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Abstract. The aim of this study is compare Finite Volumes, Finite Differences and Meshless methods applied to the classic
problem of the square driven cavity. In the three methods it was used the MAC (Marker-And-Cell) methodology, struc-
tured mesh to Finite Differences and unstructured mesh to Finite Volumes. The necessary points to Meshless method
were obtained from the computational nodes generated by Finite Volumes mesh. The effect of the numeric viscosity was
compared with the results obtained with the known classic results of the Finite Differences method applied to cavity prob-
lem. In Finite Volumes method it was used cell centered for the velocity field u and pressure p, and the convergence was
accelerated through the Bi-conjugated Gradient Stabilized method. In the Meshless method, it was used the exponential
weight function and Least Square method. In all methods it was adopted the primitive variables and for simulations it
was used Reynolds numbers equal to 0.1, 10, 50 and 100. Interesting characteristics of the flow are presented in details -
the velocity field to central lines and the streamlines. The formulation is second order in spacial variables and explicit of
first order in time variables.
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1. Introduction

The driven cavity flow has been studied very extensively and is possible to find many papers about this flow problem
in the literature. Driven cavity flow serves as a benchmark problem and almost every new numerical method for the
2-D steady incompressible Navier-Stokes equations are tested on the driven cavity flow in terms of accuracy, numerical
efficiency, boundary conditions, etc. Among many numerical studies on driven cavity flow it can be cited Erturk et al.
(2004), Barragy and Carey (1997), Schreiber and Keller (1983), Benjamin and Denny (1979), Ghia et al. (1982). To
solve the stationary incompressible Navier-Stokes equations in the square driven cavity problem it was employed three
methods: the Finite Volumes method, to solve problems of unstructured meshes, see Maliska (2000), Maliska and Vas-
concellos (2000), Schneider and Maliska (2000, 2002); the Finite Differences method, that is a classic method used to
solve problems involving the driven cavity, see Fletcher (1991), Maliska (2000), Semeraro and Sameh (1991), Versteeg
and Malalasekera (1995); and the Meshless method, that is an alternative method to eliminate the mesh of the problem,
see Belytschko et al. (1996), Melenk (1997), Choe et al. (2001), Giinter and Liu (1997). The main purpose of this study
is compare Finite Volumes, Finite Differences and Meshless methods applied to the driven cavity problem in terms of
numerical accuracy and boundary conditions. The Navier-Stokes incompressible equation and the MAC methodology
were used by all formulations. Low and moderated Reynolds numbers (Re=0.1, 10, 50 and 100) were tested. Based on
the results obtained, a brief discussion about the physical, mathematical and numerical nature of a 2-D driven cavity will
be done.

2. Problem Formulation, Basic Equations and Discretizations

It was seeking a steady solution of an incompressible flow in a bi-dimensional square driven cavity. It was used the
incompressible Navier-Stokes to solve the driven cavity flow problem. For the Finite Differences and Meshless methods
it was used the differential formulation of basic equations. For the Finite Volumes method it was used the integral
formulation of the governing equations. A solution for the equation system of incompressible Navier-Stokes can be made
by two very common strategies: using the vorticity stream-function approach or the primitive variable approach. In this
study, it was adopted the primitive variable approach. The differential formulation for the bi-dimensional incompressible
Navier-Stokes is given by:
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where Re is the Reynolds number defined as Re = %, p is the density of the fluid, U, and L, are lenght and

velocity characteristic of the flow, v is the viscosity of fluid; u = (u, v) is the velocity field; and p is the pressure field. The
integral formulation is given by Eq. (1) integrated in the control volume V, then Green’s Theorem was applied resulting

in:
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Different methods have been employed for the solution of the incompressible Navier-Stokes equations system ex-
pressed in primitive variable form. The Meshless and the Finite Differences methods are solved using the Eq. (1) and the
Finite Volumes by Eq. (2) through the MAC algorithm, see Harlow and Welch (1965). It can be supose that the velocity
field u(x,t,,) is known and boundary conditions for velocity and pressure are given. The velocity and pressure fields at
time t = t,, + t are calculated as follows:

Let p(x, t,,) be a pressure field. Inserting p(x, t,,) into Eq. (1) it is compute a tentative velocity field u(x, t,,) from

ou ou ou dp L(@Qu 82u)

R I 922 T 92

v ov dv _ Ip L<82v 821))

a-f—u%-i-’va—y— ay @—i_a—yQ

3)

with u(x, t,,) = u(x,t,) using the appropriate boundary conditions for u(x,t,) at t = t,. The Eq. (3) is solved by a
Meshless method or by an explicit Finite Differences method. Let u(x, ¢,,) be defined by

U(X, t) - ﬁ(X, t) = 7V1,ZJ(X, t) (4)
where 1(x, t) is a function having the property
V2h(x,t) = V- U(x,t) . 3)

Thus, u(x, t,) conserves mass and the correct vorticity at time ¢. An equation for pressure is obtained as follows. By
subtracting Eq. (1) from Eq. (3) it can be write

Ju—1u -

Now, introducing Eq. (4) into Eq. (6) it yields

avuxt)

ot = *V(p(x, t) —ﬁ(x, tn)) N

and interchanging the operators in Eq. (7) it’s obtained p(x, t) = p(x,t) + w, which is evaluated as
Y1)
—y ®)
ot

Therefore, for simulating the flow it can solve the equations Eq. (3), Eq. (5), Eq. (4) and Eq. (8), respectively. The
derivatives in the Finite Differences were calculated using the second order approximation and the convective terms were

p(X, t) = ﬁ(xv t) +
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calculated using the second order upwind method VONOS, see Varonos and Bergeles (1998). To calculate the derivatives
in the Meshless method was used the formulation of Franke and Nielsen. Let

Vi(x) =ci(z —x1)® + co(@ —21)(y — yr) + es(y — y1)* + calw — x1) + es(y — yr) + cs -

It can be observed that when x = I then cg = V7. To determinate the values of c1, ..., c5 can be used the Least Square
method. Let:

§=x—ur, n=yvy-—yr, Vix)=f, = F&m) = 1€ + cobn+csn® + caé +csn . )

By the Least Square method p(x) = g1 + gacva + gzas + gaus + gsas and comparing with Eq. (9) it can be saw
that

=&, g=&, g=0" q@a=§&  g=n.

Than it needs to solve the system Ac = b to find values for the constants ¢y, ..., c5:

m m
Aij = Zgj(zk)gi(l'k) ; Zf ) gi(TK) (10)
k=1 k=1
where m is the number of neighbors of I, according to Fig. 1 c. Expanding Eq. (10) is had:
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where < (v >p= Y 1o, Wi(&n)Cye and Wi(€,n) = eV £247% is the exponential weight function. Considering
Eq. (9) it can be determined that
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The derivatives found in Eq. (11) can be used to discretizate the governing equations. In the Finite Volumes method,
the surface integral into momentum equation given by Eq. (2) is evaluated in the control volume of Fig. 1 a using:

Lou_ L ou (Lo gy f (Lo
%S[(Eg_u)dy_(ﬁa_y_uv)dm]_ﬁ(Reax u)dy f{g(Reay uv)dx. (12)

5% —w?and F = 72 §% — wv in Eq. (12) is had:
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The denvatwe = in Eq. (12) is approximated by
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For 2 and points F1, E5 and E;5 the procedure is analogous. To solve the linear system, to find the pressure field, it
was used the Bi-conjugated Gradient Stabilized procedure, according to Barret et al. (1994), in all methods. This method
solves linear systems when the matrix is non-symmetric and non-positive definite. The flow is induced by the sliding
motion of the top wall y = 1 from left to right and is described by the Navier-Stokes equations Eq. (1) and Eq. (2). The
boundary conditions are those no-slip on the stationary walls © = 0 and v = 0, on the sliding wall v = 1 and v = 0
according to Fig. 1 b.
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3. Results

The results were obtained running the cavity problem to Meshless points showed in Fig. 2 a, unstructured Finite
Volumes mesh according to Fig. 2 b and regular structured mesh, with 50x50 points, to Finite Differences method.
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Figure 2. a) Meshless Points b) Finite Volumes Mesh

The streamlines for Finite Differences method are shown in Fig. 3 . The Fig. 4 shows the streamlines for Meshless
method and the Fig. 5 shows the streamlines for Finite Volumes method. All cases using Reynolds number equal to 0.1,
10, 50 and 100. The graphics in Fig. 6 to Fig. 9 present the variation of the velocity components « and v along the
vertical (z = 0.5) and horizontal (y = 0.5) lines, at various Reynolds numbers. The graphics in Fig. 6 to Fig. 9 was
plotted using a nodes band around of cavity centerlines, because the nodes of unstructured mesh don’t coincide with the
nodes of structured mesh. This prevent interpolations. The Tab. 1 presents a comparative u and v-velocity in horizontal
centerline at y=0.5 for Re = 100 and the Tab. 2 presents a comparative « and v-velocity in vertical centerline at x=0.5
for Re = 100.

4. Discussions and Conclusions

According to graphics showed in Fig. 6 to Fig. 9 it can be observed that the Finite Differences and Finite Volumes
methods present results very closed. These results are in good agreement with Semeraro and Sameh (1991), Schneider and
Maliska (2000) and others. The Meshless method presents an artificial dissipation that is more evident at low Reynolds
numbers. In agreement with Belytschko et al. (1996), experiments indicate that Mesless formulation can provide higher
accuracy in comparison with the standard re-meshing used with viscous scheme, but it can be observed in Fig. 3 to Fig.
5 that the Meshless method are not so precise in capture the vorticity in the bottom corners of the driven cavity. This
problem is commonly associated with the corner and boundary conditions used, that create discontinuities in that points,
Giinter and Liu (1997) and Choe et al. (2001). When the value of Reynolds number increases the inadequacy of coarse
meshes gradually becomes apparent. This would imply that the velocity distributions near the corners are sensitive to
mesh size. The accuracy of the solution can be tested plotting the u-velocity and v-velocity profiles, according Fig. 6 to
Fig. 9 . The results obtained in this study, and compared with others, Schreiber and Keller (1983), show more accuracy
for the Finite Volumes method follow the Meshless (Tab. 1 and Tab. 2).
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Table 1. Comparative u-velocity and v-velocity table in horizontal centerline at y=0.5 for Re = 100.

Finite Diferences Finite Volumes Meshless
Position ux VX ux VT ux VT
0.25 -0.096871  0.178925 | -0.092850 0.174070 | -0.081806 0.151773
0.5 -0.207203 0.0518048 | -0.206589 0.057071 | -0.180446 0.057445
0.75 -0.211439  -0.233569 | -0.210336 -0.229064 | -0.190579 -0.191401

Table 2. Comparative u-velocity and v-velocity table in vertical centerline at x=0.5 for Re = 100.

Finite Diferences Finite Volumes Meshless
Position uy vy uy vy uy vY
0.25 -0.146992 -0.00114387 | -0.141713 0.002462 | -0.119133 0.006843
0.5 -0.207203  0.0518048 | -0.206329 0.058145 | -0.179992 0.057980
0.75 0.036096 0.108712 0.023795 0.119201 | 0.020259 0.120330

Figure 5. Finite Volumes: a)Re = 0.1 b)Re = 10 ¢)Re = 50 d)Re = 100.
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The advantages or disadvantages of these numerical approaches and also numerical stability and any type of numerical
issues are not our concern at the moment. For this, the discrepancies near the left and right hand of the corners of the cavity
will be study with new strategies of boundary conditions and numerical approach. Considering the observations above,
the present results are relevant and it’s important to study this methods for meshes with more points near the boundary
and few points in the center of cavity. Future effort includes consideration of primitive-variable formulation when applied
for higher Reynolds numbers and unstructured mesh. Better computational times and quick solution will be possible with
Multigrid techniques.
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