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BDCFE"G'H�IKJFL'M�G'MONPJQG'NRG'S�HUT�S�VOEWJFXWEYMOJZIRL[GUIKTFV�\QL]GUHUIKG'M�^FE7_a`=NcbdM�LeIfX;NPg.h�VOE;iQh�HUNjX;E7LULkb�M�G'CZl5H'E�IcG+MOg.h=N5H[G�IKJFXWE"mnNPH
l5EWN5h�C1\1L'M�XWIKV%`FNcb LkIPJF_aEWJ�l5M�JFEWEWHUMOJ�lFoZBDC�E/XWNPg.h@E;G'M�G'MONPJQT@E;G]b%EWE7JpGUC�E"T�S�Nc\�IKJFXW\fIKJ=_fMOJ�EWH'G'M�IKV mnNPH�X;E7L.g.Nj_jM�^FE7LkG'C�E
_�\�J=IKg.MOX7L�NPm�G'C�E,L]GUHUIKG'M�^FE7_q`FNcbrIPJF_/IKV�G'E7HUL�G'C�Ets�MOJF_"NPm�M�J=L]G�IKT�MOV�M�G]\�G'CFIKG*XWIPJ"T=E,_jEWu5EWVONPh@E7_"MOJ"M�G7o�BDCFEvEWu5NPVOSjG'MONPJwNPm
L'SFX�Cx`FNcb L*MOLyXWNPg.g.NPJ�VO\YL[G'SF_�M�E�_YMOJYGUEWHUgkL!NKm%Iqg.Nj_jEWVzhFH'N5T�V�E7gw{�GUC�Ekg.M|ijMOJ�lwVOI&\5EWH�ovBDC�EkL]G�IKT�VO\YL[G'H�IcGUM|^FE�_/g.M�i1MOJ�l
V�I&\PE7H2_jEWu5EWVONPhFLvIcGyG'CFEeMOJ5GUEWH'm}IPXWE,NPmDG]b0N"hFIPHUIPV�VOEWV�L[G'HUE7IPgkLyNKmD`FS�M�_~g.Ncu1M�J�lwC�N5H'MO�WN5J�GUIKVOVO\YIcGt_�M|��EWHUEWJ�Gvu5EWVON1XWM|GUM�E�LyIKJF_
b�M�G'C/_�M|��EWHUEWJ�G _jEWJ=L[M�G'MOE7L7�jG'CFEyS�h�h@EWH L[G'HUE7IKg�T=E7M�J�lkVOMOlPC�G'E7HDG'CFIPJeGUC�EyV�Ncb%EWHDN5J�EPo

�/M�VOE7L
(1961)

IPJF_x��Ncb%IPHU_
(1961)

�@T=IPL'E7_xNPJxIqVOM�JFE7IKHyL[GUIPT�M�VOM�G]\/IKJFIPV�\jL'MOL7��L[CFNcb0E�_wG'CFIKG!mnNPH*G'C�EkNjX7X;S�HUH'E7JFX;EtNKmDI
�!E7V�u1MOJj��� EWVOg.C�NPV�G'���}�*������MOJFL[GUIKTFM�VOM|G]\!MOJ2L]GUHUIKG'M�^FE7_!g.M�ijM�J�l�VOI&\5EWH�mnHUNPg�IKJyMOJj^FJ�M�G'E7V�\yL'g.IPV�V�_jM�L]GUS�H'T=IKJFXWEP�7G'C�E%��MOX�C=IKH�_�L[N5J
J1S�gtT=E7HtL'C�NPSFVO_�T@E+V�E�L'LyG'CFIPJ

0.25
L'NPg.E7b�C�EWHUEkb�M|GUC�MOJ~G'C�Ek`=Ncbyo�BDC�M�L!^FH�L]G2MOJFL[GUIPT�M�VOM�G]\YGUCFIcG2NjXWXWS�H�LyM�J~GUC�Ekg.M|ijMOJ�l

V�I&\PE7HDMOL _�S�E*G'N.G'CFEyM�Jj`=E7X)GUM�N5JFIKV�J=IcG'SFH'E!NKm�G'CFE*u5EWVONjX;M�G]\+h�HUNK^FVOEk�}�"M�X�CFIKVOsPE5���7�5�K���;{
GUC�EyuPN5H[GUE;ieL'C�EWEWG�M�J�M�G'M�IKVOVO\�X;HUE7IKG'E�_
M�L�VOM�JFE7IKHUVO\+S�JFL[GUIPT�V�EyIPJF_eHUNPVOV�LDS�hqG'N,mnNPHUg�G'CFEyh�H'MOgkIKHU\+T�MOV�VONcb LDNKm��*���vo

��J+G'C�E!L]G�IKT�VO\kL]GUHUIKG'M�^FE7_+g,M�ijM�JFlvV�I&\PEWH0NjXWX;SFHUL0IvL[G'HUE7IKgtb�MOL'E�_jE7JFL'M|G]\.lPH�IP_�M�E7J5G
(∂ρ/∂x)

T@E;G]b%EWEWJ+G'C�E!�*����uPN5H[GUMOXWE7L
��MOJtG'C�EDT�H�IKM�_�L��)o�BDC�MOLzL[G'HUE7IPgvb�M�L[E%_jEWJ=L[M�G]\2lPH�IP_�M�E7J5G��&G'CFIKG�X;NPHUHUE7L'h=N5JF_�L
G'N*G'C�E�L'hFIKJ1b�M�L[EDX;N5g.h=N5J�EWJ�GzNKm=G'C�EDTFIPH'NjX;VOMOJ�MOX
GUNPH���S�E0MOJtG'C�E��%NPSFLUL'M�J�E�L'�yIPh�h�HUN&ijM�gkIcGUM�N5J��7mnEWE7_FL�G'C�EDT�H�IKM�_2b�M�G'C,uPN5H[GUMOXWM|G]\2IPJF_ymnN5H'gkL�G'C�MOJ.uPN5H[GUMOXWM|G]\!V�I&\PEWH�L
G'C�E7H'E5o�BDC�E
u5NPH'G'M�X;M�G]\eV�I&\PE7HUL7�1G'CFIKG�M�LDmnNPHUg.E7_wS�JF_�EWH�GUC�EvIPX;G'MONPJ"NPm�GUC�E2T�S�Nc\�IKJFXW\+E;��E7X;GUL�IKJF_"L[G'H�IKMOJFL�T@E;G]b%EWE7J�GUC�E2T�MOVOV�Ncb L�NPm�G'C�E
�*���2�@bDIPL _jEW^FJ�E�_/IPL�I+TFIPH'NjX;VOMOJ�MOX!V�I&\PE7H T1\w�1GUIP��S�EWG

(1995)
IKJ=_wMO_jE7J�G'M�^FE7_"T1\/�%IKS�V�^FE7VO_/IPJF_w��EWV�G'MOEWH��z�

2000
�;oDBDCFMOL

L[G'HUE7IPgvb�M�L[E�_jEWJFL'M�G]\,l5HUI5_jMOEWJ�G0_jE7uPEWVONPh=L�MOJkG'C�E*T�H�IKM�_kIKJF_+M�JF_�SFX;E�L0ItL[E�X;NPJ=_�IKHU\tL'C�E7IPH�MOJFL[GUIKTFM�VOM|G]\5�1b�C�MOX�C�X;NPJ=X;EWJ�GUHUIKG'E7L
GUC�E!uPN5H[GUMOXWM|G]\.MOJeGUC�E!TFIKHUNjX;VOM�J�M�X�VOI&\5EWH�o�BDC1SFL7�1G'C�Ey_jE7JFL[M�G]\klPH�IP_�M�E7J5GDL[N5S�H�X;E GUEWHUg�X;N5J�G'HUM�T�S�G'E7L%IPLDIPJeE;i1GUHUItg.E7X�CFIPJ�MOL'g
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mnN5HDG'C�Eyl5EWJ�E7HUIKG'MONPJ�NPH _jE�L]GUH'SFX;G'MONPJqNKm�V�NjX7IKV�uPN5H[GUMOXWM|G]\5�1T�\eg,E�IKJFL NKm
GUC�EyTFIPH'NjX;VOMOJ�MOX�GUNPH��5SFEPo
�FNPH�G'C�E,H'E�IPL'NPJwg.EWJ�G'MONPJFE7_/IPT=Ncu5E!G'C�E,TFIKHUNjX;VOM�JFMOXyV�I&\PE7H�_jN1E7L�J�NPG�E;ijM�L]G*M�J�IKJ"S�JFL[G'H�IcGUM|^=E7_w`FNcbyo�BDC�MOL�TFIPH'NjX;VOMOJ�MOX

V�I&\PE7H�gkI&\qT=E.L[SFTj�]E7X;G'E7_"G'N�L'E7XWNPJF_FIKHU\�MOJFL[GUIKTFM�VOM|GUM�E�L�b�CFEWJ"GUC�Ev`=S�MO_/MOL*L]GUH'N5J�lPVO\wL]GUHUIKG'M�^FE7_/IPJF_wmnN5H�C�MOlPC�E7H*� EW\1J�NPV�_�L
J1S�gtT=E7HUL7o! �u1MO_�EWJFXWE7L*NKm�NjXWXWS�HUH'E7JFX;E2NPm0L'E7X;N5JF_�IPH'\qM�J=L]G�IKT�MOV�M�G'MOE7L�MOJxI+T=IKHUN1XWV�MOJ�M�X2V�I&\PE7H�b%EWHUEvHUEWh@NPH'G'E7_wMOJYl5EWN5h�C1\1L'M�XWIKV
`=Ncb L%mnNPHDG'CFE2IcG'g.N�L[h�CFEWHUE.�¢¡*N5LUL'IPHU_eE;G�IPV£oO���7�1¤c¥���IPJF_eMOJqG'C�EyNjXWE7IKJ~�}��IKS�HU\+EWG�IKV¢o�������¤K�5�)�1MOJ"Itu5EWHU\kmnEWb¦V�IKT@NPH�IcG'N5H'\
EWijh=E7H'MOg.EWJ�GUL*�}§%G�L'I&ucIKhFHUIPJ�EWE IPJF_e¡*CFIPH'MOT��@�7�P�1¤1¨�BDC�NPHUh=E5�=���P©�ªP��IKJ=_.G'C�HUNPSFlPCkJ1S�g.EWHUMOX7IKV@L[MOgvS�V�IcGUM�N5J/�£��G�IP��S�EWG7���7�5�5ªj¨
�1GUIP��S�EWG7�=«P¥P¥5¥�¨��1gv\�GUC��=«K¥5¥P¬��)o

§dGUC�EWN5H'EWG'M�XWIPV%g.Nj_jE7V TFIPL'E7_pNPJpG'CFE/L[MOg.M�V�IKHUM|G]\~GUC�EWN5H'\RmnNPH.T�H�IKM�_�L,G'N~E;ijh�V�IKMOJpG'C�E/_j\1JFIPg.MOX7L.NKm�GUC�E"TFIPH'NjX;VOMOJ�MOX
V�I&\PE7H!b%I5L*_�EWuPE7V�N5h=E�_YT1\��0N5HUXWN5L!IKJ=_��1CFEWHUg.IPJ�������¤c�Fo,BDCFMOL!g.Nj_jEWV�h�H'E�_jM�X)GUL*GUCFIcG!GUC�E+��M�X�CFIKH�_�L'NPJYJ1S�gtT=E7H7�
b�C�MOX�C
X�C=IKH�IPX)GUEWHUM��7E7L!GUC�E�L[GUIPT�MOV�M�G]\~NKm�G'CFEeT�H�IKM�_�L7��b%NPSFVO_­T@EeMOJ1uPE7HUL'EWVO\Yh�HUNPh@NPH'G'MONPJ=IKV�GUN"G'CFEqLU��SFIKHUEkH'N1NPGtNKm�GUC�E�� EW\1J�NPV�_�L
J1S�gtT=E7H�NPm@GUC�E N5H'MOlPMOJFIKV=L[C�E�IKHzV�I&\PE7H7oz�0NPJFL'E7��S�E7J5GUV�\5�KGUNvL[S�®kXWM�E7J�G'VO\tC�MOlPCk��E7\1J�NPV�_�L�J1S�gtT=E7HULzG'C�E JFE7X;E�L'LUIKHU\tXWNPJF_�M|GUM�N5J
mnN5HkG'CFE"g,M�ijM�JFl­VOI&\5EWH.M�J=L]G�IKT�MOV�M�G]\P�%MOJpGUC�EYI5XWX;N5HU_fb�M|GUCaG'C�EY�/M�VOE7L[����Ncb%IPHU_­G'C�E7NPHUEWg¯�£�"M�VOE7L7�!�7�5���P¨���Ncb%IPHU_����7�5���P�
Ri ≤ 0.25

�;��X;N5S�VO_�T@E2L'IKG'M�L]^FE�_�o
�1GUIP��S�EWG��

1995
��XWNPJj^=H'g.E7_tGUC�E ucIKVOMO_FIcG'MONPJkNPm��0N5HUXWN5LzIPJF_+�1C�E7H'gkIKJ=L�G'C�E7NPHU\����0NPH�X;N5LzIPJF_+�1C�E7H'gkIPJ��F����¤c���
mnNPHzGUC�E

TFHUIPMO_�LzIPJF_.L[S=XWX;E�L'L[mnS�VOV�\,_jE;GUE7X;G'E7_tGUC�E L[E�X;N5JF_�IKHU\2�*���QM�JFL[GUIPT�MOV�M�G]\2MOJ.G'C�E�TFIPH'NjXWV�MOJ�M�X0V�I&\PE7H7o�§°J�EWbag.Nj_jE�NKm@M�JFL[GUIPT�MOV�M�G]\
GUCFIcG�M�L�NPHUMOlPMOJFIcGUE7_2MOJtG'C�E XWNPHUE0HUEWl5M�N5JFL�IPJF_th�H'N5hFIKl�IcGUE7L
G'N*G'C�EDT�H�IKM�_��PX7IKVOV�E�_vJFE7IKH'��X;NPHUE�MOJFL[GUIKTFM�VOM|G]\5�PbDIPL�IKV�L'N�M�_jEWJ�GUM|^FE�_�o

�jgv\�G'C
(2003)

EWi1G'EWJ=_jE7_wGUC�E,H'E�L[S�V�GUL�NKmD��GUI5�5SFE;G�h=IKh@EWH�± L�G'N�V�Ncb%EWH�u&IPV�SFE7L�NKm���M�X�CFIKH�_�L'NPJ"J1S�gtT=E7H
(0.04 ≤ Ri ≤

0.16)
�zC�MOlPCFEWH,��HUIPJF_1GUV%J1S�gtT=E7HUL

(1 ≤ Pr ≤ 7)
��IPJF_

Re ≥ 1000
M�JpIKJfSFJFL]G�IKT�VOE�L[G'H�IcGUM|^=E7_­g.M�i1MOJ�l�VOI&\5EWHtb�M|GUCpI

HUE;mnE7H'E7JFX;E!L'\1L[G'E7g�IcG'GUI5X�C�E7_+G'N,G'C�E!T�H�IKM�_Y�£IPLDMOJ"�0N5HUXWN5L%IKJF_w�1C�E7H'gkIPJ����7��¤K�5�;o���G�bDIPL%EWu1M�_jEWJFXWE7_eG'CFIKGDG'C�EyL'E7X;N5JF_�IPH'\
�*���°MOJFL[GUIKTFM�VOM|G]\.IKhFh=E�IKH�LzM�J.GUC�E�T=IKHUN1XWV�MOJ�M�XDVOI&\5EWHzb�C�E7J.G'C�E*��EW\1J�N5VO_FLzJ1S�gvT@EWH0E;i�X;E7E7_�L

∼ 1000
�KTFSjG0M�G0_jN1E7L�J�NKG%L[C�Ncb

GUC�EyJ�E�IKH'��XWNPHUE�MOJFL[GUIKTFM�VOM|G]\5o
BDCFE0gkIKMOJ2N5Tj�]E7X;G'MOuPE�NPmjG'C�M�L�b0N5H's*M�L�GUN�MOJ1uPE7L[G'MOl5IKG'EzGUC�E%N1X7X;S�HUHUEWJFXWE�NKmjGUC�E�G]b%NK��_jMOg.EWJFL'M�N5JFIKV�L[E�X;N5JF_�IKHU\�MOJFL[GUIPT�M�VOM�G'MOE7L

MOJQG'CFE/TFIKHUNjX;VOM�JFMOXwV�I&\PE7HkNKm2I­L]G�IKT�VO\pL[G'H�IcGUM|^=E7_ag.M|ijMOJ�lRV�I&\PEWH�oZ��JQGUC�MOL�L]GUSF_j\pG'C�Ex_jEWu5EWVONPh�g.EWJ�G+NPm�GUC�EYL'E7X;N5JF_�IPH'\
MOJFL[GUIPT�M�VOM�G]\,MOJ+GUC�E�T=IKHUN1XWV�MOJ�M�X�V�I&\PEWH�MOL%X;VOE7IPH'VO\,L'C�Ncb�JkSFL'MOJ�lt_jMOHUE7X)G%J1S�g.EWHUMOX7IKV=L'MOgvS�V�IcGUM�N5J/�}²*³����;o1BDCFE�²*³��.GUE7X�C�JFMO��S�E
M�L%SFL'E7_kGUNtL'NPVOuPE�G'C�E!X;N5g,hFV�EWG'E!³�I&u1M�E7H[�]��GUNPsPE�LzE7��SFIKG'MONPJFL7��M�JeG'C�E!�%NPSFLUL[MOJ�E�L'�.IKhFh�H'N&ijMOgkIcG'MONPJ
o�BDC�E!L[EWG0NPm�L[MOgvSFVOIKG'MONPJFL
MOJFXWV�SF_�E7L�HUS�JFLDb�M�G'C"_jM��@E7H'E7J�G���MOX�C=IKH�_�L[N5JeJ1S�gtT=E7HUL�IPJF_�_�M|��EWHUEWJ�G���E7\�JFNPV�_�LDJ1S�gvT@EWH�o

´�? Þ��6ßNÝ1��Ö*�$�&µa�P�*�'�)�j¶*�!�P�P�
�P�6�ò�P�s�x¶*�$��ÝMß0�P�!���!ß��!�Pµ1�0�

B�b%Nv_jM��@E7H'E7J5G%L[E�X;NPJ=_�IKHU\2MOJFL]G�IKT�MOVOM|GUM�E�L0IPH'EDmnN5S�JF_kMOJ.G'C�E�TFIKHUNjX;VOM�JFMOXDV�I&\PE7H7{�NPJ�E M�L�N5H'MOlPMOJFIKG'E7_,J�E�IKH'��XWNPHUEDNKm�G'C�E*�*���
u5NPH'G'EWiq�nJFE7IKH'��X;NPHUEDM�J=L]G�IKT�MOV�M�G]\��zIKJ=_.h�H'N5hFIKl�IcGUE7L�G'NcbDIKH�_�L�GUC�E TFIPH'NjX;VOMOJ�MOXDV�I&\PE7H7�5IKJF_kIPJ�NKGUC�EWH�N5J�E NPm��!E7V�u1MOJj��� EWVOg.C�NPV�G'�
G]\1h@E/MOJQG'C�E/T=IKHUN1XWV�MOJ�M�XwVOI&\5EWH�o�BDC�EY_�EWuPE7V�N5h�g.EWJ�G+NKm!GUC�E7L'E"M�J=L]G�IKT�MOV�M�G'MOE7LeM�JQGUC�E/TFIPH'NjXWV�MOJ�M�XwVOI&\5EWH+_jE7h=E7JF_�L+N5JaG'C�E
L[G'H�IcGUM|^@XWIcGUM�N5Jq_�EWlPHUEWE*NKm�G'CFE!`FNcb·�

Ri
�)�jN5JqG'C�E2��E7\1J�NPV�_�LDJ1S�gvT@EWH IPJF_�NPJ�G'C�EyMOg.h=N�L[E�_�MOJ�M�G'M�IKV
XWNPJF_�M|GUM�N5JFLWo

BDCFEyJ�E7IPH[��X;N5H'E�M�JFL[GUIPT�MOV�M�G]\P��I5L ��GUI5�5SFE;G
(1995)

HUE;mnE7HUL0G'N=��M�L�_jEWu5EWVONPh@E7_�J�E7IPHDG'C�EyS�J=L]G�IKT�VOE!H'E7lPMONPJFL%NKm�G'CFEyh�H'MOgkIKHU\
�*���¸uPNPH'G'EWi�o�BDC�E�mnNPHUgkIcG'MONPJeNKm�ItL]GUH'N5J�l �]EWG%gkIP_�E�T1\.G'CFE�TFIPH'NjXWV�MOJ�M�X V�I&\PEWH%IKJF_eIP_&�[I5X;EWJ�G%uPNPH'G'M�X;M�G]\.VOI&\5EWH0NKm
N5h�h=N�L[M�G'E
L'MOlPJ.X;HUE7IcGUE7_vTFIKHUNjX;VOM�J�M�XWIPV�VO\!T1\vX;N5J�u5E7X;G'MOuPE�g.NPG'MONPJFL�MOJFL[M�_jE%G'CFE�h�H'MOgkIKHU\y�*���auPN5H[GUE;iyM�L�J�E7XWE7LUL'IPH'\*G'N*GUC�E�IKg.h�VOM|^=X7IcGUM�N5J
NPm�G'C�E�J�E7IPH[��X;N5H'EDMOJFL[GUIKTFM�VOM|G]\5ozBDC�E J�E�IKH'��XWNPHUE%MOJFL[GUIPT�M�VOM�G]\.IPg.h�V�M�^FE�L�b�C�MOV�E�M|G%g.NcuPE7L�IKVONPJ�l!GUC�E�TFIPH'NjXWV�MOJ�M�XDVOI&\5EWHzGUNcb%IPHU_�L
GUC�EeL[GUIPlPJFIKG'MONPJ~h=N5M�J�GvHUEWl5M�N5J�oeBDC1SFL7��M�Gt_jM�L[G'S�HUT=E�LyGUC�Ek`FNcb·^FEWV�_~MOJF_jSFXWM�J�lxI"L[E�X;NPJ=_�IKHU\/MOJFL]G�IKT�MOVOM|G]\xNKmDG'C�E��!EWVOu�MOJj�
��EWVOg.C�NPV�G'�yG]\1h@EPo�BDCFMOL�MOJFL[GUIPT�M�VOM�G]\eM�L _jEWu5EWVONPh@E7_�M�JqGUC�E2TFIPH'NjX;VOMOJ�MOX*V�I&\PE7H%b�CFEWJqG'C�EtL]GUHUIPM�J�^FEWV�_wIPX;G'MOJ�l.NcuPEWHDGUC�EyV�I&\PEWH
M�L2b%E7IPsPE7J�E7_~IKJ=_�G'C�EeL[G'H�IcGUM|^@XWIcGUM�N5J~MOLtL]GUH'N5J�lFowBDC�E+HUE7L'S�V�GvL]GUH'SFX;G'S�HUE7LvNKmDG'CFEeL[E�X;N5JF_�IKHU\Y�*����MOJFL]G�IKT�MOVOM|G]\�IKHUEkuPEWHU\
L'MOg,MOV�IKH��jM�J"IKhFh=E�IKH�IKJFXWE*IPJF_�_�\�J=IKg.MOX7LW��G'N.h�HUM�gkIKHU\kuPN5H[GUMOXWE7L%NKm�G'CFE2�*���vo

��MOlPS�HUE+�,L[C�Ncb L�IeLUX�C�EWgkIkNPmzG'C�M�L*h�C1\jL[M�XWIPV
h�C�E7J�NPg.E7J�NPJ���b�C�E7H'E2G'C�E,h=N�L[M�G'MOuPEtuPN5H[GUMOXWM|G]\��}X;VONjX�s1b�MOL'E���X;NPHUHUE7L'h=N5JF_
GUN.G'C�EyHUE7_qX;N5V�N5H�IKJF_�G'CFE*JFEWl5IKG'MOuPE!uPN5H[GUMOXWM|G]\/�£X;N5S�J�G'EWH'��X;VON1X�s1b�M�L[E&��XWNPHUH'E�L[h@NPJ=_�L�GUN.G'C�EyTFV�S�E2XWNPVONPHDMOJ�GUC�E!h�M�X)G'SFH'E5o

��MOlPS�HUE,�P{��jX�C�E7gkIcG'M�X*u1M�E7b¸NPm
G'CFEyJ�E7IPH[��X;N5H'E�M�JFL[GUIPT�MOV�M�G]\Po

BDCFE�J1S�g.EWHUMOX7IKV�L[MOgvS�V�IcGUM�N5JFL�NPm@��G�IP��S�E;G
(1995)

L'C�Ncb%E7_*GUCFIcG�b�C�EWJvNPJ�VO\!NPJ�E�u5NPH'G'EWi*M�L�L'MOgvS�V�IcGUE7_2IPJF_!mnNPH
Re

ucIKVOS�E�L
T@E;G]b%EWE7J

400
IKJ=_

1000
G'C�E L'E7XWNPJF_�IPH'\yJFE7IKH'��X;NPHUE%M�JFL[GUIPT�MOV�M�G]\v_jNyJ�NPG�_jEWu5EWVONPh@E7_��Ph=N�L'L'M�TFV�\2T@E7X7IKSFL'EDG'CFE�uPNPH'G'M�X;M�G]\yNKm@G'CFE

T=IKHUN1XWV�MOJ�M�XDVOI&\5EWHzIKJ=_vGUC�E IP_c�[IPX;E7J�G�VOI&\5EWH�NKm�J�EWl�IcGUM�u5E%u5NPH'G'M�X;M�G]\vIKHUEDb0E�IKsymnN5H�L[S=X�C._�EWuPE7V�N5h�g.EWJ�G7o���N5HzG'C�M�LzH�IKJ�l5EDNKm@G'C�E

«
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�2�·����������� :N;);)=lI�AB�C�1� L���O+���2�*�	���P�
LM� Q�L�DC�'E
FHG
I+K<K8L�:N;<;)=

� EW\1J�NPV�_�L0J1S�gvT@EWH0G'C�E�`FNcbQMOL%L[GUIKTFV�E�G'N2GUC�E�L'E7XWNPJF_FIKHU\t�*���ZMOJFL]G�IKT�MOVOM|G]\.MOJkG'C�E�TFIKHUNjX;VOM�JFMOX�VOI&\5EWH�o�¹�JkGUC�E�NPG'C�E7H�CFIPJF_��
mnN5H

Re > 400
IPJF_

Ri = 0.167
IPJF_�G]b0N+�*����uPN5H[GUMOXWE7L�IKHUEyL[MOgvSFVOIKG'E7_qGUC�E2L'E7X;N5JF_�IPH'\+MOJFL[GUIPT�M�VOM�G'MOE7L�_�EWuPE7V�N5h�M�mzhFIKMOHUM�J�l

hFH'NjX;E�L'L�M�L!h�H'E�L[E7J�G7o2��N5H
Re ≥ 2000

T@NKGUCYMOJFL[GUIKTFM�VOM|GUM�E�L!NjXWX;SFH�MOJYGUC�Et`FNcby��EWu5EWJYM�m0I�uPN5H[GUE;i"MOL!L'M�gtS�V�IcG'E�_f�¢��GUI5�5SFE;G7�
���P��ªP�)o�BDC�Evh�H'E�L[E7J�G�L]GUSF_j\qMOL�h�HUNcuPE7_�GUCFIcG�L'E7XWNPJF_FIKHU\eMOJFL]G�IKT�MOVOM|GUM�E�L MOJwG'C�EtTFIKHUNjX;VOM�J�M�X!V�I&\PEWH�N1X7X;S�H mnNPH

Re ≥ 500
IPJF_

Ri = 0.07
�
Ri = 0.167

b�C�EWJqG]b%N.�*���¦uPN5H[GUMOXWE7LDIKHUEyL[MOgvS�V�IcGUE7_qIKJF_qIkL'S�T�CFIPH'g.NPJFMOX�h=E7H[GUS�HUTFIcGUM�N5J�M�L�IP_�_�E7_�o

º
? � �$�
×*�6ÚY�$�
�!ßN�3�UÚYÝMÖ*�6�¯�3�*Ös�¥é�Ú[�0���!ßN�3�UÚY� �
×*ÝMÖ

BDCFEyG'E7g,h@NPH�IKV�g.M|ijMOJ�leV�I&\PE7H�b�M|GUC/h=E7H'MONj_jM�XvX;N5JF_jM�G'MONPJFL�M�JwGUC�E2i1��_jMOH'E�X)G'MONPJ
�=IKJ=_qmnH'E7E;��L[VOM�h"T@NPSFJF_�IKHU\wX;NPJ=_jM|GUM�N5J"M�J
GUC�E��;��_jMOH'E�X)GUM�N5JtM�LzX;N5JFL[M�_jE7H'E�_�o
»�E IPLUL[SFg,E%GUCFIcGzGUC�ED`FS�M�_,g,NPG'MONPJ,MOL�_jE7LUX;HUM�T@E7_tT1\yG'CFE ³�I&u1M�E7H[�]��GUNPsPE�L
E���SFIcGUM�N5JFL�SFL'M�J�l
GUC�E2�%NPSFLUL'M�J�E�L'�eIKh�h�HUN&ijM�gkIKG'MONPJ���M�J"I+�%IKH'G'E�L[M�IKJemnHUIPg.E*NPm�HUE;mnE7H'E7JFX;E

< = (0; x, z)
�

∂~u

∂t
= −∇P − ~ω × ~u − Ri ρ ~iz +

1

Re
∇2~u

�[���

∂ρ

∂t
+ ~u · ∇ρ =

1

RePr
∇2ρ

�¢«P�

∇ · ~u = 0
�}¬��

b�CFEWHUE
ρ(x, z, t)

MOL�_jEWJFL'M�G]\pN5H�IPX;G'MOuPE/LUXWIPVOIPH7�
~u(x, z, t)

MOLeG'CFE/uPE7V�NjX;M�G]\p^FEWV�_��
P (x, z, t)

M�LkGUC�EYg.Nj_jM�^FE7_Zh�H'E�L'L'S�HUE
^=EWV�_RIKJF_

~ω
M�L2GUC�Eeu5NPH'G'M�X;M�G]\/^FE7VO_�oxBDC�E7H'EeIPH'E+G]b0N/JFNPJj��_jMOg,E7JFL'M�N5JFIKV�HUEWVOEWucIPJ5GthFIKH�IKg.E;GUEWH�LW¨�GUC�E���E7\1J�NPV�_�LtJ�SFgvT@EWH

Re = Uδi/ν
�nT=IPL'E7_"N5JwG'C�EtCFIKV�m�uPE7V�NjX;M�G]\w_jM|��EWHUEWJ=X;EtI5X;HUN5LULDG'CFEtL'C�E7IPH�V�I&\PEWH�IKJF_wN5J"G'C�EtM�JFM|GUMOIPV�u5NPH'G'M�X;M�G]\eGUC�MOX�s1J�E�L'L7�

_�E;^FJ�E�_"T1\
δi = 2U/(du/dz)max

��IKJF_qGUC�Ev��M�X�CFIPHU_�L'NPJqJ1S�gvT@EWH
Ri = g∆ρRδi/ρ0U

2
�}b�C�EWHUE

∆ρR
MOL�_jEWJ=L[M�G]\�LUXWIPV�E

IPJF_.�aMOL�GUC�E H�IcGUM�N*NKm�M�JFM|GUMOIPVFuPN5H[GUMOXWM|G]\!GUC�M�X�s�JFE7LUL�G'N*G'CFE�_jEWJ=L[M�G]\yG'CFMOX�s1J�E�L'L��)o�� E7H'EDGUC�EDG'C�M�X�s1J�E7LULzNPm=GUC�E�M�JFM|GUMOIPV�uPE7V�NjX;M�G]\
hFH'NP^FV�EqM�L,IPh�h�HUN&ijM�gkIcGUEWVO\

80%
NKm�G'C�E�G'C�M�X�s1J�E7LUL,NKm GUC�EqM�J�M�G'M�IKV _�EWJFL'M|G]\­hFH'NP^FV�E5o­BDC�EeGUM�g.EwM�LtgkI5_jEq_�M�g.EWJ=L[MONPJ�VOE7LUL

S=L[MOJ�l.G'CFE2IP_ju5E7X)GUM�u5EyL'X7IKVOE
δi/U

oz»xEvX�CFN5L'E�GUC�E2S�J�M�GUL NKm�V�E7J�lKGUC���uPE7V�NjXWM|G]\eIPJF_q_jEWJFL'M�G]\�L'SFX�CqG'CFIKG
δi = 1

�
U = 1

IPJF_
∆ρ = 1/R

o ��J"GUC�MOL�gkIKJ�JFEWH��
Re = 1/ν

IKJF_
Ri = g/ρ0

o*§%G
t = 0

�
ρ(x, z, t) = ρ0 + ρ(z)

�@b�C�EWHUE
ρ0

MOL*I+XWNPJFL[GUIPJ5G
_�EWJFL'M|G]\eH'EWmnEWHUEWJFXWE!IPJF_

ρ(z)
MOL%GUC�E!TFIPL'M�X*_�EWJFL'M|G]\eh�H'NP^FVOEPo���JeGUC�Eyh�HUE7L'EWJ�G�XWIPL'EP�jJFN._�EWJFL'M|G]\+`FSFX)GUSFIcGUM�N5J�M�L�L'S�h=E7H'h@N5L'E7_

SFh=N5J
ρ(z)

IcG
t = 0

ozBDC�EyMOJ�M�G'M�IKV�hFH'NP^FV�E�L%NKm�uPEWVONjX;M�G]\+IKJF_w_jE7JFL'M|G]\eIPH'E

u(z, t = 0) = U
E7H[m (√

πz

δi

) �}���

ρ(z, t = 0) = −
1

R

EWH'm (√

πRz

δi

)

.
�¢ªP�

§rG]b0NP��_jMOg.EWJFL'MONPJFIPV�L'MOJ�S=L[N5MO_�IPV�h=E7H[GUS�H'T=IcG'MONPJ=LDMOL L'S�h@EWHUM�g.h@N5L'E7_�S�h@NPJqG'C�EyT=IPL'MOX!u5EWVON1XWM|G]\khFH'NP^FV�E5o�BDC�M�L�h=E7H[GUS�HUTFIcGUM�N5J
M�L.X;N5g,h@N5L'E7_~T1\~G]b%N/bDI&uPE7LtX;N5H'HUE7L'h=N5JF_jMOJ�lwG'NYG'C�Eqg.N5L[G,IPg,hFV�M�^FE7_fb%I&u5E+J1S�gvT@EWH

αa

IKJF_fM|G�L2^FH'G'CaL[SFTj�¢C=IKHUg,N5J�M�X
αa/2

o�BDCFE!I5L'L'NjX;M�IcGUE7_+g.N�L]G�S�JFL[GUIPT�VOE*bDI&uPE7V�E7J�lKGUC+lPMOuPE7JeT1\+VOM�JFE7IKH�L[GUIPT�M�VOM�G]\.G'C�E7NPHU\kMOL�IPh�h�HUN&i1MOgkIcGUEWVO\
λa = 7δi

�nG'C�E
g.N�L]GkIKg.h�VOM|^=E7_RbDI&uPEeJ�SFgvT@EWH

αa = 2π/λa

T=E7M�J�l
0.889δ−

1
1
�£�"M�X�CFIKVOsPE5� �7�5�K���'�)o~BDC�E7L'Eeh@EWH'G'SFH'TFIKG'MONPJFLth�HUNPg.NKGUEP�

HUE7L'h@E7X)GUM�u5EWVO\P�FG'C�E,_jEWu5EWVONPh�g.EWJ�G�NPm�G'C�E,�!EWVOu�MOJj��� E7V�g.C�N5V|GU�2M�J=L]G�IKT�MOV�M�G]\wIKJF_wu5NPH'G'E;iqhFIKMOHUM�J�l=oD��J/L[SFX�C/X7IPL'EP�FG'C�E,L[M�_jE2NPm
XWNPg.h�SjG�IcGUM�N5JFIKV�_jN5gkIKMOJ�M�LDGUIPsPE7J�E��5S=IKV�G'N

Lx = 7Nδi

MOJ�N5HU_jE7HDG'N.NPT�GUIKMOJ
N
u5NPH'G'M�X;E�L0MOJqG'C�E2L[G'HUE7IPgvb�M�L[E!_jMOH'E�X)GUM�N5J�o

 0�5S=IcG'MONPJ=Lv�]�W��¬��DIKHUE2L[N5V�u5E7_qJ1S�g.EWHUMOX7IKVOV�\�SFL'M�J�l�IkL[M�i1G'Cj��NPH�_jEWH�X;NPg.hFI5X)G�^FJFM|GUEt_jM��@E7H'E7JFX;EtL'X�C�E7g.E+�}¼�E7V�E5�����P��«P��G'N
XWNPg.h�SjGUE�GUC�E!L[hFIKG'M�IKV�_jEWHUMOu&IKG'MOuPE�LW��b�C�MOV�E�G'C�E*M�J�GUEWlPH�IcGUM�N5JkMOL%h@EWH'mnNPHUg.E7_kb�M�G'CqIyG'CFM�H�_1��NPH�_jEWH0V�NcbD��L]GUNPH�IKl5ED� S�J�lPEW���!S�G[GUI
g.EWG'C�Nj_q�n»°MOV�VOMOIPgkL[N5J��j�7�5©P¥5�;o
BDC�E%M�J=X;NPg.h�HUE7LUL'M�T�MOVOM|G]\yX;N5JF_jM�G'MONPJ��c 0�=o��}¬F�KM�L�E7JFL'S�H'E�_yb�M�G'C.I�mnH�IPX)GUM�N5JFIKV1L[G'EWhtg.E;G'CFN1_tu1MOI
HUE7L'NPVOSjGUM�N5JeNKm���NPM�L'L'NPJ�E7��SFIKG'MONPJ+mnN5HDG'C�E!h�HUE7LUL'S�H'E5ozBDC�E!EWuPN5V�S�G'MONPJeNPm�I.L'g.IPV�V�L'MOJ�S=L[N5MO_�IPV�_jMOL[G'SFH'TFIPJFX;E*bDIPLDX;N5JFL[M�_jE7H'E�_
GUN+ucIKVOMO_FIcG'E2G'C�E2J1S�g.E7H'M�XWIPV�X;Nj_jE5�=IPJF_wH'E�L[SFV|G�L�b0E7H'E2XWNPg.hFIPH'E�_�b�M�G'CYV�MOJ�E7IPH�L[GUIKTFM�VOM|G]\eG'C�E7NPHU\��£�/IKH'G'MOJ�E7�yE;G*IPV£oO�@«P¥P¥P���)o
�/NPHUEe_jE;G�IKMOVOLvIKT@NPSjG2GUC�EeJ1S�g.E7H'M�XWIPV�X;Nj_jEeX7IKJ­T@EkmnNPSFJF_~M�Jp¼
IKH�_jE�IKS~E;GtIPV£oO�z«K¥P¥�«wIKJF_­�1MOVOuPE7L[G'HUMOJ�M0IPJF_­¼
IPgvTFIPV�V�IKM�LW�
«P¥P¥�«jo

½�?�¾ �6�
é*�&�)�

½�?}>@?�¿ ×�µM�)�Pß0�3�H�3�*Ös�¥é�ÚY� ���Pß0�3�0À*�$���3Ú[�0�)� �<�qÝ@Á§�
×*�R�)�PÚ�é��!�$�
�!Ý¹�*�

BDCFE*h=IKH�IKg.E;GUEWH�L�IKHUE!L[S�g.gkIKHUMO�WE7_eM�JqB�IPT�oO�PozBDC�EyIKg.h�VOM|GUSF_jE!NKm
G'C�E!h@EWH'G'S�HUTFIcGUM�N5J�L'S�h@EWHUM�g.h@N5L'E7_+SFh=N5JeGUC�E!TFIPL'MOX
u5EWVONjX;M�G]\+h�HUNK^FVOEP�1mnN5HDG'C�E!mnS�J=_�IKg.EWJ�G�IKV
IPJF_+GUC�E2L'S�T�CFIPH'g.NPJFMOX�g.N1_�EP��M�L L'C�Ncb0E�_+MOJwNKm
GUC�E2B�IKT�o��5o

½�?�´�? ~.� ê¹�6�PÝ=À�ÚY�6���òÝ@ÁC�
�6ß0Ý¹�*Ö��3��µ_�P�*�'�)�j¶��P�P�P�
�!� �ò�P�a�)×��w¶��$��ÝMßN�!�P�*�Pßc�P�5µ¹� �

��J°hFH'E7u�MONPS=L+L[MOgvSFVOIKG'MONPJFL7��IcG
Re = 300

�%G'C�E/mnNPHUg.IKG'MONPJQNKm!GUC�EYTFIPH'NjXWV�MOJ�M�XwVOI&\5EWHkbDIPLkN5TFL[E7H'u5E7_��%T�SjGqb�M|GUC�NPS�G
gkIPJ�M|mnE�L]G�IcGUM�N5JqNPm�L'E7XWNPJF_FIKHU\e�!EWVOu1M�Jj��� E7V�g.C�N5V|GU�!M�JFL[GUIPT�MOV�M�G]\x�£�/IKH'G'MOJ�EW�yEWG�IKV¢oO�=«K¥5¥K���;oz��JqG'C�EyGUE7L[G gkIP_jE2IKG

Re = 400IPJF_
Ri = 0.167

�jb�CFEWHUE2NPJ�VO\qNPJ�Eyu5NPH'G'E;iqMOL�L[MOgvSFVOIKG'E7_��FM�G�bDIPL�h@N5LUL[MOT�VOEyG'NeNPTFL'EWHUuPE*G'CFEymnNPHUgkIcG'MONPJ"NPm�G'C�E2T=IKHUN1XWV�MOJ�M�X

¬



�*�����"�	��

�����
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B�IPT�V�Ek�5{���C1\1L'M�XWIKV�IPJF_qJ1S�g.EWHUMOX7IKV�hFIKH�IKg.EWG'EWH�L%NKm�G'C�E!G]b%NK��_jMOg,E7JFL'M�N5JFIKV�L'M�gtS�VOIKG'MONPJFL7o
�1MOgvS�V�IcGUM�N5J

Re Ri

²�N5gkIKMOJ ¡*HUMO_ § g.h�VOM|GUSF_jE
Lx × Lz nx × nz

2DI 400 0.167 7δi × 7δi 256× 257
�
1%U ; 0

�
2DII 2000 0.167 7δi × 7δi 768× 961

�
1%U ; 0

�
2DIII 500 0.07 14δi × 14δi 512× 513

�
1%U

¨
0.1%U

�
2DIV 500 0.167 14δi × 14δi 512× 513

�
1%U

¨
0.1%U

�
2DV 2000 0 14δi × 14δi 768× 961

�
1%U

¨
0.1%U

�
2DV I 2000 0.07 14δi × 14δi 768× 961

�
1%U

¨
0.1%U

�
2DV II 2000 0.167 14δi × 14δi 768× 961

�
1%U

¨
0.1%U

�

V�I&\PE7H7opBDC�MOLkL'MOgvS�V�IcGUM�N5J��zG'CFEw�*���duPN5H[GUE;i­H'E�IPX�C�E�L2GUC�EwgkIcijM�gtS�gÂIPg,hFV�M�G'SF_�EwIPJF_fLUIcGUS�HUE7L.IcG,G'MOg.E
t = 39.6δi/U���%IKS�V�^FE7VO_�IKJF_Y��EWV�G'MOEWH���«K¥5¥P¥5�;oyBDC�MOL*m}I5X)G!NjXWX;SFHUL�b�M|GUC�NPS�G!hFH'E�L[E7J5GUM�JFl�MOJFL[GUIKTFM�VOM|GUM�E�L*M�JxG'C�E,TFIPH'NjX;VOMOJ�MOXtV�I&\PEWH�����M�l=ot«j�

b�C=IcG M�LDM�J"IPX7X;N5HU_�IPJFX;E*b�M�G'CqG'C�Eyb%NPHUskNKmz��GUI5��S�E;Gv�
1995

�)o

t = 11.89δi/U t = 23.79δi/U t = 39.65δi/U

��MOlPSFH'E2«j{��1h=IKJ1b�MOL'E!uPN5H[GUMOXWM|G]\.^FE7VO_~�
ωy

�)o��jM�gtS�VOIKG'MONPJ
2DI

�
Re = 400

�
Ri = 0.167

o

��J/G'C�EtH'E�L[S�V�GUL�NKm0�1GUIP��S�EWG
(1995)

b%I5L M�_jEWJ�GUM|^FE�_wG'CFE,L'E7XWNPJF_�IPH'\q�*���ÃM�JFL[GUIPT�MOV�M�G]\P��b�M�G'C�N5SjG�GUC�E2mnN5H'gkIcGUM�N5J"NKmzGUC�E
JFE7IKH'��X;NPHUE!M�J=L]G�IKT�MOV�M�G]\P�@IcG

Re = 400
IPJF_

Ri = 0.167
b�M|GUCYIkX;N5g,hFSjGUIKG'MONPJFIPV
lPHUM�_�NPm

nx × ny = 512, 257
h@NPMOJ�GUL IPJF_

_�NPgkIKMOJ.NKm��
Lx, Ly) = (14δi, 7δi

�)o��1gv\�GUC
(2003)

_jN1E7L�L[MOgvS�V�IcGUM�N5JFL�SFL'M�JFl2IKJ.S�JFL[GUIPT�V�E�_jEWJFL'M�G]\vh�HUNK^FVOE%mnNPH
Re = 1000IPJF_

Ri = 0.08
��IKJF_�mnN5H

Re ≥ 2000
b�M�G'Cf_�M|��EWHUEWJ�Gt��M�X�CFIPHU_�L'NPJ�J1S�gvT@EWH�L7oq��Gtb%I5LyMO_�EWJ�G'M�^FE7_�GUC�E�L'E7XWNPJF_FIKHU\Y�*���

MOJFL[GUIPT�M�VOM�G]\eMOJwIPV�V�L'MOgvS�V�IcGUM�N5JFLW�jEWi�X;EWh�GDMOJqG'C�E
Ri = 0.04

IKJF_
Re = 2000

L[MOgvS�V�IcGUM�N5J�o
��JvG'C�M�L�b0N5H's���G'CFE%L'E7XWNPJF_�IPH'\!�*���RMOJFL]G�IKT�MOVOM|G]\yM�L
M�_jE7J5GUM|^=E7_ymnN5Hz��EW\1J�N5VO_�L�J1S�gvT@EWH�mnHUNPg

500
b�C�EWJvG'C�E7H'E0MOL�I�hFIKMOH'MOJ�l

NPm�G'C�EqL[MOgvSFVOIKG'E7_~u5NPH'G'M�X;E�L2IKJF_�mnN5H
Re = 2000

b�C�EWJfNPJ�VO\xN5J�E+u5NPH'G'E;i�MOLtL[MOgvSFVOIKG'E7_��}��M�l=o/¬5�;o"��J­G'C�EqL[MOgvSFVOIKG'MONPJ
2DIII

IPJF_
2DIV

�=IKG
Re = 500

�1G'C�EtL[E�X;NPJ=_�IKHU\e�*����M�JFL[GUIPT�MOV�M�G]\�IPh�h=E�IKH�LDmnNPH
Ri = 0.07

IKJF_�mnNPH
Ri = 0.167

�}��MOlFo
�kE2ª5�)o�BDC�M�L%m}IPX;G MOL�JFNKGDmnNPS�J=_�MOJqG'C�E2L[G'H�IcGUM|^=E7_�g,M�ijM�JFl,V�I&\PE7HDH'E7h=N5H[GUE7_�M�JqG'CFEyV�M�G'E7HUIKG'S�HUEPo

��J2G'E7L[G
2DII

�cIcG
Re = 2000

IPJF_
Ri = 0.167

�Wb�M�G'CtI�uPN5H[GUE;i��WGUC�E�mnN5H'gkIKG'MONPJyNKm�I�JFE7IKH'��X;NPHUE�M�J=L]G�IKT�MOV�M�G]\*MOL�NPTFL'EWHUuPE�_��
b�CFMOX�C+M�L%IKg.h�VOM|^FE�_.G'NcbDIKH�_�L�GUC�E�T=IKHUN1XWV�MOJ�M�X�V�I&\PEWH0IKJF_kSFJFL]G�IKT�VOE7L�M|G�ozBDC�MOL0h�HUNjX;E7LUL�hFH'Ncu5NPsPE�L�G'C�E*IKh�h@E7IPHUIPJFX;E�NPm
IyJ�E7b
L'E7XWNPJF_FIKHU\~�*���ÄMOJFL[GUIPT�M�VOM�G]\P��mnN5H'g.MOJ�lxL'gkIKVOVDuPNPH'G'M�X;E�L2MOJfGUC�EqTFIKHUNjX;VOM�J�M�X+V�I&\PE7Hq�£��M�l=oR¬5�)oRBDCFEqL'E7XWNPJF_�IPH'\~J�E�IKH'��XWNPHUE
MOJFL[GUIPT�M�VOM�G]\f�
I5L!M|G2bDIPL*HUEWh@NPH'G'E7_xT@E;mnNPHUEP��IKh�h@E7IPHUL!_jS�E,GUNwG'C�E,mnNPHUgkIcGUM�N5JxNPm%IqJ�EWl�IcGUM�u5Etu5NPH'G'M�X;M�G]\"VOI&\5EWHk�nT�VOS�EkX;N5V�N5H��
l5EWJ�E7HUIKG'E�_eT@E;G]b%EWE7JwG]b0NkX;NP�¢HUNKG�IcGUM�J�l,uPN5H[GUMOXWE7L7�1mnNPHUg.E7_qT1\eTFIPH'NjX;VOMOJ�MOX*V�I&\PE7H�NKm�h=N�L[M�G'MOuPEyu5NPH'G'M�X;M�G]\Y�nHUE7_wX;N5V�N5H��%IPJF_�G'C�E
XWNPHUE�NKm1GUC�E�h�HUMOg.IPH'\*�*���RuPNPH'G'EWi��7T1\�G'C�E%L]GUH'N5J�l L]GUH'E�IKgtb�MOL'E�_jEWJ=L[M�G]\�l5HUI5_jMOEWJ�G7o
BDCFE�J�E7l5IcGUM�u5EzuPN5H[GUMOXWM|G]\�VOI&\5EWH�S�J=L]G�IKT�VOE7L
GUC�EyTFIPH'NjX;VOMOJ�MOX�V�I&\PEWH�IPJF_egkIPsPE7L%M�G�T=E�X;NPg.EyI.L[MOg.M�V�IKH%GUN.L'C�E�IKHDVOI&\5EWH�o�BDCFEyJ�EWb¸g,M�ijM�JFl,V�I&\PE7H7��b�C�E7JqSFJFL]G�IKT�VOEP�1mnN5H'gkL
L'gkIKVOV�uPN5H[GUMOXWE7L%NKm�G'C�E2�*���¸G]\1h=Eyb�M�G'CqG'CFE2L'IPg,Ey_j\1JFIPg.MOX7L�IPL%G'CFEyh�H'MOgkIKHU\+�*���¦u5NPH'G'M�X;E7L7o

��MOlPS�HUE7L2�xIKJ=_Rª"L[CFNcbÅGUCFIcGtG'C�E�hFIKMOH'MOJ�l"h�HUNjX;E�L'LyNjX7X;S�H�LvIKG2G'C�EeG'MOg.E7L
t = 37.69δi/U

IPJF_
t = 43.64δi/U

mnNPH
GUC�EtX7IPL'E2IcG

Ri = 0.07
IKJF_

Ri = 0.167
��H'E�L[h@E7X;G'MOuPE7V�\5�FIKJF_qGUC�EvT=IKHUN1XWV�MOJ�M�X!VOI&\5EWH�M�L b%EWVOV
u1M�L[MOT�VOEPo�§�m
GUEWH GUC�Evh=IKMOH'MOJ�l+I

u5NPH'G'M�X;M�G]\.NKm
N5h�h=N�L[M�G'E!L'M�l5JkG'NtG'C�E�`FNcbÅ�}M�J�T�VOS�E��%IKHUNPSFJF_.G'CFE�J�E7bZuPN5H[GUE;i+X;N5g.E7L0S�h�o�BDC�M�L%J�EWl�IcG'MOuPE�uPN5H[GUMOXWM|G]\,J�E;i1G%G'N
u5NPH'G'EWi�X;HUE7IKG'E7L�I*�]EWG�G'CFIKG�S�JFL[GUIPT�VOE7L%G'CFE2TFIKHUNjX;VOM�JFMOX*V�I&\PEWH�I5L�IkX;NPJ=L[E��5SFEWJFXWE!I.JFEWb¦uPNPH'G'EWi+MOL�L]GUH'EWGUX�C�E�_�T@E;G]b%EWE7JqG'C�E
JFEWl5IKG'MOuPE*uPN5H[GUMOXWM|G]\.V�I&\PEWH�L7o�BDC�E*TFIKHUNjX;VOM�JFMOX�VOI&\5EWH�G'S�HUJ�E7_�S�JFL[GUIPT�VOEP�1h�HUE7L'EWJ�G'MOJ�ltG'C�E!L[E�X;N5JF_�IKHU\k�*���¸MOJFL]G�IKT�MOVOM|G]\5�1L'C�Ncb L
�*����uPN5H[GUMOXWE7L%hFIPM�H�L%NKm�NPh�h@N5L'M|GUM�u5E*L'MOlPJ�o

BDCFE�J�E7l5IcGUM�u5E uPN5H[GUMOXWM|G]\,M�LzmnNPHUg.E7_kT=IKHUN1XWV�MOJ�M�XWIPV�VO\tb�CFEWJ+C�E�I&u1\q�}NPH�VOMOlPC�G��z`FS�M�_eX;N5g.h�V�EWG'E�L�Iy^=HUL[G0HUEWu5NPVOSjG'MONPJ.MOJFL[M�_jE
GUC�Eqh�H'MOgkIKHU\­�*����uPNPH'G'EWi�o~�1S=X�CfX;N5J�u5E7X;G'MOuPE+g.NKGUM�N5JfHUEWMOJjmnNPH�X;E�L2VONjXWIKVOVO\~L[G'HUE7IPgvb�M�L[E�_jEWJFL'M�G]\�l5HUI5_jMOEWJ�GUL,_jS�EeG'NxG'C�E
Ncu5EWHUVOIPh�h�MOJ�lRNPmtVOM�l5C5Gq`FS�M�_¸VOI&\5EWH�LeIKg.N5J�lfC�E�I&u1\Q`FS�M�_·�}lPH�I&u�M�GUIKG'MONPJFIPV�XWNPJ1uPE�X)G'MOuPEYM�JFL[GUIPT�MOV�M�G]\��)o���J�G'C�E�GUE7L[Gwb�M�G'C
Ri = 0.07

GUC�EyuPN5H[GUMOXWM|G]\+_�E7X;HUE7I5L[E�LDIKJF_qL'IKG'S�H�IcGUE7L7o
��J/G'C�E.��M�l=o��PI+M|G!XWIKJYT=EtNPTFL'EWHUuPE�_qG'C�EvG'EWg.h@NPH�IKV�_jEWu5EWVONPh�g.E7J5G�NKmzG'CFEtgkIcijMOgvS�gÆIKJ=_"g.M�J�MOgvSFgÇuPNPH'G'M�X;M�G'MOE7L mnNPH

�
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26δi/U 31δi/U 36δi/U

��MOlPS�HUE�¬F{�²�E7uPEWVONPhFg,E7J�G
NKmFL'E7XWNPJF_�IPH'\�M�JFL[GUIPT�MOV�M�G'MOE7L�M�J!GUC�E�T=IKHUN1XWV�MOJ�M�XzV�I&\PEWH�o
�1hFIPJ1b�MOL'E�uPN5H[GUMOXWM|G]\�^FEWV�_k�
ωy

�)oz�1MOgvS�V�IcGUM�N5J
2DII

�
Re = 2000

�
Ri = 0.167

o

t = 37.69δi/U t = 55.5δi/U t = 59.5δi/U

��MOlPS�HUE��={�²�E7uPEWVONPhFg,E7J�G
NKmFL'E7XWNPJF_�IPH'\�M�JFL[GUIPT�MOV�M�G'MOE7L�M�J!GUC�E�T=IKHUN1XWV�MOJ�M�XzV�I&\PEWH�o
�1hFIPJ1b�MOL'E�uPN5H[GUMOXWM|G]\�^FEWV�_k�
ωy

�)oz�1MOgvS�V�IcGUM�N5J
2DIII

�
Re = 500

�
Ri = 0.07

o

t = 43.64δi/U t = 57.5δi/U t = 63.5δi/U

��MOlPS�HUE0ª�{�²�E7uPEWVONPhFg,E7J�G
NKmFL'E7XWNPJF_�IPH'\�M�JFL[GUIPT�MOV�M�G'MOE7L�M�J!GUC�E�T=IKHUN1XWV�MOJ�M�XzV�I&\PEWH�o
�1hFIPJ1b�MOL'E�uPN5H[GUMOXWM|G]\�^FEWV�_k�
ωy

�)oz�1MOgvS�V�IcGUM�N5J
2DIV

�
Re = 500

�
Ri = 0.167

o

L'MOgvS�V�IcGUM�N5JFL
2DIII

IKJF_
2DIV

o���G!XWIKJYT=E,J�NKGUMOXWE7_wGUCFIcG�G'C�E,uPN5H[GUMOXWM|G]\wIcG
Ri = 0.167

M�JFXWH'E�IPL'E7L�T=E7\PNPJ=_wG'C�EtM�JFM|GUMOIPV
ucIPV�S�E�IKJF_�GUCFIcGtL'MOgvS�V�GUIPJ�EWN5SFL[VO\xI/J�EWl�IcG'MOuPEku5NPH'G'M�X;M�G]\Y_jE�X;HUE7IPL'EPoq��J~G'CFEeXWI5L[EeIKG

Ri = 0.07
G'C�E�J�EWl�IcG'MOuPEku5NPH'G'M�X;M�G]\

g.Ncu5E7L!I&b%I&\�mnHUNPgÇ�WE7H'N=��b�CFIcG!bDIPL*J�NKGyN5TFL[E7H'u5E7_"MOJ/GUC�EkL[MOgvSFVOIKG'MONPJFL!IcG
Re = 300

�}�YIKH'G'MOJ�EW�.E;GyIKV¢oO��«K¥5¥K���;��b�C�EWHUE
GUC�E"L[E�X;N5JF_�IKHU\~�*����M�JFL[GUIPT�MOV�M�G]\R_jM�_RJ�NPG,h�HUNPh=IKl5IKG'E5ox��Gk_jEWg.N5JFL]GUHUIKG'E�LyG'C=IcG,G'C�Ewh�HUNj_jSFX)GUM�N5JRNKm�J�EWl�IcG'MOuPE�uPN5H[GUMOXWM|G]\
MOJFL'MO_�EyG'C�EvuPNPH'G'EWi�X;N5H'E!M�L�H�IKh�M�_jVO\+mnNPVOVONcb0E�_eT1\+GUC�E2l5H'NcbDGUC�NPm�GUC�EvL'E7X;N5JF_�IPH'\e�*����MOJFL]G�IKT�MOVOM|G]\5o0BDC�M�L�MOJFL]G�IKT�MOVOM|G]\w_jN1E7L
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J1S�gtT=E7H�IcG _jM���EWHUEWJ�G�G'MOg.E7L IPJF_
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2DIV
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�
2U/δi

�;�@_jS�E�GUN�G'CFE�lPE7J�EWH�IcGUM�N5J!NKm�uPN5H[GUMOXWM|G]\�T1\�GUC�E0L'hFIPJ�b�M�L'E�X;N5g,h@NPJFEWJ�G
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