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Abstract. This paper presents the description, analysis, implementation and comparison of an alternative linearization 
on discretization of Navier-Stokes’ equations using Taylor-series linearization of 1st order, analogous to the Newton’s  
Method applied to the resolution of non linear Equations, using UpWind Difference Scheme (UDS) of 1st order on the 
Finite Volume Method with non-structured meshes generated by Voronoi Diagrams. The Conjugated Gradient method 
was used to solve the linear equation system resulted from the discretization of Navier-Stokes’ equation, with velocities 
u and v evaluated throughout the UDS interpolation. The laminar incompressible flow on a squared cavity of finite 
depth with a sliding superior wall with steady velocity, like a treadmill, was used to validate the numeric results. The 
obtained results allowed conclude that the linearization using Taylor-series linearization presented best performance, 
in some test cases, than the Separation linearization. 
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1. Introduction 
 

On Computational Fluid Dynamics (CFD), most of the applications involve numeric methods with fluid flow on 
complex geometries (Ronzani and Nieckele, 1995) in which are appropriate the use of adapted meshes to the problem’s 
geometry. Among such meshes, the non-structured meshes generated by the Voronoi Diagram (VD), which are 
independent of any global coordinate, stand out (Taniguchi et al., 1991a) (Marcondes, 1996). One of the applications of 
VDs is the generation of non-structured meshes to numeric discretization of partial differential equations (EDPs). 

The numeric discretization of Navier-Stokes’ EDPs could be done throughout Finite Volume Method (FVM) 
(Patankar, 1980), which consists on the physical domain division in non overlapped finite number of control volume 
(CV), where local balance from involved physical variables are promoted. 

This paper presents the description, analysis, implementation and comparison to an alternative linearization on 
discretization of Navier-Stokes’ equations using Taylor-series linearization of 1st order, analogous to the Newton’s 
Method applied to the resolution to non linear equations, using UDS interpolation of 1st order, on the FVM with non-
structured meshes generated by VD. Moreover, this paper has the purpose to compare the Separation linearization 
performance (with UDS) (Mariani, 1997) (Cardoso, 1997) with the alternative linearization proposed. 

 
2. Navier-Stokes Equation Discretization throughout Finite Volume Method 
 

The discretization process of Navier-Stokes’ equation throughout FVM (Cardoso, 1997) generates: 
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Where: 
0
iAp  → Nodal point i Coefficient. 

ρi → Specific fluid  mass in the nodal point i. 
t → Time. 

i�ϑ  → CV Volume from a polygonal convex prism generated trough VD. 
0
i�  → Generic ϕ  variable evaluated in the previous time (t). 

i�  → Generic ϕ  variable evaluated in the time �tt + . 
i → Generic Control Volume (CV). 
j → Neighbor index for i. 
NV → Number of neighbors for i. 
Wij → Normal velocity Component evaluated on ij face. 
��  → Diffusion coefficient for ϕ . 
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ijL  → Distance between i and j. 

ijS  → Face (edge) between two generic points i and j. 
ϕ
iS  → Is the source term for ϕ  on the CV i. 
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 → Approach for Central Difference of 1st order ( 2
T OE = ). 

The advective-difusive flux of ϕ (where z is the normal direction to ij face) is given by (Cardoso, 1997): 
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On Equation (2) the index variables ij are evaluated over the ij interface throughout the adequate average to each 

case (Patankar, 1980), i.e., 
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Wij could be evaluated through Eq. (3) (exij and eyij are x and y components from normal unit vector to the CV’s). 
This approximation has been used and generates stabled numerical approximations (Patankar, 1980) (Maliska, 1995). 

 
ijijijijij eyvexuW +=  (3) 

 
After the discretization using FVM, a non-linear equation system of 2nd order is acquired, and needs some kind of 

linearization to be solved iteratively like a linear system equation. 
 

3. Linearization using Taylor-series formulation of 1st order 
 

The advective-difusive flux for a generic variable �  through a face is calculated using the Eq. (2). When u� =  or 
v� =  there is nonlinearity involved on term �W� , and �W�  must be linearized to allow that the algebraic system must 

be solved like a linear system equation. Traditionally, ijW  is obtained from previous iterations velocity values (denoted 

with *) and � is evaluated in the new iteration generating the Separation linearization. 
Thus, this work has the objective to evaluate �W�  using Taylor-series linearization of 1st Order (Alonso, 1999). 

This kind of linearization was chosen because produces quadratically convergent approximations (Faires and Burden, 
1993), although the convergence rates to boundaries aren’t maintained. 

 
3.1. Navier-Stokes’ Equations Discretization 
 

Writing ijij u� =  in the advective term represented in the 1st term on Eq. (2) the obtained term is: 

 
( ) ijijijijij uW�v,uG =  (4) 

 
Substituting the Eq. (3) in the Eq. (4) and linearized it using Taylor-series expansion of 1st order: 
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The complete equation to the advective-difusive flux, Eq. (2), when ijij u� =  where the diffusive term is evaluated 

by central difference, can be written by the followed equation: 
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Using the segregated solution for equations system, iu  is solved separately from iv  and v variation is not 

considerate using *
ijij vv =  on Eq. (9). 

Writing ijij v� =  in the advective term represented in the 1st term on Eq. (2) the obtained term is: 

 
( ) ijijijijij vW�v,uH =  (10) 

 
Then, substituting Eq. (3) on Eq. (10) similar to ( )ijij v,uG , ( )ijij v,uH  is linearized using Taylor-series expansion of 

1st order. Then, the complete equation to the advective-difusive flux, Eq. (2), to ijij v� = , where the diffusive term is 

evaluated by Central Difference, can be written by the followed equation: 
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Finally, the segregated solution for equations system is used solving iv  separately from iu and u variation is not 

considerated using *
ijij uu =  on Eq. (17). 

 
3.2. Generic Interpolation to uik and vik, between the Nodal Points i and its neighbors r(k) 

 
The W velocity on a generic ik interface, according to Fig. 1, is evaluated by Eq. (3). 
 

 
 

Figure 1. Nodal neighbors i and j and their respective neighborhood r(k) and s(k). 
 
To evaluate u and v on ik interface the UDS scheme can be used, generating the follow linear interpolation for iku : 
 

( )
−+ += ikkrikiik � u  � u  u  (12) 

 

Where ( ) ( )ik
ik

ik
ik F   

F
F0,

 max � Ψ==+  and ( ) ( )ik
ik

ik
ik F-   

F
F 0,-

 max � Ψ==−  and the mass flux Fik across each ik interface is: 

 

( )
�
�
�

≤
>

=Ψ
0  F if 0,

0  F if 1,
  F  

ik

ik
ik

 (13) 

 
Alternatively, uik can be evaluated using CDS as: 
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If  0   W*

ik > then 1 � ik =+  and 0 �ik =− , so uik = ui. By the other way, if  0   W*
ik < then  0 � ik =+ and 1 � -

ik = , so uik = ur(k). 
The generic interpolation to ikv  can be obtained by the analogous way that was demonstrated to iku : 
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-
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3.3. Discretized Movement Equations with UDS Interpolation for uik and vik 

 
Substituting the advective-difusive equation flux for ikik u� = , Eq. (9) on Eq. (1) and on the resulted equation 

substitute the Eq. (12) and the Eq. (15) the followed equation was generated: 
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To not consider the variations effects of iv  on iu equations, 0=u
ik�  was used directly on Eq. (16). Then: 

 

( )
( )

u
i

iNV

1k
kr

u
iki

u
i b  u A u Ap += �

=

 (17) 

 

( ) 0
i

0
i

u
ik

u
i uAp  i  b +Ω=  with ( ) ( )( )

�
=

+=Ω
iNV

1k

*
ik

u
iki

u
i

u
ik u�  � S i ϑ  

( )( )
�

=

+++=
iNV

1k

u
ik

-
ikik

u
ik

0
i

u
i D  � F  �  Ap  Ap  with ��

	



��
�



=

ik

ik
ik

u
ik L

S
�  D  and ik

*
ikikik SW�  F =  

Where 0
iu  is the velocity in i point on the previous time and *

iku , *
ikv  and *

ikW  are evaluated on the ik interface 
based on a simple arithmetic average between i and r(k). 

For the mass conservation equation an integral process is done on CV. Using the Divergence Theorem the integral 
volume is reduced to an integral face. The discrete sums of all fluxes Fik in each face Sik from CV must be null: 
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To the ui equation: 
 

i
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Rewriting Eq. (18) and multiplying it for the ui equation, given by Eq. (20), the next equation is obtained: 
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Subtracting the Eq. (21) from Eq. (16): 
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Remember that to ϕ = u, the source term u
iS  has the pressure term (Cardoso, 1997). Then: 
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The discretized movement equations with UDS to ikv  could be obtained in an analog way that was showed to iku . 
 

3.4. Pressure Equation 
 
Until the present moment, just evolutive equation for u and another for v were obtained, governed by an advective-

difusive equation. The pressure is just a variable of general equations, without a specific evolutive equation. To solve 
this problem the SIMPLE-method is used between the velocity and pressure, modified for colocated meshes (Peric et 
al., 1988) and Cardoso (1997). Thus, the u and v equations on i and j nodal points - Eq. (23), Eq. (24) - and their 
analogous equations for v on normal direction ijê  produce: 
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(wi)ij and (wj)ij are evaluated on the ij normal direction, respectively, over i and j nodal points. Thus, the velocity 

component over ij interface is given by: 
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Substituting Eq. (25) and Eq. (26) in Eq. (27), an equation to Wij can be defined by Eq. (28), considering an 

arithmetic average for the independent pressure terms and ( )w
ij

w
ij Pd ∇  approaches the pressure dependent gradient terms: 
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Eqs. (29) and (30) are generated through an approached sequence defined by Eq. (27). On this way the pressure 

gradient used in Eq. (31) considers the Wij’s neighbors pressures, respectively the values after and before Wij, which are 
a physically consistent formulation, according to Peric et al. (1988). 

Wij can be either evaluated like UDS interpolation proposed to uij and vij, according to Eq. (32), but the evaluation 
made by Eq. (27) gave more stable numerical results, under the test cases. 

 

j
-
ijiijij w�  w�  W += +  (32) 

 
4. Results and Conclusions 

 
The test used to evaluate the linearization with their respective interpolations proposed in this work was the laminar 

incompressible flow on a squared finite depth cavity with a sliding superior wall (lid-driven cavity square) with steady 
velocity, like a treadmill. Inferior and lateral walls are impermeable. The boundary conditions used were: 

 
• Right lateral wall: x = L, y = 0, u = v = 0. 
• Left lateral wall: x = 0, u = v = 0. 
• Inferior wall: y = 0, u = v = 0. 
• Superior wall: y = L, u = 1, v = 0. 
• Width of the mesh: L = 32.10 (value chosen in function of the mesh). 
 
A computational program was used to solve the proposed problem (Cardoso, 1997), in which there were 

implemented the linearization and their respective interpolations compared in this work, simulating the stationary fluid 
flow, although the implemented program permits the temporal discretization too. The solution to the linear equations 
system generated from discretization was obtained through Conjugated Gradient method (Mariani, 1997) (Golub, 1989) 
and the pressure gradient used was the proposed by Taniguchi et al. (1991a) and Taniguchi and Kobayashi (1991b). The 
computer used was an IBM 9076 SP/2 because the program and the method used were previously developed in IBM 
AIX operating system. However, the program developed in this work uses serial programming. 

For u and v velocities it was adopted the 0.7 relaxation. For the pressure it was used 0.5. The internal repetition 
number for u and v velocities was two, while for pressure was three. It was adopted u = v = 0.5 for initials velocity 
conditions and for pressure P = 0. The results were collected with Reynolds numbers 100 and 1000 calculated by: 
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Where U is the superior wall movement speed (U = 1), L is the cavity width (L = 32.10), ρ is the specific fluid mass 

(ρ = 1) and µ is the dynamic fluid viscosity (it varies as the desired Reynolds number). 
As convergence criteria (according to the desired precision, ξ = 1. 10-5) it was used: 
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To evaluated u and v, Eq. (12) and Eq.(15) were used. In test cases it was used a mesh of hexagonal volumes with 

6400 nodal points generated through VD (mesh generated to the generator of VD of Maliska Jr. (1994)). To the 
boundary, the program allowed to use a unique neighbor to all nodal points connected to a wall; which was useful for 
the proposal system solution. It’s important to point out that the boundary conditions could be inserted in the discretized 
equations, but this wasn’t made because more than a condition of boundary in each side of the mesh wasn’t needed. 

 
4.1. Results Analysis 

 
The obtained results with Taylor-series linearization were compared with the results obtained with Separation 

linearization (with UDS) (Mariani, 1997) and (Cardoso, 1997), under the same conditions as described on the previous 
section and with the results obtained by Ghia et. al. (1982). The figures shown on the next subsections present the 
graphics with the u and v velocity profiles for Reynolds 100 and 1000 throughout a central vertical line (x = L / 2) and 
horizontal central line (y = L / 2) for the velocities in directions x and y, respectively, on the used mesh. 

 
4.1.2. Results Obtained with Reynolds 100 

 
The Figure 2 presents the graphics for velocity u profile throughout a central vertical line and the velocity v profile 

throughout a central horizontal line, respectively. To the graphics showed in Fig. 2 the results obtained with both 
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linearization (Separation and Taylor-series) were very close when compared to each other and sometimes overlapped to 
the results obtained by Ghia et. al. (1982), but when compared with Ghia et. al. (1982), they are closer for u than v. 
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Figure 2. u and v velocity profile graphics throughout a central line - Re = 100. 
 
It was possible to conclude that Taylor-series linearization presented best performance than Separation linearization 

when considerate the number of iterations and CPU time needed for the convergence of the system equation - Tab. 1. 
 

Table 1. Taylor-series Linearization versus Separation Linearization - Re = 100. 
 

Linearization type Number of Iterations  CPU time (minutes) Velocity[35].u 
Separation 1654 24,05 -0.004896 

Taylor-series 1309 18,28 -0.004895 
 
4.1.3. Results Obtained with Reynolds 1000 

 
The Figure 3 presents the graphics of the velocity u profile throughout a central vertical line and the velocity v 

profile throughout a central horizontal line, respectively. By analyzing the graphics showed in Fig. 3 the results 
obtained with both linearization (Separation and Taylor-series) were very close when compared each other and 
sometimes overlapped to the results obtained by Ghia et. al. (1982). The obtained results presented in Fig. 3 show a u 
and v velocity profile relatively far from the obtained results by Ghia et. al. (1982). 
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Figure 3. u  and v velocity profile graphics throughout a central line - Re = 1000. 
 

Table 2. Taylor-series Linearization versus Separation Linearization - Re = 1000. 
 

Linearization type Number of Iterations  CPU time (minutes) Velocity[35].u 
Separation 2325 32,17 -0.021100 

Taylor-series 2516 37,27 -0.020983 



Proceedings of COBEM 2005 18th International Congress of Mechanical Engineering 
Copyright © 2005 by ABCM November 6-11, 2005, Ouro Preto, MG 

 
It was possible to conclude that Taylor-series linearization presented worse performance than Separation 

linearization considerating the number of iterations and CPU time needed for the convergence of the system equation - 
Tab. 2. The value of u velocity on the point with number 35 of the used mesh was close in both linearization analyzed. 

 
5. Final Considerations 

 
The main purpose of this work was to optimize the computational cost involved on the solution of the linear system 

equations generated from discretization. Thus, based on the obtained results, it was possible to conclude that the Taylor-
series linearization presented better performance than Separation linearization in some test cases.  

During the test cases it was observed that the system equations convergence velocity through Taylor-series 
linearization was dependent on the way that Wij was evaluated - Eq. (27) and Eq. (32). The system equations 
convergence using Eq. (32) wasn’t obtained. Thus, Eq. (27) was used on all tests. Although it had been presented results 
for Reynolds’s number 100 and 1000 only, tests had been made to Reynolds 10000, but the process of convergence 
wasn’t obtained. Additional tests must be done, in both cases, to obtain more information about this event. 

To the velocities u and v profiles presented on the previous sections, it is important to point out that the mesh used 
by Ghia et. al. (1982) has about 16641 nodal points, while the mesh used on this work has 6400 nodal points disposed 
in hexagonal volumes. 

Finally, it must be emphasized that the present work used segregated solution to equations system because the 
Conjugate Gradient method with the way it was implemented resolves the u and v velocities separately. 
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