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Abstract. This work intends to study convergence accelerating techniques applied to the solution of steady state 
problems. Techniques like spatially variable time step, implicit residual smoothing, enthalpy damping and increase of 
the CFL number during iterative process are studied. The Jameson and Mavriplis explicit algorithm, with centered 
spatial discretization and the artificial dissipation operator of Mavriplis, was implemented to perform the two-
dimensional numerical experiments. This scheme is second order accurate in space. The Euler equations in 
conservative form, employing a finite volume formulation and an unstructured spatial discretization are solved. The 
techniques were studied and compared with themselves in the solution of the physical problem of the transonic flow 
around a NACA 0012 airfoil, with zero angle of attack. The employed time march algorithm was the Runge-Kutta 
method of five stages and second order. The results have shown that the best technique studied was enthalpy damping, 
having better convergence gain than the others and have moderate computational cost. A final analysis of the technique 
computational performances is accomplished at the end (cost, maximum CFL number and iterations to convergence). 
 
Keywords: Spatially variable time step, Implicit residual smoothing, Enthalpy damping, Increase of CFL, Unstructured algorithm. 
 
1. Introduction 
 
 A point of intense research in CFD, Computational Fluid Dynamics, is the development of convergence 
acceleration techniques to steady state problems. The great amount of aerodynamics data required for aeronautical and 
aerospace vehicle design are obtained from these problems: Kutler (1985); Stiles and Hoffman (1985); and Nicola, 
Tognaccini, Visingardi and Paparone (1994); and others. Convergence acceleration techniques always were great 
objectives of CFD following the development of fluid mechanics equation solvers. A great amount of techniques were 
elaborated and several works tried to develop convergence acceleration computational tools which produce more 
efficient and, at the same time, less expensive codes. 
 On the context of convergence gains, an efficient technique that raised to numerical calculation was the “multigrid” 
procedure. Such technique was initially presented to obtain solutions of problems involving elliptic partial differential 
equations (Brandt, 1981) and, posteriorly, was extended to hyperbolic partial differential equations. Some works that 
used this procedure were: Jameson and Mavriplis (1986); Mavriplis (1988); Radespiel (1989); and Mavriplis (1995). 
 Techniques of convergence acceleration simpler and less expensive to explicit and implicit schemes, when applied 
to the solution of fluid mechanics equations, also were studied: spatially variable time step, enthalpy damping, residual 
smoothing and increase of CFL number during the iterative process. The spatially variable time step aims to use the 
maximum time step allowed by a local stability limit in each computational cell. This technique was initially applied by 
Jameson, Schmidt and Turkel (1981). Other works that used such technique were: Jameson and Mavriplis (1986); 
Mavriplis (1990); Swanson and Radespiel (1991); Luo, Baum and Löhner (1994); and Radespiel and Swanson (1995). 
 The enthalpy damping strategy is based on the fact that the Euler equations are inviscid and the total enthalpy keeps 
constant in all computational domain when the steady state is reached and the mass and the energy equations are 
satisfied. Forcing terms proportional to the difference between local total enthalpy and the freestream total enthalpy are 
added to the mass, momentum and energy conservation equations, aiming to accelerate the convergence process to 
steady state condition. This procedure was suggested by Jameson, Schmidt and Turkel (1981). Others works were: 
Jameson and Mavriplis (1986); Baruzzi, Habashi and Hafez (1991) and Long, Khan and Sharp (1991). 
 The maximum time step that can be used is limited by the CFL condition (Courant, Friedrichs and Lewy, 1928), 
which defines that the dependence domain of the discretized equations need no minimal contains the dependence 
domain of the original differential equation. To reduce this restriction, an implicit residual smoothing is developed to 
increase the scheme stability. Such strategy consists in determining an average residual value, weighted by neighbor 
residual values. This technique was introduced by Jameson and Mavriplis (1986) work. Others works were: Mavriplis 
(1990); Long, Khan and Sharp (1991); Luo, Baum and Löhner (1994); and Radespiel and Swanson (1995). 
 Other convergence acceleration technique simpler than the others is the increase of the CFL number during the 
convergence process to reach steady state. This technique consists in increasing the CFL number all time that a 
prescribed number of iterations is reached. The user determines the number of iterations to increase the CFL as the 
increase value to be considered too. 

 
 
 

 This work presents some convergence acceleration techniques generally applied to CFD community. The objective 
of this article is to present the best results obtained, in terms of convergence ratio and computational cost, for the 
studied techniques.  The spatially variable time step, the implicit residual smoothing, the enthalpy damping and the 



 

increase of the CFL number are the techniques studied. The Jameson and Mavriplis (1986) scheme, on an unstructured 
context, is used to generate the numerical results to comparison. Tests with a NACA 0012 airfoil configuration, 
involving transonic flow, were performed. The results have indicated that the enthalpy damping is the best choice 
among the techniques studied. 
 An unstructured discretization of the spatial domain is often recommended to complex configurations due to the 
facility and efficiency of domain discretization (Jameson and Mavriplis, 1986, and Mavriplis, 1990). However, the 
unstructured generation question will not be studied in this work. 
 
2. Euler equations 
 
 The fluid movement is governed by the Euler equations, which express the mass, momentum and energy 
conservations of an inviscid, heat non-conductor and compressible mean, in the absence of external forces. In integral 
and conservative forms, these equations can be represented by: 
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where Q is written to a Cartesian system, V is the volume of a cell, nx and ny are normal unity vectors in relation to each 
flux face, S is the flux area and Ee and Fe represent the convective flux vector components. Q, Ee and Fe are represented 
by: 
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where ρ is the fluid density; u and v are Cartesian components of the velocity vector in the x and y directions, 
respectively; e is the total energy per unity volume; and p is the static pressure. Expressions to the flux area S and to the 
volumes V are available in Maciel and Azevedo (2001) and in Maciel (2002). 
 The nondimensionalization applied to the Euler equations for all problems was accomplished in relation to the 
freestream density, ρ∞, and freestream speed of sound, a∞. Hence, the density is nondimensionalized in relation to ρ∞, 
the velocity components u and v are nondimensionalized in relation to a∞ and the pressure and the total energy are 
nondimensionalized in relation to the product ρ∞(a∞)2. The matrix system of the Euler equations is closed using the 
perfect gas state equation [ ])vu(5.0e)1(p 22 +ρ−−γ=  with γ being the ratio of specific heats. The total enthalpy is 

determined by [ ]( ) )vu(5.0p)1 22 ++ρ(h −γγ= . 
 
3. Jameson and Mavriplis (1986) algorithm 
 
 The Euler equations in conservative and integral forms, according to a finite volume formulation, can be written, on 
a context of unstructured spatial discretization (Jameson, Schmidt and Turkel, 1981, Jameson and Mavriplis, 1986, 
Maciel and Azevedo, 2001, and Maciel, 2002), as: 
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where  is the discrete approximation to the flux integral of Eq. (1). In this 

work, it was adopted that: 
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with “i” indicating a given mesh volume and “k” being its respective neighbor; and n1 and n2 represent consecutive 
nodes of volume “i”, in counter-clockwise orientation. 

 The spatial discretization proposed by the authors is equivalent to a centered scheme with second order of 
accuracy, on a finite difference context. The introduction of a dissipation operator “D” is necessary to guarantee 
numerical stability in the presence, for example, of even-odd uncoupled solutions and nonlinear instabilities, like shock 
waves. So, Equation (3) is rewritten as: 
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The time integration is accomplished using a Runge-Kutta explicit method of second order and five stages and can 

be represented in generalized form as: 
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where k = 1,...,5; m = 0 to 4; α1 = 1/4, α2 = 1/6, α3 = 3/8, α4 = 1/2 e α5 = 1. The artificial dissipation operator should be 
evaluated only in the first two stages (m = 0, k = 1, e m = 1, k = 2), aiming CPU time economy, according to Swanson 
and Radespiel (1991). It is freezed for the reminiscent stages, exploring the hyperbolic properties of the Euler equations, 
aiming to guarantee steady state condition. 
 
3.1. Artificial dissipation operator 
 

The artificial dissipation operator employed in this work is based on Mavriplis (1990) and can be described as: 
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where: , named undivided Laplacian operator, is responsible to the numerical 

stability in the presence of shock waves; and 
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is responsible to the background stability (for example, even-odd instabilities). In this last term, ∇ . 

Every time that “k” represents a special boundary cell, named “ghost” cell, its contribution in terms of is 
extrapolated from its real neighbor volume. The ε terms are defined as: 
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 represents a pressure sensor. It is employed to identify regions of high 

gradients. K(2) and K(4) are constants and typical values are 1/4 and 3/256, respectively. Every time that “k” represents a 
ghost cell, . The Ai terms are contributions of the maximum normal eigenvalue of the Euler equations integrated 
along each cell face. They are defined as: 
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where ui,k, vi,k and ai,k are calculated by arithmetical average between values of properties associated with volume “i” 
and its respective neighbor “k”. 
 
4. Convergence acceleration techniques 
 
4.1. Spatially variable time step 
 

The basic idea of this procedure consists in keeping a constant CFL number in all calculation domain, allowing that 
appropriated time steps to each specific mesh region could be used during the convergence process. Hence, and 
according to the CFL number definition, it is possible to write: 

 
( ) cellcellcell csCFLt ∆∆ = ,                                                                                                                                 (10) 

 
where CFL is the “Courant-Friedrichs-Lewy” number to provide numerical stability to the scheme; 
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 is the maximum characteristic velocity of information propagation in the calculation 

domain; and ∆  is a characteristic length of information propagation. On a finite volume context, ( )cells∆  is chosen 
as the minimum value found between the centroid distance, involving cell “i” and its neighbor “k”, and the minimum 
cell side length. 
 
4.2. Implicit residual smoothing 
 
 The implicit residual smoothing technique employed in this work is based on Jameson and Mavriplis (1986) article. 
The residual is initially defined as follows: 
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The smoothing is performed replacing the residual associated with a given computational cell by the average residual 
R , obtained by the solution of the equation: 
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with “k” being the index of the neighbor cell of the respective cell under study and “tnnc” is the total number of 
neighbor cells. The Equation (12) represents a diagonal dominant system and due to its high cost to solution, Jameson 
and Mavriplis (1986) suggest that a few iterations with the Jacobi method are sufficient to obtain residual smoothing. 
The resultant algorithm to the solution of Eq. (12) is written as: 
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where RR )0( = . Jameson and Mavriplis (1986) suggest that only two iterations are necessary to solve Eq. (14), to 
steady state problems. These authors also suggest that the implicit residual smoothing should be accomplished in 
alternate stages of the time integration method with the purpose of computational cost reduction. The parameter ε 
assumes values between 0.0 and 1.0, 0.5 is the value suggested by Jameson and Mavriplis (1986). 
 
4.3. Enthalpy damping 
 
 The enthalpy damping technique suggested by Jameson, Schmidt and Turkel (1981) article is applied to the Euler 
equations in this work to accelerate the convergence process to steady state. In this technique, forcing terms 
proportional to the difference between the local total enthalpy and the freestream total enthalpy are added to each 
conservation equation. 
 The conservation equation system is written as: 
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where and β is an user specified coefficient. The forcing terms do not alter the 
steady state solution if the physical problem satisfies the constant total enthalpy condition. 

( ) [ tHvuHHZ ρρρρβ−−= ∞ ]

 In centered schemes, the artificial dissipation operator often introduces variations in the total enthalpy, which 
produces a non-conservative effect to this property. Mavriplis (1988) suggests that the artificial dissipation provided by 
the operator in the energy equation should be imposed to the total enthalpy “ρH” as conserved variable. It guarantees 
the constant total enthalpy in the field and allows the application of the enthalpy damping technique. 
 
4.4. Increase of the CFL number 
 
 This procedure consists in increase the CFL number during the convergence process every time that a determined 
number of iterations is performed by the solver. The user specifies the number of iterations to increase the CFL number 

 
 
 



 

and its increase value too. 
 
5. Initial and boundary conditions 
 
5.1. Initial condition 
 
 Values of freestream flow are adopted to all properties as initial condition for this problem, in all computational 
domain (Jameson and Mavriplis, 1986). Therefore, the vector of conserved variables is defined as: 
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where M∞ is the freestream Mach number and α is the attack angle. 
 
5.2. Boundary conditions 
 
 The boundary conditions are basically of four types: solid wall, entrance, exit and continuity. These conditions are 
implemented, as commented before, in ghost cells. 
(a) Wall condition: This condition imposes the flow tangency at solid wall. This condition is satisfied considering the  
tangent velocity component of the ghost volume at wall as equal to the respective velocity component of its real 
neighbor cell. At the same way, the normal velocity component of the ghost volume at wall is equal in value, but with 
opposite signal, to the respective velocity component of its real neighbor cell. 
 The normal pressure gradient of the fluid to the wall is assumed be equal to zero according to an inviscid 
formulation. The same hypothesis is applied to the normal temperature gradient to the wall. From these considerations, 
the density and pressure of the ghost volume are extrapolated from the respective values of its real neighbor volume 
(zero order extrapolation). The total energy is obtained by the state equation of a perfect gas. 
(b) Entrance condition: 
(b.1) Subsonic flow: Three properties are specified and one extrapolated, based on information propagation analysis 
along characteristic directions in the calculation domain (Maciel and Azevedo, 1997, and Maciel and Azevedo, 1998). 
In other words, to subsonic flow, three characteristic directions of propagation information point inward to the 
computational domain and should be fixed. Just the characteristic direction associated to the “(qn-a)” velocity can not be 
specified and should be determined by interior information from the calculation domain. The pressure was the 
extrapolated variable from the real neighbor volumes, for the problem studied. Density and velocity components 
adopted values of freestream flow. The total energy is determined by the state equation of a perfect gas. 
(b.2) Supersonic flow: All variables are fixed with values of freestream flow. 
(c) Exit condition: 
(c.1) Subsonic flow: Three characteristic directions of propagation information point outward to the computational 
domain. Hence, the associated variables should be extrapolated from interior information. The characteristic direction 
associated to the “(qn-a)” velocity should be specified because it point inward to the computational domain. In this case, 
the ghost volume pressure is specified from its initial value. Density and velocity components are extrapolated and total 
energy is obtained from the state equation of a perfect gas. 
(c.2) Supersonic flow: All variables are extrapolated from interior domain due to all four characteristic directions of 
information propagation of the Euler equations point outward to the computational domain and, therefore, nothing can 
be fixed. 
(d) Continuity condition: It is necessary that the flow continuity at the trailing edge should be satisfied (Kutta 
condition). This condition is assured to impose that the conserved variable vector at lower body surface should be equal 
to the conserved variable vector at upper body surface. 
 
6. Results 
 
 Tests were performed in a CELERON-1.2GHz and 128 Mbytes of RAM memory microcomputer. Converged 
results occurred to 4 orders of reduction of the maximum residual value. The parameter γ assumed a value of 1.4. A 
zero attack angle was adopted to the airfoil problem. 
 
6.1. Airfoil physical problem 
 
 A mesh of type “O” of 49x100 points or composed of 9,504 triangular volumes and 4,900 nodes around the airfoil 
was used. An exponential stretching of 5% was used in the normal direction to the airfoil surface. The far field 
boundary (entrance and exit boundaries) was located at 10.0 chords in relation  to  airfoil’s  leading  edge.  The  mesh  is 

 
 
 



 

  
             Figure 1. Pressure field.                    Figure 2. Mach number field.   

 

  
         Figure 3. -Cp distribution.         Figure 4. Convergence history. 

 
structured but the spatial discretization of the Euler equations is unstructured. All indexing tables are generated to the 
algorithm execution. 
 The freestream Mach number adopted to the numerical simulation was 0.8, characterizing a transonic flow regime. 
A CFL number of 0.7 was used by the Jameson and Mavriplis (1986) scheme, using a constant time step. The 
convergence was obtained in 6,199 iterations. 
 Figures 1 and 2 show the pressure and Mach number contours, while Fig. 3 and Fig. 4 show the -Cp distribution 
around the airfoil and the convergence history, respectively. The computational cost of the Jameson and Mavriplis 
(1986) algorithm using a constant time step is 0.0000186s/per volume/per iteration. 
 
6.2. Spatially variable time step 
 
 The spatially variable time step accelerated the convergence process of the Jameson and Mavriplis (1986) scheme. 
A CFL number of 0.5, less than that used to the constant time step case, was used and the convergence occurred in 
4,920 iterations, with a computational cost of 0.0000558s/per volume/per iteration. The CFL number equals to 0.5 was 
the maximum value allowed using the spatially variable time step technique. This cost is about 200% more expensive 
than that obtained with the constant time step case, without convergence acceleration technique. The gain in terms of 
iterations to convergence is of 20.6%. So, the computational cost is more expensive but there is a meaningful 
convergence gain. 
 
6.3. Implicit residual smoothing 
 
 To use this technique the time step was kept constant and the residual smoothing was accomplished in odd stages of 
the time integration method. 

 
 
 



 

 The CFL number used was 0.7, kept constant during the numerical experiments. Table 1 shows the values of ε used 
and the number of convergence iterations. The best result occurred to ε = 0.18, presenting convergence in 4,686 
iterations. 
 

Table 1. Values of ε and the respective iterations to convergence. 
 

Value of ε: Iterations to convergence: Value of ε: Iterations to convergence: 
0.10 5,218 0.17 4,774 
0.15 4,874 0.18 4,686 

 
 The computational cost of this technique was 0,0000581s/per volume/per iteration, which corresponds to about 
212.4% more expensive than that used with a constant time step. The computational gain, taking into account the best 
performance, was 24.4%, which is better than that obtained with the spatially variable time step. The CPU time of this 
technique is higher than that of the spatially variable time step, which is a limiting factor too. 
 
6.4. Enthalpy damping 
 
 The time step was kept constant during the simulations and a CFL number of 0.7 was used. Table 2 shows values of 
β with the respective number of iterations to reach the steady state condition. Values of β were adopted between 0.1 and 
1.0. The maximum value of 1.0 to this parameter was determined aiming do not meaningfully alter the pressure and the 
Mach number fields. Although greater values of  β can be used, meaningful modifications occur in the pressure and 
Mach number contours that alter the solution. 
 

Table 2. Values of β and the respective iterations to convergence. 
 

Value of β: Iterations to convergence: Value of β: Iterations to convergence: 
0.10 5,882 0.60 4,768 
0.20 5,587 0.70 4,549 
0.30 5,311 0.80 4,429 
0.40 5,157 0.90 4,307 
0.50 4,914 1.00 4,195 

 
 The computational cost of this technique is 0.0000431s/per volume/per iteration, which is about 131.7% more 
expensive than that of the constant time step. The computational gain in terms of convergence acceleration was 32.3%, 
in relation to the best convergence, better than the first two initial techniques. A limiting factor is that this technique can 
only be applied to the Euler equations, which is the case where the total enthalpy keeps constant in all computational 
domain. 
 
6.5. Increase of CFL 
 
 The last technique studied did not present converged results; or better, the idea of increase the CFL number in 500 
iterations, 1,000 iterations, 2,000 iterations and even 3,000 iterations resulted in divergent results. This fact limits the 
use of this technique to problems in which the convergence is easier. The airfoil case is more severe than other classical 
problems because there is a shock wave formed in about 40% of the leading edge and the flow regime is transonic, 
which leads to a higher difficult to the algorithm in treat propagation of information in the calculation domain. 
 
7. Conclusions 
 
 In this work was presented four techniques of convergence acceleration implemented in the Jameson and Mavriplis 
(1986) scheme, on the context of unstructured discretization of the Euler equations. A constant time step solution, 
without any acceleration technique, was initially presented. Posteriorly, the techniques of implicit residual smoothing 
and enthalpy damping were always applied considering a constant time step aiming to compare with initial results. The 
physical problem of the transonic flow around a NACA 0012 airfoil was studied. This problem presents a major 
difficult in terms of convergence in relation to other classical problems because there is a shock wave formed over and 
under the airfoil and there is the transition between subsonic and supersonic flow. 
 The numerical experiments have shown that the enthalpy damping technique presents better relation cost-benefit 
among the techniques studied. Unfortunately, the increase of CFL technique proportioned divergent results, avoiding 
the analysis of its potential. At the same time, the increase of CFL technique demonstrates its higher limitation than the 
others techniques to treat more complex physical problems. 
 The computational gain of 32.3% of the enthalpy damping is meaningful even due to the increase of CPU time in 
relation to the constant time step case. The implicit residual smoothing was in second place, with a computational gain 

 
 
 



 

of 24.4% and in third place was the spatially variable time step procedure, with a computational gain of 20.6%. All 
three techniques which present converged solutions have a certain empirical degree represented by the choice of the 
initial CFL number or the choice of values to the parameters ε or β. The user chooses the parameter which prefers. The 
enthalpy damping technique has the limitation of only be applied to the potential or the Euler equations. 
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