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Abstract. An analysis of the volumetric locking in the context of the modified element-freee Galerkin method is presented in 
this paper. The modified element-free Galerkin method, a variation of the traditional element-free Galerkin method, 
presented in this work enables the direct imposition of the essential boundary conditions due to the kronecker delta 
property of special shape functions constructed in the neighborhood of the essential boundary. The model assumes the 
multiplicative decomposition of the deformation gradient into elastic and plastic parts and considers a J2 elasto-plastic 
constitutive relationship with a nonlinear isotropic hardening. The constitutive model is written in terms of the rotated 
Kirchoff stress and the logarithmic strain conjugate measure. A Total Lagrangian formulation is considered. Aspects 
related to the volumetric locking are numerically investigated and a F-bar methodology type is proposed. Some numerical 
results are presented in order to attest the performance of the proposed methodology. 
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1. Introduction 
 

In this work the EFG method proposed in Alves & Rossi (2003), will be numerically investigated when submitted to 
large deformation problems. More specifically, the proposed procedure considers: a Total Lagrangian description; a 
multiplicative decomposition of the deformation gradient, into a plastic and an elastic part; and a constitutive formulation, 
given in terms of the logarithmic deformation measure, ln(U), and the rotated Kirchoff stress. In this model the elastic 
response is assumed to be hyperelastic, according to the Hencky model, and the plastic model is given in terms of a J2 
model. This hypothesis leads to the incompressibility of the plastic flow and to the so called volumetric locking 
phenomenon, which occurs if one uses, for instance, a low order finite element approximation when solving plane strains 
and axisymmetric problems. Such phenomenon is also verified in mesh-free methods. 

In this work a type of F-bar method is implemented, in the context of the mesh-free methods, and investigated under 
axisymmetric and plane strain conditions. Such choice is due to the simplicity of implementation of the method, when 
compared with the other methods, and due to the good results mention in the literature. 
 
2. Modified element-free Galerkin method - brief introduction 
 

The objective of the MEFG method, see Alves and Rossi (2003), is to combine, in a suitable way, two weight functions, 
in order to explore the smoothness of wEFG and the kronecker delta property of wEPF. The strategy can be shown by 
considering a body with domain Ω and boundary ∂Ω, where ∂Ω = Γu ∪ Γt and Γu ∩ Γt = ∅. Here, Γu and Γt are respectively 
the part of ∂Ω with prescribed essential and natural boundary conditions, as illustrated in Figure 1. Notice that the EPuFe 
weight functions are specified at particles that belong to a neighborhood of Γu and the EFG weight functions are specified at 
the remaining particles of the mesh. This procedure enables the determination of an approximate solution that satisfies 
accurately the essential boundary condition and is smooth in the entire domain, except for a neighborhood of Γu. The MEFG 
method can be seen as a conventional EFG method, having a set of different weight functions, which is able to 
automatically select, at each particle, the proper type of weight function and to compute the adequate size of its support. 
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Figure 1 - An example of body coverage by the MEFG 
 



2.1. Mesh-free approximation theory 
 

Using the Moving Least Square Approximation, Lancaster and Salkuskas (1981), it is possible to construct an 
approximation function uh(X) that fits a discrete set of data {uI, I=1…n} such that: 
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where {pj(X), j=1…m} represents the set of intrinsic base functions and w(X - XI) is a weight function centered at XI. Here, 
ΦI(X) is the global shape function, defined at particle XI, and A(X) is the moment matrix. 

The conventional EFG method, Belytschko et al. (1994), can de described by the construction of a set of global shape 
functions, ΦI(X) defined at particle XI. The particles distribution is not arbitrary since it must satisfy the following condition, 
Liu et al. (1997),  

( ){ } ( )0 dim AX X XJ Jcard Φ ≠ ≥ ⎡ ⎤⎣ ⎦ . (3) 
In this work, X∈R2 with X=(X,Y), and the intrinsic base functions is pT(X) = [1,X,Y]. Thus, from the condition expressed 

in Eq.(3), for all X ∈ Ω , there must be at least three particles whose weight functions have a nonzero value at X and whose 
position vector forms a triangle with a non-zero area. In order to obtain a particle distribution that comply with Eq.(3), we 
perform a partition of the domain, Ω, into a triangular integration mesh.  

Many element-free Galerkin weight functions were proposal in the last years. In this work we use the quartic spline 
weight function given as: 
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Here, I Ir r r=  with X XI Ir = − . The radius Ir , defining the support of ( )X XEFG
Iw − , is determined by 

max max, 1, with max ,X XI I I i I Ii
r s r s s R r i J= ⋅ > ∈ = − ∈  (5) 

where JI represents the set of adjacent particles associated with XI. 
Now, in the conventional EFG method, the global shape functions {ΦI(X), I=1…n}, do not satisfy, in general, the 

kronecker delta property, i.e., ΦI(XJ) ≠ δIJ. As a consequence, it is not possible to enforce the essential boundary conditions, 
by directly prescribing nodal values. However, special weight functions may be constructed in order to satisfy the kronecker 
delta property. Among them are the extended partition of unity finite element (EPuFe) weight function. A typical support of 
an EPuFe global shape function is illustrated in Figure 1. Now, in the case where a linear triangular finite element base 
function is used as a weight function, it is possible derive: 

( ) ( ) ( ) ( ) ( )* * * * * * * *1
1 1 1 1* 2 , supp

0, otherwise

X X
X X i i i i i i i i IEPF A

I

X Y X Y Y Y X X X Y
w + + + +

⎧ ⎡ ⎤− + − + − ∈ Φ⎡ ⎤⎪ ⎣ ⎦⎣ ⎦− = ⎨
⎪⎩

 (6) 

Here, *Xi  and *
1Xi+  are the elements of the adjacent extended node list set of XI, obtained in a counter clockwise sense 

of the triangular integration cell whose area is A. The usage of an intrinsic base pT(X) = [1,X,Y] together with a EPuFe 
weight function satisfy the requirement in Eq.(3) and, therefore, this extension ensures the regularity of A(X). The extended 
points are determined as: 

( )X X X Xi i i Iε∗ = + − . (7) 
Notice that, letting 0ε → , we derive a global shape function that satisfy, in a limiting sense, at a given particle XJ, the 

kronecker delta property. Unless stated contrary the parameters used in the example section are  s = 1.5 and ε = 10-4. 
 
2. Finite deformation description 
 
2.1. Kinematics of deformation and conjugate stress measure 
 

The model presented in this paper considers the multiplicative decomposition of the deformation gradient F into an 
elastic, Fe, and plastic parts, Fp, such that  
F e p= F F  (8) 

with 
( ),ϕX X t= ∇F . (9) 

The consideration of a J2 plasticity model leads to det(Fp) = 1 and, since det(F) > 0, implies that det(Fe) > 0. Thus, the 
elastic deformation gradient admits a polar decomposition, i.e., 

e e e=F R U  (10) 
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where e e=U C  with Ce being the elastic right Cauchy-Green tensor given by ( )Te e e=C F F  and Re being the elastic 
rotation tensor. The elastic deformation measure used in this work is the logarithmic or Hencky strain tensor given by 

( )lne e=E U . (11) 
The stress-strain pairs must be such that rate of work density remains preserved. Thus, the conjugate stress associated 

with the Hencky strain is the rotated Kirchoff stress τ , given by  

( )τ τ
Te e= R R . (12) 

 
2.1. Constitutive formulation 
 
The constitutive model investigated in this work considers a nonlinear isotropic hardening. In the frame work of the 
thermodynamic of irreversible process, the free energy potential is assumed to be of the form 
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2 2, De e e
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∞ ⎡ ⎤= ⋅ + + − +⎣ ⎦E E E . (13) 
where ρo is the mass density, and H, δ, σ∞ and σy are material parameters. D is the standard fourth order elastic constitutive 
relation. The state equations are given by 
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o e

ψρ ∂
= =

∂
E

E
 (14) 

for the rotated Kirchoff stress and 
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for the isotropic hardening stress. This isotropic hardening relation was used by Simo & Armero (1992), and also by Souza 
Neto et al. (1996) where an investigation of the volumetric locking was performed. Moreover, in this work we assume that 

F
τ

p λ ∂=
∂

D � , (16) 

and the hardening variable evolution is 

k
α λ ∂= −

∂
�� F . (17) 

The elasto-plastic model used in this work is associative. In this context the yield function assumes the following form, 
( ) ( )2, 3F τ yk J k α σ⎡ ⎤= − +⎣ ⎦  (18) 

Here, λ�  is the plastic multiplier and must satisfy the following conditions  
0 0 0F F�λ λ≤ ≥ =� � . (19) 

 
3. Elasto-plastic initial value problem 
 
The elasto-plastic problem presented in the previous section is dependent on the deformation history. Thus, in order to 
integrate the evolution equations from time step tn to tn+1, we must solve an initial value problem. The elasto-plastic initial 
value problem can be stated as, given the deformation history 1( ), [ , ]n nt t t t +∈F  and 

( ) ( )p p
n n n nt and tα α= =F F  (20) 

determine 1
p

n+F  and 1nα +  such that the Eq.(14), Eq.(16), Eq.(17) and Eq.(19) are satisfied. The strategy employed in the 
solution of the nonlinear problem comprises two basic steps that are: an elastic predictor and a plastic corrector.  
• Elastic predictor: The solution is initially assumed as purely hyperelastic and a trial elastic state is computed by 
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• Plastic corrector: The plastic corrector phase considers a return mapping algorithm that is obtained by the backward 
exponential approximation proposed in Eterovic & Bathe (1990) and Weber & Anand (1990). This phase consists in: 
• Verify the yield function feasibility: The plastic corrector is done only if ( )1 1, 0F τtrial trial

n nk+ + > . 
• Plastic correction: At this point the evolution laws are discretized. The plastic evolution p p p=F D F� is discretized 

based on the backward exponential approximation resulting in  
( )1 1expp p p

n n n+ +=F D F . (22) 
Moreover, after a straightforward manipulation, Eq.(22) reduces to 
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The discretized form of the remaining evolution equations is performed by a standard backward Euler method. 
Summarizing, the solution of plastic corrector phase is obtained by solving, for 1

e
n+E , 1nα +  and λ∆ ,  
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4. Total lagrangean formulation 
 
The problem can be enounced as: Determine u such that 

divP b 0
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u u

o o

t
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where P is the first Piola-Kirchoff stress, b is the body force vector, m is the outer normal on o∂Ω , t is traction vector and 
u  is the prescribed displacement. 
The called weak form of the Eq.(26), in the incremental form, can be posed as: Determine 1un H+ ∈  such that 
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4.1. Linearization and Newton method 
 
The solution of the nonlinear problem in Eq.(27) is achieved through a standard Newton-Raphson iteration method. In this 
context the linearization of the functional ( )1 ˆ,G u un+  is required. Assuming G  to be sufficiently regular, we derive 
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4.1.1. Determination of A  
 
By Eq.(30), the determination of A  requires the derivative of the Kirchoff stress tensor with respect to the deformation 
gradient. As already seem, the Kirchoff stress is related to the rotated Kirchoff stress by Eq.(12). This means that in the 
determination of Eq.(30) a derivative of the rotated Kirchoff stress with respect to the deformation gradient takes place. But 
as ( )( )1 1 1

ˆ ,τ τ
triale

nn n n+ + += E i  and by using the chain rule of differentiation, we derive 
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The terms G  and H  in Eq.(31) are related with the geometric part of D̂  and are determined by 
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Notice that in the Eq.(32) a derivative of the type ( )ln∂
∂

X
X  is required, which consists of a derivative of an isotropic tensor 

function that was investigated in details in Ortiz et al. (2001). Moreover, D�  is the only contribution related to the 
constitutive relation in the consistent tangent modulus A . Its determination depends if the state is elastic, 0 D DF ≤ → =� , 
or elasto-plastic 0 D DF ep> → =� . Here, the elasto-plastic modulus is 
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5. An F-Bar implementation 
 

The F-bar methodology requires that the F be decomposed into a volumetric and an isochoric component  
iso vol=F F F  (34) 

with ( ) ( )
1 1
3 3det and detiso vol

−
= =⎡ ⎤ ⎡ ⎤⎣ ⎦ ⎣ ⎦F F F F F I . Moreover, in the F-bar methodology the Fvol is computed as a constant 

inside the element. Thus, the F-bar is defined as  
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Here we consider the average term ( )det aF  to be computed as 

( ) ( )1det det
e

a e
e

d
Ω

= Ω
Ω ∫F F . (36) 

The derivation of the internal force in Eq.(27) and the tangent stiffness in Eq.(30) is achieved by making the following 
composition ( )φ=P P FD  with ( )φ =F F . Thus, 
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6. Examples 
 
6.1. Necking of a circular bar  
 

Here, we consider the analysis of a hypothetical cylindrical bar with the objective of verifying the necking behavior. The 
model of the problem is illustrated in Figure 2. The model consists of a bar with a length of 53.334 mm and a radius of 6.413 
mm. Due to the symmetry condition, only a quarter of the model is discretized. The model is submitted to a prescribed 
displacement of uz = 7 mm in the upper region of the bar. To trigger the necking, a small geometric imperfection is 
introduced in the model. This imperfection consists of a variation of the radius in the central region of 1%, i.e., the radius of 
the central region is 6.35 mm. Similar examples are presented in the works of Simo & Armero (1992) and Souza Neto et al. 
(2002). Figure 2(a) shows the discretization of the domain into the triangular integration cells. The mesh presented in this 
Figure will be used also in the simulation using the finite element method, employing classical tri6 finite element, with 1379 
nodes. Figures 2(b) and 2(c) show the MEFG particle distribution that contains 364 and 1379 nodes/particles, respectively. 
The material properties used are: κ = 164206,35 MPa, µ = 80193,80 MPa, H = 129.24 MPa, δ = 16.93, σ∞ = 715 MPa and 
σy = 450 MPa. 

Figure 3 shows the comparison among the deformed configurations of the body outline at 85% and 100% of the total 
prescribed displacement considering the meshes of Figure 2(a) and 2(c) with and without the F-bar methodology. Note that 
at 85% there are no apparent distinctions between the two methods. However, at 100% of the process a discrepant 
difference is verified in the necking region. Note also that there is a relevant difference, when the F-bar methodology is 
considered.  
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Figure 2 - Integration meshes a) FEM – 1379 nodes, b) 
MEFG – 364 nodes and c) MEFG – 1379 nodes

Figure 3 - Comparison among deformed bodies at 85% 
and 100% of the process. 



Figure 4 plots the force versus displacement diagram calculated at the top of the structure. It is clear from this figure that 
the results remain close to one another during a great part of the process. In a certain threshold point, the solution moves 
away from that achieved by solving a finite element method. Notice again that the implementation of the F-bar procedure 
generates improved results when compared with the finite element solution. In this Figure is also plotted the results 
presented by Simo & Armero (1992) and Souza Neto et al. (1996). 
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Figure 4 - Comparison between force x displacement at the top of the body 
 
6.1.1 Half simetry 
 

At the last example the necking problem was numerically investigated considering only a quarter of the domain. In this 
example the central region of the bar suffer high level of deformation. Due to the boundary conditions, symmetry conditions 
of the problem, the bar central region has great part of this region covered by wEPF. As commented in Alves & Rossi (2003) 
when only wEPF weight functions are used to form the EFG approximation, its shape functions tends to reproduces a linear 
interpolation. This means that the deformation gradient is constant approximated. In order to allow the contribution of wEFG 
in this central region it is proposed that the simulation consider a model based on half symmetry. This model is shown in the 
Figure 5(a). Figure 5(b) shown the deformed configuration at the end of the process. 
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The results in terms of force versus displacement are presented in the Figure 6. Again, the force and the displacement are 

“measured” on the top of the structure. Notice that the MEFG results for this example are more close to those obtained 
considering FEM-Tri6. Again, it is also plotted the results presented by Simo & Armero (1992) and Souza Neto et al. 
(1996). 
 
6.2. Plane strain localization and mesh dependency 
 

In this example a uniaxial traction model of a rectangular bar under plane strain condition is presented. The dimensions 
of the bar coincide with those presented in the previous example. This bar is then submitted to a prescribed displacement of 
uz = 5 mm in both the extremities. 

In order to prevent the effect of the EPuFe particles, the analysis of the entire body will be considered. The material 
parameters are the same ones presented in the previous example to less of the associated material parameter with the linear 
part of the hardening rule that is assumed negative, H = - 12,924 MPa, as suggested by Simo & Armero (1992). 
In this example it will be investigated if the solution of the problem suffers from dependence of the integration mesh. 
Therefore, two integration meshes with the same distribution and number of particles, 861, but with different orientations of 
the integration cells are proposals. These integration meshes are shown in Figure 7(a), and are called O1, of orientation 1, 
and 7(b), called of O2. In Figure 7(c) the particle distribution is presented, that in this in case is the same for both meshes. 
However, this does not mean that the support of the shape functions is precisely the same, as a result of the covering 
algorithm presented in Alves & Rossi (2003). In this algorithm the determination of support influence parameter s depends 
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Figure 5 - (a) undeformed model (b) deformed configuration. 
 

Figure 6 - Force × displacement. 
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on the maximum distance between the particle and its adjacent particle list, that in fact it is different for each one of the 
meshes. 

particle EFG
particle EPuFe

(a) (b) (c)

Orientation 2 (O2)Orientation 1 (O1)

 
 

Figure 7 – Integration meshes and particle distribution used in the plane strain example. 
 

For comparison effects, the same analyses will be performed using a triangular finite element tri6. To do that the same 
integration meshes shown in Figures 7(a) and 7(b) will be used in the analysis. However, in this case the number of degrees 
of freedom associates the FEM meshes is larger than those used in the analysis by the MEFG. The number of nodes of the 
FEM-tri6 mesh is 3321. 
 
6.2.1. Finite element results – Tri6 
 

In this section will be presented and discussed only the results obtained for the analysis using the tri6 finite element. 
Figure 8 shows the deformed meshes achieved at the end of the analysis. Figure 8(a) relates to the mesh with orientation O1 
and Figure 8(b) to the mesh with orientation O2. Figures 8(c) and (d) shows a magnification of the region more refined of 
the deformed Figures 8(a) and (b) respectively. The differences among the two deformed meshes are visible, indicating a 
strong dependence of the problem solution of the discretization by finite elements. 
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Figure 9 shows the force × displacement curve. It can be noticed that the mesh with O2 orientation possesses closer 

values for prediction of force × displacement when compared with the values presented for those authors. 
 
6.2.2. MEFG results 
 

Figure 10 shows the meshes deformed at the end of the analysis. Figure 10(a) shows the integration mesh with 
orientation O1 and Figure 10(b) the mesh orientation with O2. Differently of the previous example, there are no observable 
differences among the deformed configurations. This indicates lower or even no mesh that dependence. 
 

Figure 8 – Deformed configurations. FEM-tri6. 
 

Figure 9 - Force × displacement - FEM-tri6. 
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Also, this difference is not evident in the curve force × displacement plotted in the Figure 11. In this graph the results 
obtained for the analyses without the incorporation of F-bar methodology and with F-bar methodology are presented 
considering the integration meshes with orientation O1 and O2 presented in Figure 7(a) and 7(b) respectively.  
 

7. Conclusion 
 

In this work a variation of the traditional element-free Galerkin method was numerically investigated under finite 
strains. Results shown in this paper evidence the presence of volumetric locking in every one elasto-plastic example 
presented in this paper. Also it shows an improvement of the results since the F-bar approach is employed. The results 
shows that with an improved discretization, a refinement strategy of the domain, mainly in the regions submitted to high 
plastic flows, it is possible to reduce considerably the locking presence. Moreover, it is also noted that the use of the EPuFe 
global shape function in the regions submitted to high plastic flows, as in the case of the necking of a circular bar, decrease 
considerably the effect of F-bar methodology. A possible reason for this behavior is the fact that the EPuFe global shape 
function interpolates F as a constant. 
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Figure 10 - Deformed configurations. MEFG results. 
 

Figure 11 – Force × displacement - MEFG results. 
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