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Abstract. The objective of this work is the numerical simulation and comparison between imposed plunging and 
pitching motions for a NACA 0012 airfoil in a transonic laminar flow. The system of equations is written using a non-
inertial frame of reference that is fixed to the plunging or pitching airfoil. The effect of these motions is accounted by 
introducing pseudo-force and pseudo-work terms in the right-hand side of the momentum and energy equations, 
respectively. The compressible Navier-Stokes equations are numerically solved using a finite volume discretization in 
combination with the skew-symmetric form of Ducros’ fourth-order numerical scheme for the flux calculations, while 
the time marching process is achieved using a third-order Runge-Kutta scheme. The linear amplitude of the plunging 
motion, as well as the angular amplitude of the pitching motion, is imposed as sinusoidal in time, and for all cases 
studied, the plunging or pitching frequency corresponds to the simulated vortex-emission frequency of the static airfoil 
at the same angle of attack. In order to compare the two types of motions, for the two cases, the maximum velocity of 
the airfoil’s leading edge is the same. From a system dynamics point of view, the system response to the pitching 
motion is different when compared to the response to the plunging motion. For the first case, the system response is 
quasi-linear and in the second case, the response is a non-linear. 
 
Keywords: transonic flow, laminar flow, pitching motion, plunging motion, NACA 0012 

 
1. Introduction  

 
 This work is aimed at the numerical simulation of the strong vortex-shock interaction that arises in the transonic 
flow over NACA 0012 airfoil in laminar regime, submitted to pitching and plunging motions. This kind of interaction is 
typical of the unsteady aerodynamics of bodies in transonic flows, directly connected to limit cycle oscillations in 
transonic flows, flutter and dynamic stall phenomena, of high interest in the aerospace sciences. The complex nature of 
these interactions demands numerical methods with shock-capturing schemes to obtain meaningful results, and in the 
case of pitching and plunging motions, a modified set of governing equations in order to simulate the oscillations of the 
body. 
 Some examples of related methodologies presented in recent works are the unsteady Euler method for non-moving 
cartesian grids coupled with integral boundary-layer method for the prediction of flutter (Zhang, Yang and Liu, 2005), 
the kinetic flux-vector splitting scheme on moving grids for solving the unsteady Euler equations around oscillating 
bodies (Krishnamurthy, Sarma and Deshpande, 2004), and the downwash weighting method for approximating the non-
linear behavior of transonic flows  (Silva, Mello and Azevedo, 2004). The compressible Navier-Stokes equations, 
modified in this work using the concept of pseudo-forces and pseudo-work in order to represent the oscillation of the 
airfoil from a non-inertial frame of reference, are solved using Ducros’ fourth-order skew-symmetric scheme for 
calculating the fluxes in a finite-volume discretization in conjunction with a third-order Runge-Kutta time-marching 
method, as proposed by Bobenrieth Miserda and Mendonça (2005).  Experimental results for high Reynolds numbers 
are found for dynamic pitching motion in subsonic flow (Tolouei et al., 2004) and transonic flow (Hillenherms, 
Schröder and Limberg, 2001). 
 
2. Methodology 
 

In this work, the system of equations is written using a non-inertial frame of reference that is fixed to the plunging 
or pitching airfoil. The effect of these motions is accounted by a pseudo-force term in the right-hand side of the 
momentum equation that acts as a body force (Batchelor, 1983). In similar manner, the work done by this pseudo-force 
is accounted by a pseudo-work term in the right-hand side of the energy equation. With these considerations, the 
nondimensional form of the Navier-Stokes equations can be written as: 
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All the variables are in nondimensional form and have their usual meaning, i.e., ρ is the density, t is the temporal 
coordinate, xi is the i-direction spatial coordinate, ui is the i-direction component of the velocity vector, p is the pressure, 
τij denotes the viscous stress tensor, eT  is the total energy per unit of mass, qxi is the heat-flow density in the i-direction 
and fi is the pseudo-force due to the plunging or pitching motion. 

The nondimensional form of the flow variables and properties are defined as 
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where the asterisk denotes dimensional quantities, c* is the chord of the airfoil, µ* is the dynamic viscosity, T* is the 
temperature. U*

∞, T*
∞, ρ*

∞ and µ*
∞ are, respectively, the velocity, temperature, density and dynamic viscosity of the 

undisturbed flow. The nondimensional viscous stress tensor is given by 
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where δij is the Kronecker delta. The Reynolds number is defined as 
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 Defining e as the nondimensional internal energy per unit of mass, ek as the nondimensional kinetic energy per unit 
of mass and cv as the nondimensional specific heat at constant volume, the total energy is given by the sum of the 
internal and kinetic specific energy as 
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and the nondimensional heat-flux density is 
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where the M and Pr are the Mach and the Prandtl numbers, respectively, and are defined as 
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where γ  is the specific heat ratio, R* is the specific gas constant, cp

* is the specific heat at constant pressure and k∞* is 
thermal conductivity of the undisturbed flow. 
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In this work, the Prandtl number is considered a constant with the value 72.0Pr = . For a thermally and calorically 
perfect gas, the nondimensional equation of state can be written as 

 
( ) ep ργ 1−=  (10) 

 
and 
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The nondimensional molecular viscosity is obtained using Sutherland’s formula, where C1 and C2 are the 

nondimensional first and second gas constants, 
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The objective of this work is to make a comparison between the effect of the plunging and pitching motions over the 

resulting aerodynamic forces. The pseudo-force if , that appears in Eqs. (2) and (3), accounts for the two types of 
motion when the Navier-Stokes equations are written for a non-inertial frame or reference. When the imposed motion is 
a plunging one and its linear amplitude is sinusoidal in time, the components of the pseudo-force, if , are given by 
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The nondimensional maximum amplitude, ,iA  and angular frequency, ,iω  of the plunging motion are defined as 
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 On the other hand, when the imposed motion is a pitching one, and its angular amplitude is sinusoidal in time, the 
components of the pseudo-force, if , are 
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where ijkε  is the Levi-Civita multiplier, ir  is the position vector relative to the pitching frame of reference, iΩ  is the 
angular velocity and dtd iΩ  is the angular acceleration. This velocity and acceleration are given by 
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where iβ  is the maximum angular amplitude of the motion and iω  is the nondimensional angular frequency of the 
pitching motion, defined in the same manner as Eq. (14). It is important to note that the first right-hand side term of Eq. 
(15) is the Coriolis acceleration, the second term is the centrifugal acceleration and the last term is the tangential 
acceleration, due to the angular acceleration. 

The boundary conditions at the wall of the two-dimensional airfoil are a no-slip condition for the velocity field, an 
adiabatic wall for the temperature field and a null gradient in the normal direction at the wall for the pressure field. 

Since the geometry of interest is a two-dimensional airfoil and the flow around it is laminar, the two-dimensional 
form of the Navier-Stokes equations is used. In order to numerically solve these equations using a finite volume 
approach associated with a fixed grid, Eqs. (1), (2) and (3) are written in the following vector form (Anderson, 1983): 
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where U is the nondimensional conservative-variables vector, E and  F are the nondimensional flux vectors. These 
vectors are given by 
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where u and v are, respectively, the nondimensional component of the velocity vector in the x-direction and y-direction. 
 In this work, the plunging motion of the airfoil is imposed in the y-direction, and consequently, for this case the 
nondimensional R vector, that is associated with the plunging or pitching motion, is  
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 For the case of a sinusoidal pitching motion in the x-y plane, 0=Ω=Ω yx , and consequently, the R vector is given 
by  
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where the  z-direction  angular velocity and acceleration are 
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 Defining the flux tensor Π  as 
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where i and j are unit vectors in the x-direction and y-direction. Eq. (17) can be rewritten as 
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Integrating the above equation over the control volume V, and applying the divergence theorem to the first term of 

right-hand side results 
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Defining the volumetric mean of vectors U and R in the control volume V as 
 

 ,1,1 dV
V

dV
V VV ∫∫ ≡≡ RRUU  (25) 



Proceedings of COBEM 2005 18th International Congress of Mechanical Engineering 
Copyright © 2005 by ABCM November 6-11, 2005, Ouro Preto, MG 

 

 
The upper bar means volumetric mean of the variable. Eq. (24) is written as 
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 For the volume ),( ji , the first-order approximation of the temporal derivative is given by 
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and the temporal approximation of Eq. (26) for a quadrilateral and two-dimensional control volume is 
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where 21+iS  is the common surface between volume ),( ji  and volume ),1( ji + , n is the normal unit vector, ∆t is the 
nondimensional time step. Defining 
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the spatial approximation of Eq. (28) is 
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where ( ) ji,UD  is an artificial dissipation. It is important to note that Eq. (30) is a spatial approximation of Eq. (28) 
because tensor Π  is considered constant over each of the four control surfaces that define the control volume. In order 
to calculate ( ) ji,UF , the flux of tensor Π  trough the control surfaces must be calculated. The explicit form of this 

calculation as well as the implementation of the artificial dissipation, ( ) ji,UD , is given by Bobenrieth Miserda and 
Mendonça (2005). 

In order to advance Eq. (30) in time, a third-order Runge-Kutta is used as proposed by Shu (Yee, 1997). This yield 
to 
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As used in this work, the numerical method is fourth-order accurate in space and third-order accurate in time. 

 
3. Results 
 

In order to compare the effects of the plunging and pitching motions, two cases are studied. For both cases, the 
Mach number is 0.8, the Reynolds number is 104 and the mean angle of attack is o7 .  The angular frequencies for the 
plunging motion, yω , and for the pitching motion, zω , are the same and equal to 8.38. This value results in motions 

with a frequency equal to the vortex-emission frequency of the static case for an angle o attack of o7 , reported by 
Bobenrieth Miserda et al. (2004). The amplitude of the pitching motion is o4 , resulting in a maximum angle of attack 



of o9  and a minimum of o5 . In order to have the same maximum speed for the leading edge in both cases, the 
amplitude of the plunging motion is 3.49% of the chord. The computational grid is the same one used by the later 
referenced work. 
 

 
 
Figure 1. Visualization of pitching (left) and plunging (right) motions for the instant of maximum downward velocity of 

the leading edge for both cases. The variable plotted is the nondimensional magnitude of the temperature gradient. 
White corresponds to 0 and black corresponds to 1.5. 
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Figure 2. Unsteady normal force coefficient as a function of time. The black and gray signals correspond to the pitching 

and plunging motions, respectively. 
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Figure 3. Phase diagram for the unsteady normal force coefficient of the pitching (left) and plunging (right) motions. 
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Figure 4. Power spectrum for the unsteady normal force coefficient of the pitching (black) and plunging (gray) motions. 
 

Figure 1 shows the visualization of the pitching (left) and plunging (right) motions for the instant of maximum 
downward velocity of the leading edge for both cases. In both cases it is possible to observe a separated boundary layer 
interacting with quasi-normal shocks in the upper surface of the airfoil. This interaction results in a von Kármán vortex 
street for both cases. For the pitching movement, this vortex street is well defined and very regular. For the plunging 
movement, the vortex street is not very well defined. This difference can also be appreciated in Fig. 2 that shows the 
unsteady normal force coefficient as a function of time. The black signal corresponds to the pitching movement and has 
a very periodic behavior, associated with a very well defined vortex street. The gray signal corresponds to the pitching 
motion and it is possible to observe that the non-linear response of the unsteady normal force coefficient is strongly 
associated with a complex vortex street. 

Figure 3 shows the phase diagram for the unsteady normal force coefficient of both motions. The left part 
corresponds to the pitching one, and reveals a very well defined phase path, resulting from a very linear behavior of the 
system. A non-linear response is also apparent in the phase path for the plunging motion, showed in the right part of the 
same figure.  It is possible to observe a strong deviation generated from the temporal variation of the maximum and 
minimum values of the normal force coefficient, while its amplitude remains relatively constant. Figure 4 shows the 
power spectrum of the normal force coefficient for both cases. The black and gray lines represent the spectrum of the 
pitching and plunging motions, respectively. As expected, the spectrum for the pitching motion reveals a just a 
fundamental frequency associated with two sub-harmonics. In contrast, for the plunging motion the spectrum is broader 
around the fundamental frequency, and a clear definition of sub-harmonics is absent, due to the non-linear behavior of 
the system. 
 



4. Conclusion 
 
 A methodology is proposed in order to simulate the laminar transonic flow around an airfoil with an imposed 
pitching or plunging motion. It is based on the methodology proposed by Bobenrieth Miserda and Mendonça, with the 
addition of pseudo-force and pseudo-work terms in the momentum and energy equations, respectively, in order to solve 
the system of governing equations from a non-inertial frame of reference that is moving with the airfoil. In order to 
make a comparison between the two types of motion, the maximum velocity of the leading edge is equal for both cases. 
The pitching and plunging frequencies are also the same and equal to the static vortex-emission frequency at the same 
angle of attack for the plunging motion and the same mean angle of attack for the pitching motion. 
  From a system dynamics point of view, the system response to the pitching motion is different when compared 
to the response to the plunging motion. For the first case, the system response is quasi-linear, with a well defined phase 
path associated to a power spectrum with a characteristic frequency and sub-harmonics. On the other hand, the system 
response to the plunging motion in a non linear one, with a phase path that is not well defined and a power spectrum 
that has a characteristic frequency, but with a broader distribution of energy. 

These differences may be related to the level of energy associated to each type of motion. Although the 
maximum velocity of the leading edge is the same for both cases, in the plunging motion the whole airfoil is moving in 
the same direction, while in the pitching motion, if the leading edge is moving upward, the trailing edge compensates 
this motion moving downward. Being the energy level higher for the plunging motion, it results in a higher level of 
perturbations that could trigger a non-linear response from the system. 
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