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Abstract −Extensive plastic deformation often precedes cleavage fracture in ferritic steels when tested in the duc-
tile-to-brittle transition (DBT) region. The interaction of crack-tip plastic zones with nearby traction-free surfaces
and with global plastic zones affects strongly the near-tip stresses which control the onset of cleavage fracture. The
loss of a unique relantionship between the crack-tip stresses and J, most often termed as loss of crack-tip constraint,
underlies the specimen geometry and loading mode effects on cleavage fracture toughness values. These effects re-
main an important technological issue in industrial applications of fracture mechanics and in on-going develop-
ment of fracture testing standards and engineering critical assessment (ECA) procedures.This study describes the
3D effects of crack-tip constraint on macroscopic fracture toughness based upon the two-parameter J-Qmethodolo-
gy. Within this methodology, J sets the size scale over which large stresses develop while the second parameter (Q)
scales the near-tip distribution. The paper addresses representative 3-D non-linear, finite element solutions which
provide J-Q trajectories for common fracture specimens under bend and tensile loading. A central feature of the in-
vestigation is the adoption of a convenient 3D definition for parameter Q which enables correlation of fracture be-
havior for varying crack configurations.
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1. Introduction

Conventional fracture mechanics methodologies to assess unstable cracking behavior (cleavage fracture)
of different cracked bodies (i.e., laboratory specimens and engineering structures) rely on the similarity of
their respective cracktipstressanddeformation fields.Undersmall scaleyielding (SSY) conditions, asingle
parameter, such as the linear elastic stress intensity factor,K, and theJ-integral (or, equivalently, the crack
tip opening displacement, CTOD or δ), uniquely scales the elastic-plastic near-tip fields (see, e.g., the re-
viewbyHutchinson [1]).However, fracture testing of ferritic structural steels in theductile-to-brittle (DBT)
transition region consistently reveals a significant effect of specimen geometry and loading mode (bending
vs. tension) in cleavage toughness values as measured by the critical parameters KIc , Jc or δc, (see [2, 3]
for illustrative data). These studies show significant elevations in the elastic-plastic fracture toughness for
shallow crack SE(B) specimens and tension geometries of ferritic steels tested in the transition region,
where transgranular cleavage triggers macroscopic fracture. At increased loads in a finite body, such as a
cracked specimen or structural component, the initially strong SSY fields gradually change to fields under
large scale yielding (LSY) as crack-tip plastic zones increasingly merge with the global bending plasticity
on the nearby traction free boundaries. This phenomenon, often termed loss of constraint, contributes to
the apparent increased toughness of shallow cracked and tension loaded geometries observed in fracture
testing. Once SSY conditions no longer apply, larger J-values in the finite body are necessary to generate
a highly stressed region ahead of crack tip sufficient to trigger cleavage. These features have enormous
practical implications in defect assessment procedures, particularly repair decisions and life extension pro-
grams of in-service structures as well as structural design specifications.

The technological importance of fracture behavior for cracked structures under LSY conditions
prompted thedevelopment of two-parameter fracture theories.Under fixed loading, suchmethodologies as-
sume a separable form for the actual cracked-body fields in a high triaxiality fields (such as the SSY field)
and a constant field which quantifies the level of crack tip stress triaxiality. These research efforts proceed
along essentially two lines: (1) the J-Tmethodology building upon the elasticT-stress (see review by Parks
[4]), and (2) theJ-Qmethodology developed byO’DowdandShih [5, 6] building upon thehydrostatic param-
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eterQ. Both frameworks characterize families of self-similar fields which describe crack tip fracture states
in the full range of high and low triaxiality: in each one, J sets the size scale over which large stresses and
strain develop while the second parameter (T orQ) scales the near-tip distribution relative to the reference
stress state. Theaddition of a secondparameter (T orQ) leads to the construction of experimentally derived
fracture toughness loci, rather than conventional, single-valued definitions of toughness. The correlation
of fracture conditions across different crack geometries∕loadingmodes of the samematerial (and tempera-
ture) then proceeds without recourse to detailed features of the crack tip separation processes. At identical
values of the scalar parameters (J andQ orT), the crack tip strain-stress fields that drive the local fracture
process have identical values as well.

The present study builds upon the J-Q approach using full 3-D solutions to characterize effects of
constraint on fracturebehavior for commonfracture specimens.Theanalysismatrix considers conventional
C(T), SE(B) and SE(T) fracture specimens with varying geometries (i.e., different notch depth to specimen
width ratio, a∕W, as well as different loading point distance, H), and test conditions (pin-loaded ends vs.
clamped ends). Under increased loading, each cracked configuration follows a characteristic J-Q trajectory
whichenables comparisonof the corresponding crack-tipdriving force curve.Akey feature of this investiga-
tion is the adoption of a convenient 3-D definition for the hydrostaticQ-parameter which enables consider-
ation of the coupling between in-plane and through-thickness effects on crack front fields ( which are not
captured in plane-strain analyses). While the analyses were conducted on relatively limited crack configu-
rations, the results provide a strong support to use constraint-designed specimens in fracture assessments
of low constraint structural defects.

2. The J-Q Theory

2.1. Two-Parameter Description of Elastic-Plastic Crack-Tip Fields

The characteristic feature emerging from a multi-parameter description of the (stationary) elastic-plastic
crack tip fields inhomogeneousmaterials is theuse of a scalarparameter to quantify themagnitude of these
fields. Here, the J-integral sets the size scale over which high stresses develop while the second parameter
(the elastic T-stress or the hydrostatic Q-parameter) quantifies the level of stress triaxiality at distances
of a few CTODS ahead of the crack tip. In particular, the J-Q characterization of mode I deformation for
craked bodies proposed byO’Dowd andShih (OS) [5,6] provides an approximate two-parameter description
for the elastic-plastic crack tip fields based upon a triaxiality parametermore applicable under LSY condi-
tions for materials with elastic-plastic response described by a power hardening law given by
Á∕Á0∝ (σ∕σ0)

n. Here, n denotes the strain hardening exponent, σ0 and Á0 are the reference (yield) stress
and strain, respectively. Guided by detailed numerical analyses employing a modified boundary layer
(MBL) model [7], OS identified a family of self-similar fields in the form

σij= σ0f
^

ij r
J∕σ0

, θ , Q∕σ0 , (1)

where the dimensionless second parameterQ defines the amount by which σij in fracture specimens differ
from the reference SSY solution with T=0.

Limiting attention to the forward sector ahead of the crack tip between the SSYmodelwith theT-stress
set to zero (SSYT=0 ) and the fracture specimen fields, OS showed that Qσ0 corresponds effectively to a spa-
tially uniform hydrostatic stress, i.e., the difference field relative to a high triaxiality reference stress state

σij = (σij)SSY;T=0+ Qσ0δ1iδ1j ; |θ|< π
2 , J∕σ0 < r < 5J∕σ0 . (2)

Operationally, Q is defined by

Q ≡
σθθ− (σθθ)SSY;T=0

σ0
, at θ = 0, r= 2J∕σ0 (3)

where finite elementanalyses containing sufficientmeshrefinement to resolve the fieldsat this lengthscale
provide the finite body stresses. Here, we note that Q is evaluated at r = 2J∕σ0 for definiteness; however,
OS and Cravero and Ruggieri [8] also showed that Q is virtually independent of distance in the range
J∕σ0 < r< 5J∕σ0. Construction of a J-Q trajectory then follows by the evaluation of Eq. (3) at each stage
in loading of the finitebody.Thisprocedure imposesno restrictionsonmodels todescribematerial flowprop-
erties or incremental vs. deformation plasticity.

2.2. Extension of Q -Parameter to 3D Crack Configurations

For 3-D,Mode-I configurations, Shih et al. [9] argue that the near tip fields at locations sufficiently far from
external surfaces approach the formofEq. (NO TAG) as r→0.Thus, evaluation of difference fields bymeans
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of Eq. (3) at each point s along a 3-D crack front, designated Q(s) , provides Q values using local J-values
and stresses in planes perpendicular to the crack front; consequently, the opening mode crack-tip state is
completely described by the pair (J(s) ,Q(s) ) at each point along the crack front.

To facilitate correlations of fracture behavior in 3-D between fracture specimens and cracked pipelines
(which follows theprevious 2-Dplane-strain analyses byCravero andRuggieri [8], analternative definition
for Q as suggested by Shih et al [9] is adopted in the present study. Building up the notion of an average
value forJ to characterize the average intensity of far field loading on the crack front, a convenientmeasure
of average constraint for a segment of the crack front, sa≤s≤sb , is given by

Qavg= 1
sb− sa
sb
sa

Q(s)ds , at θ= 0, r= 2J∕σ0 (4)

The above expression generalizes the overall constraint for 3-D cracked specimens and structural compo-
nents by including the potentially strong variations of out-of-plane constraint near the stress-free surface,
particularly for thin crack configurations.

3. Finite Element Procedures

3.1. Numerical Models for Fracture Specimens

Nonlinear finite element analyses are performed on full 3-D models for selected 1-T fracture specimens
(with thicknessB=25.4mm). The analysismatrix covers bend and tension loaded fracture specimenswith
varying geometry and crack sizes: C(T) with a∕W=0.6 (H∕W=0.75), SE(B) with a∕W=0.1, 0.5 (S∕W=4)
and SE(T) with a∕W=0.1, 0.5 (H∕W=6). Here, a is the crack size,W is the specimen width and H is the
distancebetween thepin loading or clamps.All fracture specimenshave conventional geometry, i.e.,W=2B.
For the SE(T) specimens, the analyses are also expanded to consider the effect of loading conditions, pin-
loaded ends vs. clamped ends; these specimens are denoted asSE(T)P andSE(T)C. Figure 1 shows the geom-
etry and specimen dimensions for the analyzed crack configurations.
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Figure 1 Geometries for analyzed fracture specimens: (a) C(T) Specimen; (b) SE(B) Specimen; (c) Pin-
loaded SE(T) Specimen and (d) Clamped SE(T) Specimen.

Figure 2 shows the finite element model constructed for the 3-D analyses of C(T) specimen with
a∕W=0.6. All other crack models have very similar features. A conventional mesh configuration having a
focused ringof elements surrounding the crack front isusedwitha smallkey-hole at the crack tip; the radius
of the key-hole, ρ0, is 2.5μm (0.0025 mm). Symmetry conditions enable analyses using one-quarter of the
3-Dmodelswith appropriate constraints imposed on the symmetry planes. Themeshhas 15 variable thick-
ness layers defined over the half-thickness (B∕2); the thickest layer is defined at Z=0 with thinner layers
defined near the free surface (Z=B∕2) to accommodate strong Z variations in the stress distribution. The
quarter-symmetric, 3-D model for this specimen has 18030 nodes and 20800 elements. The finite element
model is loaded by displacement increments to enhance numerical convergence.
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Figure 2 Finite element 3-D model for the C(T) fracture specimen employed in the analyses.
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3.2. Numerical Solutions

The three-dimensional computations reported here are generated using the research code WARP3D [10]
which: (1) implements a robust large strain formulation, nonlinear material response using the Mises
constitutive model, (2) solves the equilibrium equations at each iteration using a very efficient, sparsema-
trix solver highly tuned forUnix andPCbased architectures (3) evaluates theJ-integral using a convenient
domain integral procedureand (4)analyzes fracturemodels constructedwith three-dimensional, 8-node tri-
linear hexahedral elements. Use of the so-called B formulation [10] precludes mesh lock-ups that arise as
thedeformation progresses into fully plastic, incompressiblemodes.The sparse solver significantly reduces
both memory and CPU time required for solution of the linearized equations compared to conventional di-
rect solvers.

The elastic-plastic constitutive model employed in all analyses reported here follows a J2 flow theory
with conventionalMises plasticity in small geometry change (SGC) setting. Thenumerical solutions for the
fracture specimens utilize a simple power-hardening model to characterize the uniaxial true stress-loga-
rithmic strain in the form

Á
Á0=

σ
σ0

Á≤ Á0 ;
Á
Á0=  σσ0

n

Á> Á0 (5)

where σ0 and Á0 are the reference (yield) stress and strain, and n is the strain hardening exponent. These
finite element analyses consider a typical material flow property which is applicable to common pressure
vessel steels: n=10 (E∕σ0=500) with E=206 GPa and ν=0.3.

4. 3-D Effects on J-Q Trajectories for Fracture Specimens

4.1. J-Q Trajectories Across the Crack Front for Deep Notch C(T) and SE(B) Specimens

To illustrate the strong interaction of in-plane and through-thickness effects on crack front fields ( which
are not captured in plane-strain analyses), this section provides J-Q trajectories at locations across the
crack front derived fromdetailed 3-Danalyses of conventinal fracture specimens. Figures 3 (a) and (b) show
the J-Q trajectories generated under increased loading at locations Z∕(B∕2) over the crack front for the 1-T
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deep notch geometries with n=10 (C(T) specimen with a∕W=0.6 and SE(B) specimen with a∕W=0.5). In
these plots,Q is defined by Eq. (3) at the normalized distance ahead of crack tip given by r = 2J∕σ0 whereas
J is normalized by bσ0 with b denoting the remaining crack ligamentW−a (notice that we plot J∕bσ0 vs.
−Q to maintain positive scales). The research code JQCRACK [11] is employed to compute J-Q curves for
each fracture specimen.

For the specimens in Fig. 3,Q-values are positive at low loads (corresponding to the positive elastic T-
stress for this geometry [4]) except near the outside surface. Over the center portion of the specimen thick-
ness, SSYconditions (Q≥0) exist strictly for lowdeformation levels.However,with increasing deformation,
the hydrostatic parameter Q gradually changes to negative values which marks the loss of crack-tip
constraintwith increased levels ofJ. In contrast, near the outside surface, the specimens reveal large nega-
tiveQ-valuesalmost immediatelyupon loadingwhichareassociatedwithsubstantial reduction in theopen-
ing near−tip stresses for this specimen early in the loading. The differences between the constraint levels
(as measured byQ) for the centerplane and along the crack front are specially prominent for points located
at Z∕(B∕2) ≳0.5.

Tomakecontactwithprevious2-Danalyses conductedbyCraveroandRuggieri [8] andto facilitate com-
parisons with plane-strain conditions, Fig. 3 also includes plane-strain results for the analyzed configura-
tions. Rather surprinsingly, the plane-strain analyses reveal that both specimens maintain higher levels
of crack-tip constraint over the center portion. The difference between plane-strain and 3-D (centerplane)
trajectories are essentially similar with continued loading. However, as already pointed out previously, the
J-Q trajectories for points located outside the center portion of the specimen deviate significantly from the
corresponding plane-strain trajectories.

4.2. J-Q Trajectories Across the Crack Front for SE(T) Specimens

Further insight into the effect of out-of-plane constraint can be gained by examining the J-Q trajectories
at locations across the crack front for fracture specimens with similar geometry but subjected to different
loading conditions. Figures 4(a-b) compare the effect of loading conditions (pin-load end vs. clamped ends)
for the analyzed SE(T) specimens (H∕W=6); as introduce before, these specimens are denoted SE(T)P and
SE(T)C. Similarly to previous analyses, parameterQ is defined byEq. (3) at r = 2J∕σ0whereasJ is normal-
ized by bσ0 with b denoting the remaining crack ligamentW−a. Remarkably, the loading condition has a
great effect on the J-Q trajectories along the crack front for the SE(T) specimens. The pin-loaded specimens
display a rather strong dependence on Z∕(B∕2). In contrast, the clamped specimens display a smaller de-
pendence of J-Q trajectories on Z∕(B∕2). Such differences in fracture behavior for the pin-loaded and
clamped specimens (as described by their corresponding J-Q driving force curves in the present context)
arise from the bending component in the loading history for the pin-loaded specimen.

5. Correlation of Fracture Behavior for Fracture Specimens in 3-D
The previous sections explore a constraint-based analysis for varying crack configurations based upon the
J-Qmethodologywhichclearly reveals thestrongeffects of in-planeandout-of-plane constraint oncrack-tip
fields. Such feature complicates interpretation of J-Q trajectories as an effective driving force which serves
tocharacterizestress-controlled cleavage fracture indifferent crackconfigurationsandsubjected tovarying
loading conditions. To provide amoreusefulmethodology to correlate fracture behavior in different cracked
bodies,Fig.5presents theevolution ofnear-tip constraintwith crack-tip loading (asmeasuredbyJ) in terms
of the generalized hydrostatic Q-parameter for 3-D cracks, Qavg, as defined by Eq. (4).

Ths plots displayed in Fig. 5 show that the evolution of Q as loading progresses depends markedly on
the specimen geometry. For the deep notch C(T) specimen with a∕W=0.6 and SE(B) specimen with
a∕W=0.5, the Q-parameter is positive at low load levels (which corresponds to positive elastic T-stresses
for these geometries [4]) and gradually change to negative (albeit small) values with increased levels of J.
The pin-loaded , deep notch SE(T) specimenwith a∕W=0.5 also displays a relatively similar behavior with
comparable J-Q trajectories for almost the entire range of loading. In contrast, the clamped , deep notch
SE(T) specimenwith a∕W=0.5 displaysmuch lower crack-tip constraint with increased J (asmeasured by
larger negative Q-values). Further, all shallow crack geometries (SE(B) and SE(T) specimens with
a∕W=0.1) reveal significant loss of crack-tip constraint almost immediately upon loading. Here, values for
parameterQ ranging from−0.5 to−1.0 are associated with substantial reduction in the opening near−tip
stresses for this specimen early in the loading.

6. Concluding Remarks
This study reports on full 3-Dnon-linear analyses of common fracture specimenswhich reveal strongeffects
of geometric parameters (a∕W ) and loading conditions on crack-tip constraint. To describe the evolving lev-
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Figure 3 J-Q trajectories across the crack front for deep notch fracture specimens with n=10:
(a) 1-T C(T) specimen with a⁄W=0.6; (b) 1-T SE(B) specimen with a⁄W=0.5.
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els of stress triaxiality ahead of crack frontwith increased loading, the presentwork employs theJ-Qmeth-
odology to characterize stress-controlled cleavage fracture in different crack configurations and subjected
to varying loading conditions. At similar values of the continuum, scalar parameters (J, Q), the crack-tip
strain-stress fields which drive the local process have similar values as well. Consequently, cracked bodies
with similar J-Q trajectories or driving force curves exhibit similar conditions for cleavage fracture. Such
feature is central toproper choice of constraintdesigned test specimens inassessmentprocedures of cracked
structural components. A key feature of this investigation is the adoption of a convenient 3-D definition
for the hydrostatic Q-parameter, denoted Qavg , which enables consideration of the coupling between in-
plane and through-thickness effects on crack front fields (which are not captured in plane-strain analyses).



Proceedings of COBEM 2005
Copyright @ 2005 by ABCM

18th International Congress of Mechanical Engineering
November 6-11, 2005, Ouro Preto, MG

Figure 4 J-Q trajectories across the crack front for deep notchSE(T) specimenswith n=10 and
a⁄W=0.5: (a) 1-T pin-loaded SET) specimen; (b) 1-T clamped SE(T) specimen.
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Construction of J-Q trajectories based upon the 3-D elastic-plastic crack-tip fields and Qavg demonstrate
thewide range of crack-tip constraint for varying specimen geometries, particularly for deeply cracked con-
figurations. The present results, when taken together with previous studies of Cravero and Ruggieri, pro-
vide anadditional body of results againstwhich the applicability of constraint-designed fracture specimens
in defect assessments of structural components can be weighed.
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Figure 5 J-Q trajectories for the analyzed fracture specimens with n=10 based upon Qavg.
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