: Solving the pressure field.
9°Ap _ ou" oAU a%p"
16,6 =——+6— - phté,
PALo6, xox  ox  *ox e 1(6Xiaxi ©)

Whereb; and 6, are constants equal to 0.5.

Step 3: Solving the Velocity correction — Divergence-freedetan
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Using the Galerkin method for spatial discretizatod the equations on the steps 2-3, coupled teltssical finite
element base function, a matrix form of the aldnitcan be written as a set of three symmetricahlirsystems for
each time step.

MAu =f;
Hp=f, (1)
M.Au =1,

In those equation® and H are the mass and discrete Laplacian matrices ¢iyen
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The vectorsf, , f, andf, are related to the discretization of the rightchaide of the equations on the steps 1-3.
The boundary terms, associated to the outflow afiov conditions, are added into these vectors.

Remarks

The solution of the linear systems at steps 1 aimd@ve the mass matrix. In order to enhance trevergence rate
of the computations, this matrix is lumped in agdiaal form. It is performed once in the beginnirighe iterative
computation.

The linear system for the pressure correction gmblstep2, is solved by the Conjugated Gradienthbtbt
preconditioning by partial Cholesky factorizatiomhis matrix is stored by a space Morse strategy] #re
preconditioning is also performed once when thigrima firstly computed.

In the present paper the time step is controllethbyfollowing expressions:

s DB (10)
D, + D,
Where
at, = (uon ) (11)
and
at, = 2u7|ON, DN, max)‘1 (12)

These expressions consider the characteristic tfiorethe diffusion and convection counterpart o tthiscrete
problem, at each element. It can be verified thatdritical time step proposed by the Egs. (10fa®)ws the relation:
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Where ¢, and ¢, are constants and h denotes a characteristichlerighe element. It can assure the stability ef th
scheme following the analysis of (Codina 2002)ifistance.

3. Results

In this section three numerical examples are ptedeim order to validate the laminar code. Thessegaare
classical benchmark cases which have been studligeérs.

3.1. Cavity

The first case used to assess the code is thecelalid-driven cavity flow. This case was firsthmployed for code
validation by (Ghia et. Al., 1982) and since thexs lbeen used by many researcher as a referencee Bighows the
utilized geometry and boundary conditions. The fgobhas a square domain with the top side driviith & unitary
speed, the other sides are walls. A pressure eamsinent is also applied in the middle of the batteall. A structured
mesh with 1681 nodes is employed with a geometfioement progression of 0.1 to assure a finer mesin the walls.
This case was simulated using four different Regmolumber, 100, 400, 1000 and 5000.
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Figure 1. Geometry, boundary conditions and useshme

A vertical and horizontal velocity profile in theidnof the cavity is shown in Figure 3. The resute ploted
together with (Ghia et Al, 1982) results. It is @kable how both results fit well even though thieisdGcompared
results were obtained using finite differences amduch finer mesh with 129 X 129 lateral divisiofke pressure and
velocity profile agreed also with the results obéai by (Macedo 1995) and (Akin 1994) using thetdirelement
method.

Figure 2a shows the stream lines for the highegh®ds Number, it is possible to see that the vsldield is well
developed in the entire domain without any osaédlat The singularity point behaviour shown by Figy2b) was
observed by other researcher using finer meshes.
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Figure 2. Velocity field: Re=5000, a) Stream linesUpper left corner vortex detail.
3.2. Backward-faced step

Many usual engineering applications have recirgutatzones. To test and validate CFD codes overethes
recirculation conditions the backward-facing stapechas been used for years. Figure 4 shows tieegées used. The
boundary conditions adopted are an inlet paraholielocity profile together with a zero vertical @eity v Non-slip
conditions are enforced on all solid walls. For-fiov a Neumann condition is imposed with a zer@ssure
restriction. Two different geometries are used:

e Geometry 1: H=1.5, h=1.0, L=22 and I=3
 Geometry 2: H=1,0, h=0.5, L=22 and I=3
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Figure 3. Velocity profile for a horizontal and tieal mid line. a)Re=100, b)Re=400, c)Re=1000, HH0H0
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Figure 4. Used Geometry for the Backward-Faced step

Altogether four cases were simulated with two Régmamumber Re=50 and Re=150 being used for eaanefep

i) Geometry (1), Re=50, mesh with 2017 nodes and 88&ffents.
ii) Geometry (2), Re=50, mesh with 2017 nodes and 88&ffents.
iii) Geometry (1), Re=150, mesh with 2017 nodes and 8&tfents.
iv) Geometry (2), Re=150, mesh with 2017 nodes and 8&tfents.

Reynolds number is defined by:

o

4

Re= |u|

h)

(14)

The results obtained show that the velocity is weleloped over the entire domain. The big recatbah zone at
the step bottom, that is the main characteristithisf problem, is also present. The predicted teadree quite well
with the results obtained for many researchers {doy K., Periaux, J., Thomasset, F., 1982). A coispa with some
of these results shows a suitable agreement fovdttex reattachment point and the maximum and minma velocity
in two different points after the step. Those corigmams are shown in Tables 1,2 and 3 where thardistafter the step

is calculated by:

d=x/(H -h)

(15)



Table 1. Horizontal velocities, u, d=1.6 (after #tep)

Case (i) Case (ii) Case (iii) Case (iv)
Results Min. Max. Min. Max. Min. Max. Min. Max.
Present study -0.05 0.91 -0.04 0.71 -0.07 0.97 -0.10 0.9(
Kueny-Binder -0.04 0.90 - - -0.07 0.97 -0.09 0.92
Buffat et. al. -0.05 0.89 -0.02 0.69 -0.07 0.95 -0.11 0.8¢
Dhatt-Hubert -0.05 0.86 -0.05 0.74 -0.06 0.96 -0.14 0.91
Donea et. al. -0.06 0.91 -0.06 0.73 -0.08 0.97 -0.14 0.9(
Ecer et. al. -0.06 0.91 -0.06 0.72 -0.09 0.92 -0.04 0.87
Glowinski et. al. -0.04 0.91 -0.03 0.71 -0.07 0.96 -0.14 0.9(
Hecht -0.05 0.91 -0.04 0.72 -0.07 0.97 -0.108 0.90
Table 2. Horizontal velocities, u, d=4.0 (after gtep)
Case (i) Case (ii) Case (iii) Case (iv)
Results Min. Max. Min. Max. Min. Max. Min. Max.
Present study 0.00 0.78 0.00 0.52 -0.05 0.91 -0.04b 0.7}
Kueny-Binder 0.00 0.72 - - -0.05 0.93 -0.016 0.71
Buffat et. al. 0.00 0.77 0.00 0.52 -0.05 0.90 -0.03 0.7(
Dhatt-Hubert 0.00 0.78 0.00 0.52 -0.03 0.91 -0.04 0.74
Donea et. al. 0.00 0.78 0.00 0.53 -0.06 0.91 -0.06 0.73
Ecer et. al. 0.00 0.77 0.00 0.53 -0.03 0.87 -0.03 0.71
Glowinski et. al. 0.00 0.77 0.00 0.52 -0.05 0.91 -0.05 0.73
Hecht 0.00 0.78 0.00 0.52 -0.05 0.91 -0.05 0.73
Table 3. Reattachment point (after the step).
Results Case (i) Case (ii) Case (iii) Case (iv)
Present study 3.02 2.1 6.775 4.9
Kueny-Binder 3.0 - 6.0 4.5
Buffat et. al. 25 1.0 5.8 4.5
Dhatt-Hubert 3.0 2.0 6.5 5.0
Donea et. al. 2.5 2.0 6.0 5.0
Ecer et. Al. 3.0 2.8 5.9 4.7
Glowinski et. al. 2.5 1.8 5.8 4.4
Hecht 2.76 2.1 6.0 4.6

Figure 5 shows that qualitatively the velocity dies well developed through the domain and thesuesfield is
free of oscillations Fig 6. Visually these resualtgee quite well with those obtained by (Maceda5)99

<)

d,

Figura (5) — Velocidade na zona de recirculacddetyrau, a) caso (i), b) caso (iii), c) caso (@) caso (iv)
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Figura (6) — Pressure field for the step. Case @ase(iii).
3.3. Tri-dimensional lid-driven cavity

The last explored case was the tri-dimensionatitiden cavity, like the previous bi-dimensional eawon-
slippery condition is enforced in the walls exctt lid which driven with a uniform velocity. Inader to simplify the
problem it was simulated using a symmetry planguié 7 shows the geometry, boundary condition badstrface of
the employed mesh. A common behaviour for this ea#ige formation of a huge recirculation zone loa iidle of the
cavity like the bidimensional case but this casewshalso the formation of a sequence of vortexethénXY plane
called Taylor-Gortler vortexes (Rhee, 1984). The kinds of vortexes are also present in the sirauigfor Re=1000,
fig. 9. Figure 8 shows a suitable agreement vhighexperimental data.

ABEF — Wall ; EFGH — Wall
EGDB - Wall; FHCA — Wall
CDGH — Symmetri plane;ABDC — u=0, v=0, w=1.

Figura (7) — Cavity 3D: geometry, boundary condifi@nd surface mesh.

Figure (8) — Cavity 3D: Vortex de Taylor-Gértlerdacentral vortex (experimental).
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Figure (9) — Cavity 3D: Vortex de Taylor-Gortlerdacentral vortex (numerical).
4. Conclusions

For the three assessed cases the CharacteristictBadit algorithm seems to be very stable for hd dri-
dimensional problems. Concerning the bi-dimensididadiriven cavity the middle velocity results fiémarkable well
with the studied bibliography even when comparethwither numerical methods like the finite diffecea method
using finer meshes. The backward-faced step rédmtent point results are well inserted in the rafgend in
bibliography, the pressure and velocity fields aomtinuous and smooth with no oscillation and theximum and
minimum velocities also agree with the bibliographiyhe tri-dimensional lid-driven cavity problem wasore
computationally expensive, so it was not possiblede a finer grid and higher Reynolds number, @keagh it still
possible to capture the characteristically behawvfdhis problem and the results agree quite wedingitatively with the
experimental data.

The choose algorithm was easily implemented with gheet advantage of using only one mesh for pressoud
velocity it shows that this algorithm circumvenetBabuska-Brezzi restriction. Other noticed nunarécvantage was
the necessity of solve only one symmetrical systéaquation per iteration.
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